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Abstract

Generalized quantum statistics such as para-Fermi statistics is characterized by
certain triple relations which, in the case of para-Fermi statistics, are related to the
orthogonal Lie algebra B, = so(2n + 1). In this paper, we give a quite general
definition of “a generalized quantum statistics associated to a classical Lie algebra
G”. This definition is closely related to a certain Z-grading of G. The generalized
quantum statistics is then determined by a set of root vectors (the creation and
annihilation operators of the statistics) and the set of algebraic relations for these
operators. Then we give a complete classification of all generalized quantum statis-
tics associated to the classical Lie algebras A,,, By, C, and D,,. In the classification,
several new classes of generalized quantum statistics are described.
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I Introduction

In classical quantum statistics one works exclusively with Bose and Fermi statistics
(bosons and fermions). A historically important extension or generalization of these
quantum statistics has been known for 50 years, namely the para-Bose and para-Fermi
statistics as developed by Green [1]. Instead of the classical bilinear commutators or
anti-commutators as for bosons and fermions, para-statistics is described by means of
certain trilinear or triple relations. For example, for n pairs of para-Fermi creation and

annihilation operators ff (¢ =+ andi=1,...,n), the defining relations are:

[[ff7 7L = %(e — 77)25;<;lfjg - %(5 - 5)25jlf1177 (1.1)

Emye=xor £1; g kl=1,... n

About ten years after the introduction of para-Fermi relations by Green, it was proved that
these relations are associated with the orthogonal Lie algebra so(2n + 1) = B,, [2]. More
precisely, the Lie algebra generated by the 2n elements ff ,withé=+andi=1,...,n,
subject to the relations (1.1), is so(2n+1) (as a Lie algebra defined by means of generators
and relations). In fact, this can be considered as an alternative definition instead of the
common definition by means of Chevalley generators and their known relations expressed
by means of the Cartan matrix elements (inclusive the Serre relations). Moreover, there is
a certain representation of so(2n+1), the so-called Fermi representation JF, that yields the
classical Fermi relations. In other words, the representatives JF( ff) satisfy the bilinear
relations of classical Fermi statistics. Thus the usual Fermi statistics corresponds to a
particular realization of para-Fermi statistics. For general para-Fermi statistics, a class of

finite dimensional so(2n + 1) representations (of Fock type) needs to be investigated.

Twenty years after the connection between para-Fermi statistics and the Lie algebra
so(2n + 1), a new connection, between para-Bose statistics and the orthosymplectic Lie
superalgebra osp(1|2n) = B(0,n) [3] was discovered [4]. The situation here is similar: the

Lie superalgebra generated by 2n odd elements bf, with ¢ = £ and ¢ =1,...,n, subject

2



to the triple relations of para-Bose statistics, is osp(1]2n) (as a Lie superalgebra defined
by means of generators and relations). Also here there is a particular representation of
0sp(1]2n), the so-called Bose representation B, that yields the classical Bose relations,
i.e. where the representatives B(bf) satisfy the relations of classical Bose statistics. For
more general para-Bose statistics, a class of infinite dimensional osp(1|2n) representations
needs to be investigated, and one of these representations corresponds with ordinary Bose

statistics.

From these historical examples it is clear that para-statistics, as introduced by Green [1]
and further developed by many other research teams (see [5] and the references therein),
can be associated with representations of the Lie (super)algebras of class B (namely B,
and B(0,n)). The question that arises is whether alternative interesting types of gener-
alized quantum statistics can be found in the framework of other classes of simple Lie
algebras or superalgebras. In this paper we shall classify all the classes of generalized
quantum statistics for the classical Lie algebras A,, B,, C,, and D,,, by means of their
algebraic relations. In a forthcoming paper we hope to perform a similar classification for

the classical Lie superalgebras.

We should mention that certain generalizations related to other Lie algebras have
already been considered [6]-[10], although a complete classification was never made. For
example, for the Lie algebra sl(n+1) = A, [7], a set of creation and annihilation operators
has been described, and it was shown that n pairs of operators a?, with £ = + and

1=1,...,n, subject to the defining relations

lai, a7 ), af] = djra; + day;,

7

[[a;r,a;],a,:] = —da; — 0ijay, (1.2)
o, a}] = [a; ,a;] =0,

(i,7,k = 1,...,n), generate the special linear Lie algebra sl(n + 1) (as a Lie algebra

defined by means of generators and relations). Just as in the case of para-Fermi relations,



(1.2) has two interpretations. On the one hand, (1.2) describes the algebraic relations of
a new kind of generalized statistics, in this case A-statistics or statistics related to the
Lie algebra A,. On the other hand, (1.2) yields a set of defining relations for the Lie
algebra A, in terms of generators and relations. Observe that certain microscopic and

macroscopic properties of A-statistics have already been studied [11]-[12].

The description (1.2) was given for the first time by N. Jacobson [13] in the context
of “Lie triple systems”. Therefore, this type of generators is often referred to as the
“Jacobson generators” of sl(n + 1). In this context, we shall mainly use the terminology

“creation and annihilation operators (CAOs) for sl(n +1)”.

In the following section we shall give a precise definition of “generalized quantum
statistics associated with a Lie algebra G” and the corresponding creation and annihilation
operators. It will be clear that this notion is closely related to gradings of G, and to regular
subalgebras of GG. Following the definition, we go on to describe the actual classification
method. In the remaining sections of this paper, the classification results are presented.

The paper ends with some closing remarks and further outlook.

