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Abstract

Let g be the Lie superalgebra gl(m|n). We show how to associate a gl(m|n) weight A to a
composite partition 7; u with composite Young diagram F'(7; u). Based upon the definition of
critical representations, the notion of “critical composite partition” is introduced. It is shown
that for critical composite partitions (subject to a technical restriction) the corresponding
gl(m|n) representation V, is tame, so its character formula can be computed. This character
is shown to coincide with the composite S-function sz, (z/y).
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1 Introduction

Lie superalgebras and their representations continue to play an important role in the under-
standing and exploitation of supersymmetry in physical systems. The Lie superalgebras under
consideration here, namely gl(m|n) or sl(m|n) (sometimes denoted by U(m|n) or SU(m|n)), have
applications in quantum mechanics [1, 2], nuclear physics [3, 4, 5], string theory [6, 7], conformal
field theory [8], supergravity [9, 10], M-theory [11], lattice QCD [12, 13, 14], solvable lattice
models [15], spin systems [16] and quantum systems [17]. Also their affine extensions [8, 16] or
g-deformations [1, 17] play an important role. In most of the applications, it are the irreducible

representations or “multiplets” of gl(m|n) that play a role.

This paper is presenting some new results for irreducible representations of the Lie superalge-
bra gl(m|n) (sometimes referred to as simple gl(m|n) modules). Representation theory of Lie
superalgebras, and in particular of gl(m|n) or its simple counterpart sl{(m|n), is not a straight-
forward copy of the corresponding theory for simple Lie algebras. The development of gl(m|n)
representation theory is quite remarkable. Shortly after the classification of finite-dimensional
simple Lie superalgebras [18, 19], Kac considered the problem of classifying all finite-dimensional
irreducible representations (irreps) of the basic classical Lie superalgebras [20]. For a subclass
of these irreps, known as “typical” representations, Kac derived a character formula closely
analogous to the Weyl character formula for irreps of simple Lie algebras [20]. The problem
of obtaining a character formula for the remaining “atypical” irreps has been the subject of
intensive investigation, both in the mathematics and physics literature. In the early days of
Lie superalgebra representation theory, the notion of graded tensors was introduced [21], and it
was believed [22, 23] that the standard methods of covariant, contravariant and mixed tensor
representations with the corresponding Young techniques yield the characters of gl(m|n) irreps
in terms of supersymmetric S-functions. Although this is certainly true for the covariant and
contravariant tensor representations [21, 24], it is not so for the mixed tensor representations,
as already observed in [25, 26]. The problem is well described and analysed in [27], where
furthermore a character formula for atypical gl(m|n) irreps is conjectured. Since then, some
partial solutions to this problem were given, e.g. for so-called generic representations [28], for
singly atypical representations [29, 30, 31], or for tame representations [32]. More recently, the
character problem for gl(m|n) was principally solved by Serganova [33], who gave an algorithm
to compute composition factor multiplicities of so-called Kac-modules, and thus indirectly the
character. In [34], a substantially simpler method was conjectured to compute these composi-
tion factor multiplicities; this conjecture was proved by Brundan [35]. Still, the method using

composition factor multiplicities of Kac-modules remains a rather indirect way of computing



characters. Recently, there was a further breakthrough for this problem. Developing on the
work of Brundan, Yucai Su and Zhang [36] managed to compute the generalized Kazhdan-
Lusztig polynomials of gl(m|n) irreps, leading to a relatively explicit character formula for all

these irreps, and thus proving that the character formula conjectured in [27] holds.

From a computational and practical point of view, it is useful to identify characters with su-
persymmetric S-functions, since it is easy to work with S-functions, for which many properties
are known (see Appendix). As just mentioned, this identification holds for covariant and con-
travariant irreps [21, 24], where the corresponding S-function is labelled by a single partition A,
but fails for mixed tensor irreps, where the corresponding S-function is labelled by a composite
partition 7; u. In the present paper, we show that there is still another family of atypical rep-
resentations for which the character is given by a (composite) S-function, namely the so-called

critical gl(m|n) representations.

The notion of a critical atypical representation was already introduced in [37]. It is expressing
how the “atypical roots” with respect to the highest weight of the representation are related
to each other. In [37], the highest weight of the irrep is labelled by its Dynkin labels, or by
its components in a standard basis. In order to make a connection with S-functions, we shall
describe the highest weight here by means of a composite partition 7; u. In terms of this labelling,

there is a combinatorial way of characterizing critical atypical representations.

Next, we use essentially the method of [38] to show (under the technical restriction of “no
overlap”) that these critical atypical representations are “tame”, in the sense of Kac and Waki-
moto [32]. Using their results, we construct an explicit character formula for these irreps, and
we show how this formula can be rewritten in a determinantal form. Using this determinantal
form, it can be shown that the character coincides with a supersymmetric composite S-function.