II Definition and classification method

Let G be a (classical) Lie algebra. A generalized quantum statistics associated with G is
determined by a set of N creation operators z;” and N annihilation operators z; . Inspired
by the para-Fermi case and the example of A-statistics, these 2/N operators should satisfy
certain conditions. First of all, these 2N operators should generate the Lie algebra G,
subject to certain triple relations like (1.1) or (1.2). Let G41 and G_; be the subspaces

of G spanned by these elements:
Gy =span{z]; i=1...,N}, G_y=span{z;; i=1...,N}. (2.1)

Then [G 11, G 11] can be zero (in which case the creation operators mutually commute, as

in (1.2)) or non-zero (asin (1.1)). A similar statement holds for the annihilation operators
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and [G_1, G_4]. The fact that the defining relations should be triple relations, implies that

it is natural to make the following requirements:

[z, 23], 2] = 0,

i
[[ZE:F, Ij], x, | = a lineair combination of m;r,
[z, 27 ], 2] = a lineair combination of ;"
[z, ], ;] = a lineair combination of x;,
[[z;,z;], ;)] = a lineair combination of z;,

sz_w%]_]axl;] = 0.

So let Gig = [G:tl,:tl] and Go = [G+17 G_l], then we may require G_2 D G_l @Go @G+1 D
G2 (direct sum as vector spaces) to be a Z-grading of a subalgebra of G. Furthermore,
since we want G to be generated by the 2V elements subject to the triple relations, one

must have G = G_os ®G_1 ® Gy ® G411 @ Go.

There are two additional assumptions, again inspired by the known examples (1.1)
and (1.2). One is related to the fact that creation and annihilation operators are usually
considered to be each others conjugate. So, let w be the standard antilinear anti-involutive
mapping of the Lie algebra G (characterized by w(z) = z' in the standard defining

representation of G, where x denotes the transpose complex conjugate of the matrix z in

+

this representation) then we should have w(z;”) = ;. And finally, we shall assume that

the generating elements .Tizi are certain root vectors of the Lie algebra G.

Definition 1 Let G be a classical Lie algebra, with antilinear anti-involutive mapping w.
A set of 2N root vectors x (i = 1,...,N) is called a set of creation and annihilation

operators for G if:

e G=G 120G ®Gy® Gy @Gy is a Z-grading of G, with Gy, = span{x, i =
1... ,N} and Gj+k = [G],Gk]



The algebraic relations R satisfied by the operators xit are the relations of a generalized

quantum statistics (GQS) associated with G.

So a GQS is characterized by a set {27} of CAOs and the set of algebraic relations R
they satisfy. A consequence of this definition is that G is generated by G_; and G4, i.e.

by the set of CAOs. Furthermore, since G = [G;, G|, it follows that

79

G = span{at, [2° iy i, j=1,...,N, {,n =%} (2.2)
This implies that it is necessary and sufficient to give all relations of the following type:

(R1) The set of all linear relations between the elements [mf,x?] &n = =+, i,j =

1,...,N).

(R2) The set of all triple relations of the form [[z} ]l 2¢] = linear combination of 7.

79

So in general R consists of a set of quadratic relations (linear combinations of elements
of the type [z, z7]) and a set of triple relations. This also implies that, as a Lie algebra
defined by generators and relations, GG is uniquely characterized by the set of generators

zF subject to the relations R.

Another consequence of this definition is that G itself is a subalgebra of G spanned
by root vectors of G, i.e. GGy is a regular subalgebra of G. Even more: Gy is a regular
subalgebra containing the Cartan subalgebra H of G. And by the adjoint action, the
remaining G;’s are Gy-modules. Thus the following technique can be used in order to

obtain a complete classification of all GQS associated with G:

1. Determine all regular subalgebras Gy of G. If not yet contained in G, replace G

by G0+H

2. For each regular subalgebra G, determine the decomposition of GG into simple G-

modules g (k=1,2,...).



3. Investigate whether there exists a Z-grading of G of the form
G = G,Q @ G,1 @ G[) @ G+1 @ G+2, (23)

where each G is either directly a module g;, or else a sum of such modules g;®go®- - -,

such that w(Gy;) = G_;.

The first stage in this technique is a known one: to find regular subalgebras one can
use the method of extended Dynkin diagrams [14]. The second stage is straightforward
by means of Lie algebra representation techniques. The third stage requires most of the
work: one must try out all possible combinations of the Gy-modules g, and see whether
it is possible to obtain a grading of the type (2.3). In this process, if one of the simple
Go-modules gy, is such that w(gx) = g, then it follows that this module should be part of
Gy. In other words, such a case reduces essentially to another case with a larger regular

subalgebra.

In general, when the rank of the semi-simple regular subalgebra is equal or close to the
rank of G, the corresponding Z-grading of G is “short” in the sense that G; = 0 for |i| > 1
or |i| > 2. When the rank of the regular subalgebra becomes smaller, the corresponding
Z-grading of G is “long”, and G; # 0 for |i| > 2. Thus the analysis shows that it is usually
sufficient to consider maximal regular subalgebras (same rank), or almost maximal regular

subalgebras (rank of G minus 1 or 2).

Note that in [10] a definition of CAOs was already given. Our Definition 1 is inspired
by the definition in [10], however it is different in the sense that the grading conditions
Gj+r = |G, G| are new. It is thanks to these new conditions that we are able to give a

complete classification of CAOs and the corresponding GQS.

In the following sections we shall give a summary of the classification process for the
classical Lie algebras A,,, B,,, C,, and D,,. Note that, in order to identify a GQS associated
with G, it is sufficient to give only the set of CAOs, or alternatively, to give the subspace

G (then the z; are the root vectors of G_1, and x;” = w(z; ) ). The set R then consist
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¢ 2"]) and all

of all quadratic relations (i.e. the linear relations between the elements [z;, 2]

triple relations, and all of these relations follow from the known commutation relations in
G. Because, in principle, R can be determined from the set {z ;i = 1,..., N}, we will
not always give it explicitly. In fact, when N is large, the corresponding relations can
become rather numerous and long. Such examples of GQS would be too complicated for
applications in physics. For this reason, we shall give R explicitly only when NV is not too

large, more precisely when N is either equal to the rank of GG or at most double the rank

of GG.

Finally, observe that two different sets of CAOs {zF;4 = 1...,N} and {yF;i =
1..., N} (same N) are said to be isomorphic if, for a certain permutation 7 of {1,2, ..., N},

the relations between the elements z= ) and yijE are the same. In that case, the regular

7(¢

subalgebra G spanned by {[z;", 2]} is isomorphic (as a Lie algebra) to the regular sub-

algebra spanned by {[y;", y;]}.

IIT The Lie algebra A, = sl(n+ 1)

Let G be the special linear Lie algebra sl(n + 1), consisting of traceless (n +1) x (n+ 1)
matrices. The Cartan subalgebra H of G is the subspace of diagonal matrices. The
root vectors of G are known to be the elements e;, (j # k =1,...,n + 1), where e, is
a matrix with zeros everywhere except a 1 on the intersection of row j and column k.
The corresponding root is €; — €, in the usual basis. The anti-involution is such that
w(ejx) = ex;. The simple roots and the Dynkin diagram of A,, are given in Table 1, and

so is the extended Dynkin diagram.

In order to find regular subalgebras of G = A,,, one should delete nodes from the
Dynkin diagram of G or from its extended Dynkin diagram. We shall start with the

ordinary Dynkin diagram of A,,, and subsequently consider the extended diagram.

Step 1. Delete node ¢ from the Dynkin diagram. The corresponding diagram is the



Dynkin diagram of sl(i) @ sl(n —i+ 1), so Go = H + sl(i) @ sl(n — i + 1). In this case,

there are only two Gy modules and we can put
G_y=span{ey; k=1,...,0, l=i+1,....,n+1}, Gy =w(G). (3.1)
Therefore sl(n + 1) has the following grading:
slin+1)=G_1® Gy ® Gy, (3.2)

and the number of creation and annihilation operators is N = i(n — i+ 1). Note that the

cases ¢ and n + 1 — ¢ are isomorphic.

The most interesting cases are those with ¢ = 1 and ¢ = 2, for which we shall explicitly

give the relations R between the CAOs.

For i =1, N = n, the rank of A,. Putting
OJ; = €1,5+1, CL;r = €411, ] = 1, oo, n, (33)

(for A,, the possible sets {7} will be denoted {ai°}, for B, they will be denoted {7},

etc.) the corresponding relations R read (j,k,l =1,...,n):

a7, ai] = [aj . a;] =0,
[la7, @], /'] = djpa;” + Onay, (3.4)
la},axl a7 ] = —dpa; — duay, .

These are the relations of A-statistics [6]-[7], [10]-[12] as considered in the Introduction.

Fori=2 N =2(n—1), let

a7; =€ e, 0 =eyjp2,  J=L...,n—1

+ + g
CL_j = €j+2.1, a+j = €422, ] = 17 o, — 1. (35)



Now the corresponding relations are ({,n,e = +; j, k,l=1,...,n—1):

These relations are already more complicated than (3.4).

[azpa;k] = [ag_pa;k] =0,

[azp a:gk] =0, J#k,

[ty 0] = [al; 0], G#K,
[aiﬁa:j] = [aiwa:k],

[aijaalj] = a7y, alyl,

+

[[ag;, anel ad] = Onedjuad + dendraal;,

lag;, ap), ag] = —0ecdjnan, — dendjag,.

relations for the Lie algebra A,.

(3.6)

But they are still defining

Step 2. Delete node ¢ and j from the Dynkin diagram. By the symmetry of the Dynkin

diagram, it is sufficient to consider 1 < ¢ < |5] and i < j < n+ 1 —i. We have

Go=H +sl(i) ®sl(j —i) @ sl(n+1— 7). In this case, there are six simple Gp-modules.

All the possible combinations of these modules give rise to gradings of the form

sl(n + 1) = G,Q D G,1 D Gg D G+1 D G+2.

There are essentially three different ways in which these Gp-modules can be combined.

To characterize these three cases, it is sufficient to give only G_;:

G-

span{e, e k=1,...,0, =i+ 1,...,j5, p=j+1,.
with N = (j —i)(n+1—j +1);

span{ep, epn; k=1,...,0, l=i+1,...,5, p=7j+1,
with N =i(n+ 1 —1);

spanf{ep, ep; k=1,...,0, p=i+1,...,5, l=75+1,.

with N = j(n 41— j).
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It turns out that the sets of CAOs corresponding to (3.8) and (3.9) are isomorphic to
(3.7), so it is sufficient to consider only (3.7). Each case of (3.7) with 1 < i < [§] and
1< 7 <n+1—1 gives rise to a distinct GQS. For reasons explained earlier, we shall give
the corresponding set of relations explicitly only for small V. In this case, it is interesting
to give R for j — ¢ = 1, because then the number of creation or annihilation operators is