For this last step, the technical details of the proof are given in an Appendix.
We end this section by fixing some notation for the Lie superalgebra gl(m|n).

Let g be the Lie superalgebra gl(m|n). The general linear Lie superalgebra is one of the standard
families of classical Lie superalgebras. Lie superalgebras are characterized by a Zs-grading
g = g5 P g7- For the general theory on classical Lie superalgebras and their representations, we
refer to [18, 19, 20].

Let h C g be the Cartan subalgebra of g, and g = g_1 & go & g1 be the Z-grading that is
consistent with the Zs-grading of g. Note that go = g5 = gl(m) @ gl(n). The dual space h* of b
has a natural basis {€1,...,€mn,d1,...,0,}, and the roots of g can be expressed in terms of this

basis. In the so-called distinguished choice [18] for a triangular decomposition of g, the simple



root system is given by
M={e1 —€2,.. . €m-1— €m,y€m — 01,01 — 02, ..., 0n—1 — On}. (1.1)

In that case, the positive even roots are given by Ag ; = {e; —¢;|1 <i < j <m}U{d —J;|]1 <
i < j < n}, and the positive odd roots by Ay = {e; — ;|1 <i<m, 1 <j<n}.

In the distinguished basis there is only one simple root which is odd. As usual, we put

po=%( > a), ,01:%( d>oa),  p=p—pr (1.2)

a€Ng,+ aEA1 ¢

There is a symmetric form (, ) on h* induced by the invariant symmetric form on g, and in the
natural basis it takes the values (€;, €j) = &;j, (€;,0;) = 0 and (J;,9;) = —d;;. The odd roots are
isotropic: (a,a) =0if o € Aj.

The Weyl group of g is the Weyl group W of gg, hence it is the direct product of symmetric
groups Sy, X Sp. For w € W, we denote by e(w) its signature.

Let V be a finite-dimensional irreducible representation of g. Such representations are b-
diagonalizable with weight decomposition V' = @,V (u), and the character is defined to be
chV = 3 dimV(u)e!, where e/ (u € h*) is the formal exponential. The irreps of g are
characterized by their highest weight A, and denoted by V). There is a one-to-one correspon-
dence [20] between finite-dimensional irreps and highest weights A = > I a;e; + "7, b;d; with
all a; —a;41 and bj — b;j 11 nonnegative integers. Here, it is sufficient to consider integral highest

weights A; that is: all a; and b; are integers and all a; — a;11 and b; — bj1 nonnegative integers.

Finally, we shall use in this paper the classical notations of partitions and symmetric func-
tions [46], such as X' for the conjugate of a partition A, £()\) for its length, F()\) for its Young

diagram, etc.

2 Composite Young diagrams and composite partitions

The composite Young diagram F(7;u) = F(...,—ve, —v1; U1, 2, . - .), specified by the pair of
partitions u = (u1, po,...) and v = (v1,1v9,...), consists of two conventional Young diagrams
F(p) and F(v). The former is composed of boxes arranged in left-adjusted rows of lengths
U1, 2, ... (from top to bottom), and the latter of boxes arranged in right-adjusted rows of
lengths vq, 19, ... (from bottom to top). A manner of junxtaposition of F'(u) and F(v) to form

F(7; u) was given in [39]. To some extent this is a refining of the back-to-back notation of [40]



and [41]. By way of illustration, for 7;u = (3,8);(5,3,1) the composite Young diagram is
displayed in (2.1)(a). Note that in (3,8) we have used the convention of putting the minus-signs
on top of the integers; so in this example p = (5,3,1) and v = (8,3). We shall refer to 7; u as

being a “composite partition”.

Let m and n be fixed. In the process of associating a weight of gl(m|n) to a composite partition
U; 1, there is another way to visualize 7; u by putting them together in a (m X n)-rectangle.
The partition p is now composed of boxes arranged in left-adjusted rows of lengths pq, pa, . ..
starting at the top left-hand corner of this rectangle, and the partition v of boxes arranged in
right-adjusted rows of lengths v, s, . . . starting at the bottom right-hand corner of the rectangle.

For o3 pp = (1,1,2,5,5,9);(5,4,4,1) and (m|n) = (5|7) this is illustrated in (2.1)(b). Observe

that in this second visualisation, there can be overlap between the two diagrams.
(a) (b)

[T (2.1)

When v = 0, the (ordinary) partition p labels a covariant representation of gl(m|n) if piy,41 <
n; and when p = 0, 7 labels (under similar conditions) a contravariant representation of
gl(m|n) [24]. In both cases, the partition determines a certain highest weight A of the cor-
responding irreducible representation (or simple module) Vj. In [27], it was shown how to
determine the highest weight A for the given partition p or 7. Following this, we associate with

any given composite partition 7;p a certain gl(m|n) weight Ag, as follows, in the standard

e-0-basis: . .
Aﬁ?# = Z <,U‘Z — <l/m_2'+1 — n)) € + Z <<M; — m> — u;_j+1>6j (22)
i=1 Jj=1

where (a) = max(0,a). Conversely, we wish to associate with any given (integral) weight A,
in an unique way, a composite partition 7; u. In order to make this unique, it is necessary to

consider “standard” composite partitions 7; u.

Definition 2.1 A composite partition T; i is said to be standard if and only if one of the fol-

lowing conditions is fulfilled

1. v=0 and pm+1 < n, (i.e. labelling a covariant representation);

2. =0 and v, | <m, (i.e. labelling a contravariant representation);



3. tm =0 and py + v}, <m;

4. v, =0 and pm, + 11 < n.

These conditions are stronger than those given in [39, §3] or [42], but necessary for the unique-

ness. The possibilities 3 and 4 are illustrated in Figure 1.
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Figure 1: F(7; u) with 7; p standard

In order to see that the conditions M/1+V1/1 < m and p,+v1 < n are needed for a unique correspon-
dence, consider the weight A = (5,2,1;1,2,3,4) in gl(3|4). All three of the composite partitions
viu = (1,2,3,3);(5,2,1,1), 73 = (1,2,3,4);(5,2,1,1,1) or ;3 u = (1,3,4,5);(5,2,2,2,1,1)
would lead, by (2.2), to A as the corresponding weight. However, only the first satisfies the

condition v/, = 0 and p,, + 11 < n.

Observe that the conditions of Definition 2.1 also impose a limitation on the possible weights.
E.g A = (2,1,1;1,1,2,3) is a highest weight in gl(3|4), but it is impossible to find a corre-
sponding standard composite partition 7; . This, however, is not a real problem in the present
context. Indeed, suppose that A" = A +r(3 7", € — Z;LZI d;), then the characters of the cor-
responding irreducible representations satisfy ch Vy, = <H;11 eci H?Zl e*‘si)r ch V), with r € Z.
And for any given A’, one can determine the corresponding A such that it can be linked to a
standard composite partition. This means that we are working in s((m|n) rather than in gl(m|n):
in s[(m|n) the weights A and A’ coincide. For example, A = (2,1,1;1,1,2,3) can be rewritten as
A =(1,0,0;0,0,1,2) + (1,1,1;1,1,1,1). The standard composite partition 7; u corresponding
to (1,0,0;0,0,1,2) is now 7; u = (1,2); (1).

One can show that this yields a unique correspondence between integral highest weights of

sl(m|n) and standard composite partitions.



Given a composite partition 7;u, one can define the corresponding S-function [22, 23]. The
complete supersymmetric polynomials are hy(x/y) = Y ;_ohr—(z)ex(y), with h,_j the com-
plete symmetric polynomials and ey the elementary symmetric polynomials [46]. Furthermore,
let . (x/y) = h.(Z/7), where T; = 1/x; and 7; = 1/y;. Then:

~ _ huk—1(2/y) Ty kg (€/y)
smptaf) = doc (e S0 ki ) 2
where i, j, k resp. [ runs from top to bottom, from left to right, from bottom to top, resp. from
right to left. For v = 0, this S-function is a so-called supersymmetric Schur function, and it yields
the character of the (covariant) representation with highest weight Ag.,. Similarly, for u = 0, this
yields the character of a contravariant representation. For a genuine composite partition, the
functions sy, («/y) have many properties similar to ordinary Schur functions [39, 42, 43, 44, 45]
(see also the Appendix to this paper). In the early days of representation theory, it was therefore
believed that sg.,(z/y) always yields the character of a gl(m|n) representation [22, 23]. This
turned out to be false, making the character problem for gl(m|n) a difficult one. Despite this
negative answer, it is still surprising how often sy, (2 /y) yields the correct character of a gl(m|n)
irrep. So far, there were no conditions known when this is actually the case, except the rule
that “m and n should be sufficiently large compared to the number of boxes in 7; u” [26]. In
the present paper, we give a clear condition (criticality) under which sy, (x/y) is actually the
character of an irreducible gl(m|n) representation. Note that also for typical representations,

sp:u(2/y) yields the correct character (an unpublished result obtained by R.C. King).

3 Atypical and critical representations in gl(m|n).

Let A € b*; the atypicality of A, denoted by atyp(A), is the maximal number of linearly inde-
pendent roots ; such that (5;,3;) = 0 and (A, ;) = 0 for all ¢ and j [32]. Such a set {3;} is
called a A-maximal isotropic subset of A. If atyp(A) = 0, A is called typical.