N = n. One can label the CAOs as follows:

ap = Chitls  QF = €1, k=1,...,14
Ap = Cit1hils  Qf = Chilit, k=i+1,...,n (3.10)
Using
0 if k=1,....i
<k>_{1 it k—it+1,....n (3.11)

the quadratic and triple relations read:

laf,af ] =ag,a;] =0, kil=1,...,iorkl=i+1,...,n,

la,, a7 ] = [aff ,a;] =0, k=1,...,i,l=i+1,...,n, (3.12)
lai, a7 ), ah) = (=)0 s et 4 (=)0 af kl=1,.. iorkl=i+1,...,n,
lai a7 ), a,) = — (=) O™ sa — (=)0 s ar, k=1, iorkl=i+1,...,n,

Hai,aﬂ’afﬁ] = _5kmalg+5lmaia k= 17"'7i7 l:i—i_l""’n’

m

Hai?alg]aafn]zoa (€:i7 k’l’mzl""’n>‘

The existence of the set of CAOs (3.10) is pointed out in [6] as a possible example. The
relations (3.12) with n = 2m and ¢ = m are the commutation relations of the so called

causal A-statistics investigated in [9].

Step 3. If we delete 3 or more nodes from the Dynkin diagram, the resulting Z-gradings
of sl(n+ 1) are no longer of the form sl(n+1) = G_o & G_1 & Gy & G41 ® G 49, but there

would be non-zero G; with |i| > 2, so these cases are not relevant for our classification.

Step 4. Next, we move on to the extended Dynkin diagram of GG. If we delete node ¢ from
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the extended Dynkin diagram, then remaining diagram is again of type A, so Gy = G,

and there are no CAOs.
Step 5. If we delete node ¢ and j from the extended Dynkin diagram (0 <i < j < n+1),
then siin+1) =G_1 ® Gy ® G4, with Gy = H + sl(j —i) @ sl(n —j+i+ 1), and

G_i=spanf{ey; k=i+1...,7, l#i+1,...,7}

The number of annihilation operators is N = (j —i)(n + 1 — j + 7). It is not difficult to
see that all these cases are isomorphic to those of Step 1. This can also be deduced from

the symmetry of the Dynkin diagram.

Step 6. If we delete nodes i, j and k from the extended Dynkin diagram (i < j < k),

then the corresponding Z-gradings are of the form
slin+1)=G_2®G_1 B Go® Gy & Gao.

All the corresponding CAOs, however, are isomorphic to those of Step 2 (which can again

be seen from the remaining Dynkin diagram).

Step 7. If we delete 4 or more nodes from the extended Dynkin diagram, the correspond-
ing Z-grading of sl(n + 1) has no longer the required properties (i.e. there are non-zero

subspaces G; with || > 2).

IV The Lie algebra B, = so(2n + 1)

G = so(2n + 1) is the subalgebra of sl(2n + 1) consisting of matrices of the form:

a b ¢
d —ad e |, (4.1)
—et —ct 0

where a is any (n x n)-matrix, b and d are antisymmetric (n x n)-matrices, and ¢ and e

are (n X 1)-matrices. The Cartan subalgebra H of G is again the subspace of diagonal
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matrices. The root vectors and corresponding roots of G are given by:

Cjk — Chinjtn € — €k, J#Fk=1,...n,
€jk+n — €k j+n €j+€k7 j <k= 17"'7”7
€itnk — Cking 7 TE€ — €k, ] <k= L... y T
€ion+1 — €2n+1,j4n < €5, j = 1, oo, n,
en+j,2n+1 — €2n+1,j —  —€y, j = 1, o, n.

The anti-involution is such that w(e;i) = eg;. The simple roots, the Dynkin diagram and
the extended Dynkin diagram of B,, are given in Table 1. Just as for A,,, we now start the

process of deleting nodes from the Dynkin diagram or from the extended Dynkin diagram.

Step 1. Delete node 1 from the Dynkin diagram. The remaining diagram is that of B,,_1,
so Go = H +so(2n — 1) = H + B,,_;. There are two Gy-modules:

G_1= Span{el,2n+1 — €2n+1n+15 €1 k+n — Ckn+l, €1k — Ck4n,n+1; k=2,... 771}7 (4~2)
and G41 = w(G_1). Thus so(2n + 1) has the following grading:
80(27’L + 1) - G_1 D GQ D G+1

and the number of (mutually commuting) creation and annihilation operators is N =

2n — 1. Let us denote the CAOs by:

- _ + _

boo = €12n+1 — €2n+1,n+1, boo = €2n+1,1 — En+12n+1,
- _ + _

b_k = €1,n+k+1 — Ck+1n+1, b_k = €ntk+1,1 — Ent1k+1, k=1,...,n—1, (4-3)
- _ + _

b_,_k = €1,k+1 — Entk+1n+1, b+k = €k+1,1 — Entlntk+l, k=1,...,n—1

The corresponding relations R are given by ({,n,¢ =0,+; i,5,k=1,...,n—1):
(b bys] = [bgs: ] = 0,

&Y Ung & Ung
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[0, =] = [by,, 011, i,

[bgo: =51 = [boo, b1,

[b0: 051 = [boo, 02,1, (4.4)
[[bg, b;j], bl] = 0i;0e,bh + 5jk5,7€bg. — 5ik6§7_ebfm,

[[b;. by,

nJj

I, bc.] = —0ij0enbgy, — Girdeeby; + 0jidn, b,

Step 2. Delete node ¢ (i = 2,...,n) from the Dynkin diagram; then the corresponding
subalgebra is Gy = H + sl(i) ® so(2(n —i) + 1). Now there are four Go-modules, with the

following grading for G:

80(271 + 1) == G_2 @D G_1 @ G(] @ G—i—l D G+2

with
G, = Span{ej,2n+1 — €ttty €jk4+n — Ckntjy €jk T €kdnnts;
j=1,...00, k=i+1,...,n}, (4.5)
G_o = span{ejpin — €rjin; 1 <j <k <i}.

The number of the annihilation operators is N = 2i(n — i) + 4. The most interesting case

is that with ¢ = n: this is the para-Fermi case presented in the Introduction. Indeed, let

I = V2(€j2n1 — €2nt1.045)s f= V2(€2nt1,) — Entjonti)s j=1...,n (46)

Then there are no quadratic relations, and R consists of triple relations only:

1 1
[[ff,fg],ff] = 5(6 - 7))25klfj£ - 5(6 - §)Q5ﬂf,’j, (4.7)
fﬂ?veziOr £+ 1; j,k‘,l:L...,n.

Step 3. Delete two or more nodes from the Dynkin diagram. Then the corresponding
Z-grading of so(2n + 1) has no longer the required properties (i.e. there are non-zero G;

with |i] > 2).
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Step 4. Now we turn to the extended Dynkin diagram. Deleting node ¢ from this
diagram, leaves the Dynkin diagram of so(2n + 1) for i = 0,1, of so(2n) for i = n, of
sl(2)@sl(2)Bso(2n—3) for i = 2, of sl(4)Bso(2n—5) for i = 3, and of so(2i)Bso(2n—2i+1)
for ¢ > 4. In all these cases there is only one GGp-module, so there are no contributions to

our classification.

Step 5. Delete the adjacent nodes (i — 1) and ¢ (i = 3,...,n) from the extended Dynkin
diagram. The remaining diagram is that of Gy = s1(2) ® sl(2) ® so(2(n — i) + 1) for i = 3,
of Gy = sl(4) @ so(2(n — i) + 1) for i = 4, and of Gy = s0(2(i — 1)) @ so(2(n — i) + 1) for
i > 4. In each case, there are five Gy-modules gx, one of which is invariant under w (say

g1). Then one has to put Go = H + éo + g1, and in each case one finds Go = H + B,,_1.

Now, there are only two Gy-modules and
so(2n+1)=G_1 & Gy ® G4
with
G = Span{ei,2n+1 — €2nt1nti> Cik — Chinntir Cikin — Chknti; K #Fi=1,... 771}‘ (4'8>

The number of the anihilation operators is N = 2n — 1, and all these cases are isomorphic

to those of Step 1.

Step 6. Delete two nonadjacent nodes from the extended Dynkin diagram, say ¢ and j,
i < j,i,j #0,1. The remaining diagram is that of Gy = 50(2i)®sl(j —i) D so(2(n—7)+1)
(if i = 2 we have s1(2) @® sl(2) instead of s0(2i)). There are seven Go-modules gj, one of
which (say ¢1) with w(g;) = g1. Thus one has to take Gy = H + G + ¢1, and this is in
fact Go = H 4+ so(2(n—j+1i) + 1) & sl(j — 1)

The corresponding grading is:

SO(QTL + 1) = G_2 D G_l D GQ D G—i-l D G_|_2

15



with

G, = Spaﬂ{ek,znﬂ — €2nt1ntk; €kl — Cl4nntk; Ckntl — Clntk;
k=i+1,...,5,l=1,...,i,5+1,...,n},

G_o = span{egni; — €intr; 1+ 1<k <l <j} (4.9)

The number of the annihilation operators is N = 2(j —¢)(n — j +14) + 7 — 4, and all these

cases turn out to be isomorphic to those of Step 2.

Step 7. If we delete 3 or more nodes from the extended Dynkin diagram, the correspond-
ing Z-grading of so(2n + 1) has no longer the required properties (i.e. there are non-zero

subspaces G; with || > 2).

V  The Lie algebra C,, = sp(2n)

G = sp(2n) is the subalgebra of sl(2n) consisting of matrices of the form:

( j _bat ) , (5.1)

where a is any (n X n)-matrix, and b and ¢ are symmetric (n X n)-matrices. The Cartan
subalgebra H consist of the diagonal matrices, and the root vectors and corresponding

roots of GG are:

Cik — Ck4n,j4n 7 € — €k, J%k: yee ey 1
€jk+n + Ckj+n 7 € + €k, .] S k= yeees T
€itnk T Chgn,j < —€ — €k, 1<k=1,...,n.

The simple roots, Dynkin diagram and extended Dynkin diagram are given in Table 1.
Again, the anti-involution is such that w(ej;) = ey;. Next, we describe the process of

deleting nodes and its consequences for the classification of GQS.
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Step 1. Delete node i (i = 1,...,n — 1) from the Dynkin diagram. The remaining
diagram is that of sl(i) @ sp(2(n — 1)), so Gy = H + sl(i) @ sp(2(n — i)). There are four

Go-modules, leading to the following grading:
sp(2n) =G 2@ G_1 DGy ® G411 © G
with
G_1 = span{exnti + €intk, €kl — €ntinti; k=1,...,0, l=i+1,...,n}, (5.2)
G_y = span{egnti + eintr; 1 <k <1 <i}.

The number of the annihilation operators is N = 2i(n — ¢). The most interesting cases

are ¢ = 1 and 2 = n — 1, which we shall describe in more detail.