For a simple g module V) with highest weight A, the atypicality of V} is atyp(A + p). Given a
composite partition 7; i, let us consider the atypicality of Vi, (to be denoted by V%.,,), first in
the distinguished basis. For this purpose it is sufficient to compute the numbers (Ag., + p, 5ij),
with 3;; = €, — 0, for 1 <7 <m and 1 < j < n, and count the number of zeros. It is convenient
to put the numbers (Ap;, + p, Bi5) in a (m x n)-matrix (the atypicality matrix A(Ag,,) [27, 30]),

and give the matrix entries in the (m,n)-rectangle. This is illustrated for gl(5|7) and 7;u =



(1,6,6,6):(3,3,2,2) in (3.1).

134 56

O w b O
o

—4:i-5:-7:-8{-9:-10 (31)

With the notations of [37], we distinguish between normal, critical and quasicritical related
roots of the (A + p)-isotropic set. Consider the set of odd roots {y1,...,7.} with v = B, ;.
such that (Ag,, + p, Bi,,5,) = 0 where j; < jo < --- < j,. Notice that a =atyp(Ay,,) and that
Y1, --,%a are ordered from the bottom left-hand corner to the top right-hand corner. Let x,
with 1 < p < ¢ < a be the entry in A(Ayp,,) at the intersection of the column containing the
Yp zero with the row containing the v, zero and x4, the entry at the intersection of the row
containing the +, zero and the column containing the v, zero. As shown in [37], zpq = —z4, and

therefore A(Ay,,) has the following form:

it - Tt ce ce 0
A(Ap;“) = B A 23 ce 0 ce —T3t ... (32)
r12 ... 0 ce. —X23 ... — T2t
0 e —X12 ... —X13 ... —T1¢

Let h,q be the hook length between the zeros corresponding to 7, and 4, i.e. the number of
steps needed to go from the 7, zero of A(Ay.,) via ,q to the v, zero, where the zeros themselves
are included in the count. In example (3.1), A is threefold atypical with v; = (351,72 = (32 and
~v3 = (14. The hook lengths are his = 4, h13 = 8 and hog = 5.

Definition 3.1 Let A be a highest weight of gl(m|n) with atyp(A) = a and atypical roots
{7,..-,7}. Then for every 1 < p < q < a: 7y, and 4 are normally related if and only if



Tpg + 1 > hpg; Yp and 74 are quasicritically related if and only if xpg + 1 = hyg; vp and 4 are

critically related if and only if xpg +1 < hyg.

In example (3.1), z12+1 =5, z13+1 = 8 and x93+ 1 = 4. Thus, 71 and 2 are normally related,

~v1 and 3 are quasicritically related and o and -3 are critically related.

If each couple (vi,vit1) (1 =1,2,...,a—1) is critically related, then all elements of {v1,...,7.}
are critically related. Then the composite partition 7; u, the highest weight Az, and the repre-
sentation VAU;H = V3, are called critical. This coincides with the notion of totally connected, as

described in [34, 36]. There is a simple combinatorial way to check criticality:

Proposition 3.2 Suppose U; v is standard in gl(m|n) with atyp(Ap,, + p) = a. Let v = Bi, j,
s0 that (Apyy +p,7s) =0 (s=1,...,a) and

M - {,Uzil+m—7:17ui1_1+m—i1+1,...,ﬂia+m—ia},
N = {V +n—jiv, 1 +n—ji+1,....v +n—j.}.

Then the composite partition U; u is critical for gl(m|n) if and only if
MUN = {piy +m =i,y +m—iv+ 1,0 iy +m —iq + jo — j1 —a+1},
i.e. if and only if M UN 1is a set of consecutive integers.
Proof. Suppose M UN # {pj;, +m —iy,psy +m—i1+ 1, uy +m—ig+jo —j1 —a+ 1}

This means that at least one integer is missing between p;, +m — 41 and p;, +m —ig. So, there

exists a p such that

Tp (p+1) > bp — Ipt1 + Jp+1 — Jp — L =y (pr1) =2 T o1y + 1 2 Dy o),

a contradiction. Conversely, suppose MUN is a set of consecutive numbers. Define, with p < g,
the sets M®9 and NP9 as:

MPD = L m =, i1 +mo— i+ L g, = g )
N = i, +n—jpv; 1+n—jp+1l....v +n—jg}

The set M®2) y NP2 = i, + M —idp, pi, +m —ip+1,... g, +m—ig+jg—Jp—q+p}is

also a set of consecutive numbers. This implies that

Pig =M —tg = Pi, + M —ig+Jqg —Jp =4+ D= fig — Hiy =Jq —Jp— 4+ D



for every p < q. So, with hpy = jq — jp — i +ip + 1,

Tpg+1 = pig+m—iq— () +n—jp)+1
= i, +m —ig— (g, +m —ip) +1

= hpg+D0—q < hyg,
meaning that v, and -, are critically related for every p,q (p < q). |

This property is illustrated for gl(5|7) in example (3.3) of a critical composite partition. Note
how the Young diagrams, together with the (m x n)-rectangle, determine the numbers attached
to these diagrams; how the differences of these numbers determine the entries in the (m x n)-
rectangle and hence also the zeros; and how criticality can be read off from these numbers.