For ¢ = 1, let us denote the CAOs by
CZ; = Clntit1 T €jtint1s C1j = €141 — Entjtintl, J=1,...,n—1
+ _ + _ -
C_j = Entjt11 + €nt1,5+1, Cij = €i+11 — Ent+lntjt+l, J = L...,n—1 (5'3)

Then the corresponding relations R read, with £, n,e,v =+ or £1,and 5,k,l=1,...,n—
1:

[cj> cenl = 0,

[Ctjvc:k] = [C;jacikL J#k,

[C:ﬁclk] = [Ci—ﬁcik] =0, J#k,

[le&s el el = dendncly + Onedme; + (—1)"d¢ —edjuct,,, (5.4)
([ epps cal = —Oendincy — decdjucy + (—1)%70, duc

[[Cép Cﬁ-k]a C;zg] = 2775jkcé—nla

[[Czj? c;yyk]a C’eyl] = 0.

For i =n — 1, let us also denote the CAOs by cf:

C; = €jon T Cnntjs C1j = €jn — €2mpntj, J=1,...,n—1,
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cfj = eonj + €ntin, cij =€nj —€ntjom, J=1,...,n—1 (5.5)
Now, the corresponding relations read, with &, m,¢,v =+ or 1, j,k,l=1,...,n— 1:

[ cenl = 0,

[Ciwc:k] = [CJ_rwci—k] =0, J#k,

(et cers el = Endjciy + dacy;,

[[e5 <Zhs Sl = (€ = m)oguct,, (5.6)

[[Cigw il Cgﬂ = _féjlcigk - féklcigja

[[cej> culs i) = 0.
This set of CAOs, together with their relations (5.6), was constructed earlier in [6]. Also
the CAOs (5.3) were already mentioned in [6] as a possible example, without giving the

actual relations (5.4).

Step 2. When node n is deleted from the Dynkin diagram of C,,, the corresponding
diagram is that of sl(n), and Gy = H + sl(n). In this case, there are two Gp-modules,
and sp(2n) has the grading sp(2n) = G_1 & Gy & G41 with

G ={ejntk+ernrj; 17 <k <nj. (5.7)

There are N = @ commuting annihilation operators, and the relations R will not be

given explicitly.

Step 3. Upon deleting two or more nodes from the Dynkin diagram of C),, the corre-
sponding Z-gradings have no longer the required property (there are non-zero G; with

7| > 2).

Step 4. Now we turn to the extended Dynkin diagram. Deleting one node from this

diagram leads to a situation with only one Gp-module, irrelevant for our classification.

Step 5. Delete the adjacent nodes (i — 1) and ¢ (i = 2,...,n) from the extended Dynkin

diagram. The remaining diagram is that of Gy = sp(2(i — 1)) @ sp(2(n —7)). There are
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seven Go-modules gi, one of which satisfies w(g1) = ¢1. Putting Go = H + Go + g1, it
turns out that Go = H + C),_1. In that case, there are only four Gy-modules and G has
the grading sp(2n) = G_o @ G_1 & Gy & G411 & G4o with

G, = Spaﬂ{&,nﬂ' + €jntir €ij — Enyjmtis J #Fi=1,... 7n}' (5-8)

The number of the annihilation operators is N = 2(n — 1), and all these cases are isomor-

phic to the i = 1 case of Step 1.

Step 6. Delete two nonadjacent nodes i < j (excluding the case i = 1 and j = n) from
the extended Dynkin diagram. The remaining diagram is that of Gy = sp(2i) ®sl(j —1) @
sp(2(n — j)). There are again seven Go-modules g;, among which one with w(g1) = g1
Then Gy = H+Go+g1 = H+51(j —i) D sp(2(n—j+1i)). There are only four Gy-modules
and the grading is sp(2n) = G_ 2 ® G_1 ® Gy ® G11 & G4 with

G_1 = span{ek,mrl + €ln+ks €kl — En+in+tk; k=1 + 1, c. ,j, l 7é 1+ 1, c. ,j} (59)

The number of annihilation operators is N = 2(j — i)(n — j + 1), and all these cases are

isomorphic to those of Step 1 with ¢ # 1.

Step 7. Delete node 1 and n from the extended Dynkin diagram. The remaining diagram
is that of sl(2) & sl(n — 1). With Gy = sl(2) & sl(n — 1), there are four Gy-modules and
the corresponding grading is sp(2n) = G_o ® G_1 ® Gy ® G411 ® G5 with

G = Spaﬂ{61,n+k + €kn+1, €kl — Entlntks k=2,... 7n}' (5-10)

This case is isomorphic to the i = n — 1 case of Step 1.

Step 8. If we delete 3 or more nodes from the extended Dynkin diagram, the corre-
sponding Z-grading of sp(2n) has no longer the required properties (i.e. there are non-zero

subspaces G; with || > 2).
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VI The Lie algebra D, = so(2n)

G = so(2n) is the subalgebra of sl(2n) consisting of matrices of the form:

( Z _l;t > , (6.1)

where a is any (n X n)-matrix, and b and ¢ are antisymmetric (n X n)-matrices. The Cartan
subalgebra H consist of the diagonal matrices, and the root vectors and corresponding

roots of GG are:

€jk — €k4n,j+n < € — €k, J#Fk=1,...n,
€jk4n — Chj+n > € T €, j<k=1,...,n,
€jtnk — Chin,j > —€j — €k, 1<k=1,...,n.

The simple roots, Dynkin diagram and extended Dynkin diagram are given in Table 1.
Again, the anti-involution is such that w(ejr) = ex;. Next, we describe the process of

deleting nodes and its consequences for the classification of GQS.