10

IZ rip = (1,1,2,3):(3,3,2,2)
7
5 (1:72:78) = (85,1, 84,4, B6)
M = {0,3,4,6,7}
3 N = {0,1,2,3,57) 33)
. 2 MUN = {0,1,2,3,4,5,6,7} :
P x12 = 3, hig =5
rasu r13 =7, hi3 =10

3 T3 = 4, hasz =6

It is easy to verify that covariant or contravariant representations are always critical. The class
of critical representations is however much larger. To understand this, let us concentrate again
on the above example. In particular, consider p = (3, 3, 2, 2) fixed in gl(5|7), and let us determine
all possible v # 0 such that 7; i is critical. Using Proposition 3.2, one finds, listed according to
the length of v/

o if /() =1, all T; uu are critical;

e if (V') =2, all U; u are critical as long as v}, & {1,2};

o if (V') = 3, all T; u are critical as long as v ¢ {2,3}.
One can continue with this description for ¢(v') > 4, but it becomes slightly more intricate
(some of the representations are no longer multiply atypical, and thus also not critical). In

any case, this illustrates that for given m, n and u, one can describe the corresponding critical

representations 7; 4 using Proposition 3.2, and that the class of critical representations is indeed

10



much larger than just the covariant representations (those with » = 0) and the contravariant
representations (those with ¢ = 0). In general, it illustrates that 7; p is critical if the size of p

and v is sufficiently small compared to m and n.

In this paper we shall construct a formula for ch(Ay,,) where 7; u is standard, critical and such
that 7; 1 do not overlap if represented in a (m x n)-rectangle (see (2.1)(b)). In what follows, we
will only consider such composite partitions 7; u. Let Ap., be the highest weight corresponding
to 7; n. We can generalize the definition of the (m, n)-index of an ordinary partition A (cf. [38])

to composite partitions 7; p in gl(m|n):
Definition 3.3 For U; u a standard composite partition, the (m,n)-index of U; u is the number

k:min({ie{1,...,m}|3je{1,...,n}:

ik (g = m) 4 (0 =) =54 i =)+ (=) U {4 1)) G

In what follows, k£ will always denote this number. In the special case where v = 0, this definition
coincides with the one given in [38]. When the representation is typical k& will be equal to m+ 1;
otherwise k corresponds to the smallest row number in the atypicality matrix in which there

occurs a zero. Thus in the following we shall assume that & < m.

Recall that Ay corresponds to the distinguished choice, and II is the distinguished set of simple
roots (1.1). The highest weight of V3, is given by Ap.,. With respect to another set of simple
roots IT" (with the corresponding p’), Vi, has a different highest weight A’. We shall follow the
technique of simple odd reflections, described in [38]. Denote AL = Asp, p(l) = p and o = 11.
Now we perform a sequence of simple odd a(®-reflections [38]; each of these reflections preserve
Ay + but may change AW 4 p(i) and TI). Denote the sequence of reflections by:

1 2
AW 4,0 ) o, POR a® Al o T (3.5)

where, at each stage, o is an odd root from IV, For given 7; i, consider the following sequence

of odd roots (with positions on row m, row m — 1, ..., row k):
row m: ﬁm,ly ﬂm,Za v aﬂm,min{n,pk—k—l—m}
row m —1: ﬂmfl,ly ﬁmfl,Qa ey Bm—l,min{n,uk—k—‘rm—l} (3 6)
row k : B, 15 Brk,25 -+ Breyus,

in this particular order (i.e. starting with 3,1 and ending with 3 ,, ). Then we have:

11



Lemma 3.4 Let 5 p be standard and critical in gl(m|n) and suppose v and p do not overlap
in the (m x n)-rectangle. Then the sequence (3.6) is a proper sequence of simple odd reflections

for Ay, i.e. o s a simple odd root from IV . At the end of the sequence, one finds:

!
II' = {e1—ex,e2—€3,..., €42 —€p_1,€64—1 — 01,01 — 02,02 — 03, ..., 61 — Oy,
Opu, = €hs €k = Oppt1, Opp 41 — €kt 1y €kl — Oppt2y -+ s Oppbm—k — €m> €m — Opuptmt1—ks
5uk+m+1—k - 5uk+m+2—k7 EERR) 6n71 - 5n} (37)
Furthermore,
k+a—1 pr—k+i m  max{0,n—vm_it1}
! /
Ntp=Mtp+ D DY B+ Y > Bij- (3.8)

i=k+1 j=p;+1 i=k+a J=pi+1

Proof. This proof is similar to the proof of Lemma 2.3 in [38]. But observe that in the first
stage (i.e. the reflections with respect to odd roots of row m), ux — k +m < n is not necessarily
true. So the sequence of odd reflections will end either with (3, ,, —k4m or with B, ,. In the
first case, II(#e—k+m+1) hag three odd roots; in the second case, II"*t1) contains only two odd
roots. However, in both cases the set is ready to continue the reflections with respect to the
elements of row m — 1, since B,,_11 belongs to TIA+=#+m+1) a5 well as to ™1, Continuing
with the other stages of (3.6) leads to (3.7). Remark that this sequence of simple odd reflections

can always be performed, independent of whether 7; s is critical or not.