Step 1. When node 1 is deleted from the Dynkin diagram of D,,, the remaining diagram
is that of D,_1, so Go = H + D,,_1 = H + so(2(n — 1)). There are two Gy-modules,

G_1 = span{ey; — €ntint1, €1nti — Cint1; ¢ =2,...,1}, (6.2)

and G1; = w(G_1). G has the corresponding grading so(2n) = G_; & Go & G441, and

there are N = 2(n — 1) commuting annihilation operators. Denoting the CAOs by

d—; = €1 ntit1 — Citintls Apy = €141 — Cpgitint1, 1=1,...,n—1,

di—i = €n4i+1,1 — En41,i+1, dii = €i+1,1 — Ent+1n+it1, t=1,...,n—1, (6-3)
then, for £,n,e =+ and 7,7,k =1,...,n — 1, the relations R are given by:

(e, di] = 0,
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(14, d,

&1 Umj

|, dg] = —0gy0ijdg, — decdindyy; + 6y —eOjpd ¢ 4,

([d;, dl, ds) = Oendijdy + Onedjndy; — Oe,—Oind?, ;.

€ 7nj
Although the relations (6.4) are new, the existence of the set of CAOs (6.3) was pointed
out in [6].
Step 2. When node i (i = 2,...,n — 2) is deleted from the Dynkin diagram of D,,, the
remaining diagram is that of sl(i) ® so(2(n — 7)) (or sl(n — 2) @ sl(2) @ sl(2) in the case
i =n—2). With Gy = sl(i) ® so(2(n — 7)), there are four Gy-modules, and so(2n) has
the following grading so(2n) = G_2 ® G_1 ® Gy ® G11 ® G5 with

G = Span{ekz — Cntin+ks Ckntl — Clntk; E=1,....4, l=1i+1,... an}- (6~5>
The number of annihilation operators is N = 2i(n — ).

Step 3. Delete node n — 1 or n from the Dynkin diagram; the remaining diagram is that
of sl(n), and Gy = H + sl(n). There are only two Gyp-modules and G has the grading
so(2n) = G_1 ® Gy © G441, with

G_1 = span{ejnir — €rnis; 1 <j<k<n-—1}U
span{e;, — €annis; J=1,...,n—1}, fori=n—1, (6.6)
G_1 = span{e;kin — €k j4n; 1 <j <k <n}, fori=n.

1 . . . .
There are N = % commuting annihilation operators, and these two cases are isomor-

phic. The relations are not given explicitly.

Step 4. Upon deleting two nodes i and j (i < j = 1,...,n—2) or more from the Dynkin
diagram of D,,, the corresponding Z-gradings have no longer the required property (there

are non-zero G; with [i| > 2).

Step 5. Delete nodes n — 1 and n from the Dynkin diagram. The remaining diagram

is that of sl(n — 1). For Gy = H + sl(n — 1), there are six Go-modules. There are
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three different ways in which these Gg-modules can be combined, each of them yielding a

Z-grading of the form so(2n) = G_o ® G_1 @ Gy ® G411 @ G2, namely:

G_1 = span{ejn — €amntj, €jon — €nntj; J=1,...,n—1}, (6.7)
G_1 = span{ejn — €ammnij, j=1,...,n—1;

entik — Enthj, 1 < Jj<k<n-—1} (6.8)
G_1 = span{ejinn —€m,, j=1,...,n—1;

€jktn — €kjin, 1 <Jj<k<n-—1}. (6.9)

For (6.7), we have N = 2(n — 1); for (6.8) and (6.9), we have N = ”(n;l). It turns out
that (6.8) and (6.9) are isomorphic to each other. Here, we shall give the relations only

for (6.7). Denote the CAOs of (6.7) by

d:z = €i2n — Ennti, d;l = €in — C2n,n+i, 1 = 1, oo — 1,

+ + N
dfi = €2n,i — En+in, d+i = €ni — Cn+4i2n, 1 = 1, e, — 1. (610)

Then, with £, m,e,v =+ or £1 and 4,5,k = 1,...,n — 1, the relations are explicitly given

by:
(g dej] = 0,
(%, dy ) = [, 2] = 0,

[d;w d:i] - [d+ di_i] =0,

+1
[[d¢;, dy5], di] = 0, (6.11)
[[diw dij]? de_kg] == ikdiej + 5jkdéei’

(s dej'), d2y) = Eedigdfy + Sjwd];.
The set of CAOs (6.10) with relations (6.11) is the example that was considered earlier
in [6] and [8].

Step 6. Now we move to the extended Dynkin diagram. Deleting node i leaves the

Dynkin diagram of so(2n) for i = 0,1,n — 1, n, of si(2) ® sl(2) ® so(2(n —2)) for i = 2, of
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sl(3) @ so(2(n — 3)) for i = 3, and of = s0(2i) @ so(2(n —i)) for i > 4. In all these cases

there is only one Gy-module, so there are no contributions to our classification.

Note that deleting nodes i and j (1 <14 < j < [*]) from the extended Dynkin diagram

is equivalent to delete nodes (n — j) and (n — ).

Step 7. Delete the adjacent nodes (j — 1) and j. For j = 1 we are back to Step 1,
and for 7 = 2 to Step 2 with ¢ = 2. For j > 3 the remaining diagram is that of
Go = 50(2(j — 1)) ®s0(2(n— 7)) (for j = 3 this is s1(2) @ s1(2) ® so(2(n — 7)) and for j = 4
this is s/(4) @ so(2(n — 7))). There are five Gy-modules g, one with w(gs) = g5, so one
has to put Gy = H + Gy + g5 = H + s0(2(n — 1)). Now, there are only two Go-modules,
G has the grading so(2n) = G_1 ® Gy ® G,1, and all these cases are isomorphic to those
of Step 1.

Step 8. Delete the nonadjacent nodes 7 and j (i < j — 1) from the extended Dynkin
diagram. The remaining diagram is that of Gy = s0(2i) @ sl(j —1) ®s0(2(n—j)) (for i = 2
this is sl(2)®sl(2)®sl(j—i) D so(2(n—j)); for i = 3 thisis sl(3)Dsl(j—i)Dso(2(n—7))).
There are nine Gy-modules gi, one with w(ge) = go. Putting Go = H + Go + go =
H + sl(j — i) & so(2(n — j +14)), there are only four Gp-modules. All these cases are

isomorphic to those of Step 2.

Step 9. If we delete 3 or more nodes from the extended Dynkin diagram, the corre-
sponding Z-grading of so(2n) has no longer the required properties (i.e. there are non-zero

subspaces G; with || > 2).

VII Summary and conclusions

We have obtained a complete classification of all GQS associated with the classical Lie
algebras. The familiar cases (para-Fermi statistics and A-statistics) appear as simple
examples in our classification. It is worth observing that some other examples in this

classification are also rather simple. The GQS given in (3.6) and (3.12), e.g., seem to be
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closely related to A-statistics, except that there are two kind of ‘particles’ corresponding
to the CAOs (see (3.5) and (3.11)). The GQS of type D given in (6.4) has also particularly
simple defining relations. For convenience, a comprehensive summary of the classification

of all GQS is given in Table 2.

As we have already mentioned in the main text, several cases in our classification
appear as examples in Ref. [7]-[12] and in Palev’s thesis [6]. In these papers or in the
thesis, however, no classification is given: only a number of examples inspired by the
para-Fermi case are considered. Furthermore, for some of these examples Fock type

representations are constructed.

In order to study the physical properties of a GQS, one should determine the action
of the CAOs in a Fock space. Thus one is automatically led to representation theory.
Here, the Lie algebraic framework is useful, since a lot is known about Lie algebra rep-
resentations. Apart from other properties to be satisfied, these Fock spaces should be
‘unitary’ (with respect to the given anti-involution w). Whether the class of finite dimen-
sional representations of G' plays a role, or whether it is a class of infinite dimensional
representations, depends on the choice of w. With the standard choice considered in this
paper, the unitary representations are finite dimensional. For another choice of w (still
with w(G_1) = G, but no longer all +-signs in w(z; ) = +x;), our classification of GQS

remains valid, but the unitary representations will be infinite dimensional.

It is only after a classification of the Fock spaces for a particular GQS that one can
study its macroscopic and microscopic properties. Such a program is feasable, and can
give rise to interesting quantum statistical properties. For example, for A-statistics, the
microscopic properties (i.e. the properties of the CAOs and their action on the Fock spaces)
have been described in [7]-[11], whereas the macroscopic properties (i.e. the statistical
properties of ensembles of ‘particles’ satisfying this GQS) have been studied in [12]. We

hope that some other cases of this classification will yield similar interesting GQS.

From the mathematical point of view, a set of CAOs together with a complete set of
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relations R unambiguously describes the Lie algebra. So each case of our classification
also gives the description of a classical Lie algebra in terms of a number of generators
subject to certain relations. This can also be reformulated in terms of the notion of Lie
triple systems [13]. According to the definition, a Lie triple system L of an associative
algebra A is a subspace of A that is closed under the ternary composition [[a, b, ¢|, where
[a,b] = ab—ba. It is easy to see that in our case the subspace G_; ® G (i.e. the subspace

spanned by all CAOs) is a Lie triple system for the universal enveloping algebra U(G).

This paper was devoted to classical Lie algebras only. The exceptional Lie algebras
are not considered here. Although it would be possible to perform a mathematical clas-
sification of the GQS associated with Gs, Fy, Es, E7 and Eg, it is obvious that in such a
case the number of CAOs is a fixed integer. For physical applications, it is of importance
that the number of CAQOs is not a fixed number but an integer parameter N. In fact, in

quantum field theoretical applications, one is mainly interested in the case N — oc.

As mentioned in the introduction, para-Bose statistics is connected with a Lie superal-
gebra, the orthosymplectic superalgebra osp(1]2n). In a future paper, we hope to classify

all GQS associated with the classical Lie superalgebras.
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Table 1. Classical Lie algebras, their (extended) Dynkin diagrams with a labelling of the

nodes and the corresponding simple roots.

Lie algebra Dynkin diagram extended Dynkin diagram

An
(n>0)
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Table 2. Summary of the classification: all non-isomorphic GQS associated with a clas-

sical Lie algebra are given. For each GQS, we list: the Dynkin diagram of G, (described

in terms of the Dynkin diagram D of G), the subspace G_; (as a reference to the main

text), the number of annihilation operators (N), and the relations R (if given in the text).

Lie Dynkin diagram G_1 N R
algebra | of Gy
D — {i} _ i=1: (3.4)
Ap (i< |22 (3.1) iln+1—1) =20 (3.6
D — {Za]}
(i < 5] (3.7) G—i)n+1—j5+i)|j—i=1: (3.12)
i<j<n+1-—1i)
By, D —{1} (4.2 2n — 1 (4.4)
8 ;Ei ») (4.5) | 2i(n—1i)+71 i=n: (4.7)
D — {i} . i=1: (5.4)
Cn (1<i<n-—1) (5:2) | 2i(n —1) i=n—1: (5.6)
D — {n} (5.7) | 2oty -
D, D — {1} (6.2) 2(n—1) (6.4)
D — {i} .
(2<i<n-2) (6.5) 2i(n — 1) -
D —{n} (6.6) | "2l -
) 2(n—1 .
e
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