Criticality does, however, play an important role in (3.8), since the changes of the atypicality

matrix at each step of the sequence are governed by

AGHD 4 ) — D 4 0 4 0@ i (AD 4 0 o0y Z . (3.9)

Suppose that in the original situation the first zero is in the last row, so 1 = By y,,+1. This
assumption does not harm the generality, as Ay, + p will not change anyway until the first
zero is reached in the atypicality matrix, according to (3.9). Examining the sequence of odd
reflections explicitly for the elements of row m yields
min{n—v1,ur—k+m}
A(min{n,p,k—k—l-m}—l—l) _'_p(min{n,,uk—k—s—m}—i-l) _ AD',u +p+ Z ﬁmj- (310)
Jj=pm+1

More generally, we have that upy —k+i<n—vy_1 ifk+1<i<k+a—1,and pp—k+1i>

N — Um—it1 if k 4+ a < i < m. This explains the two different contributions in (3.8). To see

12



that criticality is necessary, consider two consecutive roots v, and ~y,+1. For simplicity, consider
again 71 and 79 with 7y, on row m. If y; and 7o are critically related, then there appears a zero
on row m — 1 of the atypicality matrix after finishing the first stage, and one can continue until
there appears an extra zero in the row of vo. If they are are not critically related, then no extra
zero can be obtained in this row. To follow the argument, this is illustrated in the following
examples, where the atypicality matrix is given in the initial situation, after finishing the first

stage, and after finishing the second (and in this case final) stage:

Critically related roots:

4131 0 3121 O 3/1|]0 0

211 -1 =2 110 -1 -2 31 0 0

0O -1|-3|4 1 0|-1|-=2 1 1|-=2|-=2
— —

Non critically related roots:

514 2|0 413 2|0 412 1|0

211 1|3 110 -1|{-3 3|11 0|1

0 1|-3|-5 1 0|-1|-3 1 -1(-=2|-3
— —

Thus, if 7; p is critical, there is at least one zero at row m — 1 after the first stage. This zero
corresponds to By,—1,4,,_1+1- At the second stage, the elements of row m — 1 play the same role
as the elements of row m in the first stage, and one continues the process. Schematically, the
zeros in the atypicality matrix move up along those positions corresponding to boxes that are
not covered by the Young diagrams F'(u) and F'(v). Continuing with the remaining stages leads
to (3.8). O

Corollary 3.5 The critical representation Vg, is tame.

Proof. Having performed the simple odd reflections (3.6), one can compute the atypicality
matrix for A’ + p’ using (3.8). This gives:
(A" + ¢, Bij) = 0 for all (4,7) with k <i<k+a—1,u+1<j<u+a. (3.11)
Therefore the set
Sar = {€k — Oppt1, €kt1 — Oppt 2y -+ €m — Opptat (3.12)

is a (A’ 4 p')-maximal isotropic subset. Furthermore, Sy C II', see (3.7). This implies that V5,
is tame [38]. If 7; v is not critical, (3.11) does not hold, as explained in the proof of Lemma 3.4.
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Let us illustrate some of these notions for 7; u = (3,3);(9,5,3,3,2,2,1) in gl(5|7):

(a) (b) (c)

k [x[x|{x|x|x]i L k i =
15/13i11{10/ 7 | 6| 5 X[x[x]xixixii BEAERN
k i10i86i5/2i1i0 X[x|x|x|[x]x]|x * (3-13)
7i5{3i2i11i-2/-3 X[x[xix[x[x]x B
6i4i2i1i2i-3|4
4i2i0i{-1/4i-5-6 | ||

In (3.13)(a), the atypicality matrix associated with 7;u is given. In (3.13)(b) the positions
marked with “i” refer to the (A’ + p’)-maximal isotropic set (3.12). For convenience, let us
refer to these positions as “the isotropic diagonal.” The positions of the odd roots that have
been used for the sequence of reflections to go from Ap,, and II to A’ and II' are marked by
“x” in (3.13)(b). So, they are simply all positions to the left of the isotropic diagonal. Finally,
(3.13)(c) shows the positions of those §;; that appear on the right hand side of (3.8); they are
marked by “*”. These are all positions to the left of the isotropic diagonal that are not inside
F(7; ). One can see from this example and others that the (m,n)-index k determines all other

necessary ingredients.

4 A determinantal formula for ch(15,,) and sp.,(z/y).

Let 7; u be a standard and critical composite partition without overlap in the (m x n)-rectangle.
As the g-module V%, is tame, a character formula is known due to Kac and Wakimoto [32]. It

reads, in terms of A’:

ch Vg, = jX,le_p/R/_l Z 5(w)w(6Al+p/ H (1 +e_’8)_1>, (4.1)
weW ﬁGSA/

where

R= 1] (1—e*a)/ I1 t+e) (4.2)

a€lo,+ aEA] |

and js is a normalization coefficient to make sure that the coefficient of eA’ on the right hand
side of (4.1) is 1. By definition of p and R

e R =e¢ PR
As usual in this context we put
T; = e, yj:e5j (1<i<m,1<j<mn). (4.3)

14



Now we have
ch V., :jX,_l D! g e(w)w(twu),
Vi

weW
with
D H1§z‘<jgm(xi — ;) H1§i<j§n(yi —Yj) (4.4)
[T I (i + )

and

k—1 -1 , . k+a—1 r n n .,

wit+m—i—n pitn—j—m Yi—k+1 M—i—Vm 41 =) Vn_jt+1

to = | [ ! Yj I1 (@5 + Yirrl) II = II v

i—1 j=1 ok T\ T Yikl) S j=l+a

(4.5)
where | =y +1and r =n—m+k —1[ and jy» = a! (due to symmetry there are a! elements
Ui

of Sy, x Sy, that leave ty,, invariant).

This expression can be written in a nicer form:

Theorem 4.1 Let ty,, be given by (4.5) andr =n—m+k — p, —1. Then

1 m—a)(l— nim—a—
D ewwltyy) = (-1mmlmDnmmaE i dey(0), (4.6)
T WESy X Sn

where C' is the following square matriz of order n +m — a:

0 Y

0 r
. Y;
c=| X, R" X, with RM) = <7 J > (4.7)
0 Y, 0 i (@i +Y5) ) 1<icm, 1<j<n
and with
X = (xyfrmfnfj) X = (xm*jfumfjﬂ)
# i J1<i<m, 1<5<k-1" v L 1<i<m, k+a<j<m’
Y, — (Hi+n—m—l> v, — (@—z—vnqﬂ) )
® Yj 1<i<i—1,1<j<n Y Y I+a<i<n, 1<j<n

Proof. The proof is similar to that of [38|[Lemma 3.1]. Apply Laplace’s theorem for the expansion
of det(C') with respect to columns 1,2,.... k—1,k+n,k4+n+1,...,n+m — a. Keeping track

of the zero blocks, one finds

det(C) = (—1) "5 YT (bt e et (C) det(C),  (4.8)

1Si1<"'<i'm7a§m
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where C, is the (m — a) x (m — a)-matrix consisting of rows ij,i2,...,%n—q of the matrix

( X, Xy ), and Cj is the n X n-matrix

Y
R™)
Y,

where R(") is obtained by removing rows i1, 12, . . ., im—q in R . The number of terms on the rhs
of (4.8) is (,",)(m — a)ln! = m!n!/a!; due to symmetry considerations this is the same as the

cim—a) = (1,..., k=1, k+n,...n+m—a),
and the diagonal term in det C; and det Cy, the contribution on the rhs of (4.8) is now easily
seen to be (—1)m-a)(=Din(m—a—k+l)y_ = But by definition of the determinant, every term on
the rhs of (4.8) is (up to the overall sign factor (—1)Mm=®U=1) of the form e(w)w(ty,,) with
w € Sy, x S,. Conversely, every term of the form e(w)w(ty,,) appears as a term on the rhs
of (4.8). It follows that (4.6) holds. O

number of distinct terms on the lhs of (4.6). For (i1, ..

With the same notation, one finds

Corollary 4.2 The character of a critical representation labelled by a standard composite par-

tition U; p (without overlap) has the following determinantal form:

ch Vi, = (—1)(m=@)=Dtnim=a=k+1) D=1 det(C).

As an example, let m =4, n =5 and 7; u = (1,1,4); (3,1). One finds

6 4 3 2 - k = 2
I = pu+1=2
3 1 0 1|4 e = 2
1 1 -2 3]|-6
= r=n—-m+k—-10=1
0|=2|3|4|-7 = ntm-—a=7
Thus, according to formula (4.7),
0 yi Y3 Y3 y3 vs 0
T Y1 Y2 Y3 Y4 Y5 —4
L Ti@itn z1(z1+y2) x1(zi+ys) zi(ritya)  zi(ri+ys) 1
T Y1 Y2 Y3 Y4 Y5 —4
x2 wy2+y1 xz(wy2+y2) T2 Zy2+213) w2($y2+y4) $2(Iy2+ys) 2 A
1 . 1 2 3 4 5 —
ch V(T,T,Z);(?),l) =D det | T3 Gaty) za(estys) ws@stus) ws(eatya)  wa(zatys) U3
T Y1 Y2 Y3 Y4 Ys —4
4 wi(eatun za(zaty2) wa(watys) wa(ratys) zalzatys) 4
0 9 Y3 ) Y3 ys 0
0 y® vy ° vs® vi® ys° 0
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Thus the determinantal formula is very explicit. The main goal of this determinantal formula
however is that it allows us to make the link with another explicit formula that is even more

useful, namely:

Theorem 4.3 Let U; i be a standard and critical composite partition with no overlap. The

character ch Vg, is equal to sp.,(x/y) as defined in (2.3).

The proof depends upon a double Laplace expansion of det(C'), various lemmas and compu-
tational rules for ordinary and supersymmetric S-functions (labelled by ordinary or composite
partitions), and an induction argument. The double Laplace expansion is similar as in the proof

of [38, Theorem 5.5]. The details of this proof are given in the Appendix.

A Appendix

We shall provide here a proof of Theorem 4.3. First, we need to collect some formulas for (ordi-
nary) S-functions labelled by a composite partition (often referred to as “mixed” S-functions).
Then we shall construct a set of formulas for the supersymmetric S-functions labelled by a com-
posite partition. The rest of the proof follows the lines set out in section 5 of [38], however there
are many technical details which need to be reinvestigated in the current case. We shall assume
that the reader is familiar with notations of ordinary S-functions [46], such as sx(z), sy/.(2),

CK“ for Littlewood-Richardson coefficients, vertical strips, etc.

The “contravariant” S-functions are usually defined in terms of the ordinary (or “covariant”)
S-functions. Suppose we have a set of variables x = (x1,...,2,,). For a partition \, let X =

(—A1, —A2,...) and denote by T; = z%_, forallt=1,...,m, then,
sy(z) = sx (7). (A.1)

Similarly, s)\/—u(x) = sy/u(T). Using the contravariant S-functions, the composite or “mixed”
S-functions are defined [42] by

(@) = (1)l (@) 00 (). (A:2)
¢

The product of a covariant and a contravariant S-function is given by

so(@)su(®) = (@) = D 5577,,(2) (43)

n
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where

V/nu/n Z Con wnsw z). (A4)

The composite S-functions can also be written in terms of a decomposition [25] of z = ' + 2,

namely

sv;u(l') = Z SII/_O';,LL/T(x/)SO'_/p;T/p(x//)' (A5)

p70—77-

In [39] the composite supersymmetric S-functions are defined in terms of ordinary composite

S-functions, namely:

son(@/y) = D So7Eu/c @S (V) = > S 7Eu/c E)SETo7 ¢ oy )- (A.6)
LES p.GE

In the same article, the authors prove that this expression is equivalent with the definition (2.3).
With formula (A.6), it is possible to prove [42, Appendix 2] that (A.3) also holds in the super-

symmetric case. Thus,

sole/)sulefy) =3 s (2 /y) (A7)

n
where
Sulmiu/n (@/y) = Z Con wnswb (z/y). (A8)
We need also the definition of
Sxfn( Z Husr/p(T (A.9)
and the equality
f);g 7 i\”?CZV = Cl)\/T Cups (A]_O)
g n T

following from the three different ways in which the product s,(z)s,(x)s,(x) can be expanded.

Using (A.4) and (A.9) it is easy to see that (A.6) can be written as

Sviﬂ(x/y) = Z ST/g;u/((x)sg/p/;c//p/(y) = Z SW;M/wp(x)s?;W(y)' (A'll)
0:G€ P

Formulas (A.6) and (A.11) are generalizations of (cfr. [46, p.90 Ex. 23])

sx(z/y) = Zsu z)sx (Y ZSA/V (A.12)

and they can themselves be generalized to composite skew partitions:

S/l ®/Y) = > Sufo e Bt oyscr oy 9)- (A-13)

p7a7T
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Indeed,

ST/T];A/u(ZC/y) = chncgusa;g(x/y) (Formula (A.8))

a?ﬂ

= Z Zcgncé#smﬂﬁ(m‘)sm;(ﬁp),(y) (Formula (A.6))
£,0,T a,3

= Z Z anncﬁu Cony T(; 37;5(32)5W;(T/p),(y) (Formula (A.4))
poT 7,6\ o,

= Z Z Zc@c&;can Cru | 57:5(T)s SiaTpV: (T/p)( Y) (Formula (A.10))
P:0,T 7,0

> ann Sy 7ene S e oy (W) (Formula (A.4))
poT CE

= Z SW;A/MT(JZ)SW;(T/p),(fy). (Formula (A.9))

p’U7T

Next, we introduce some further notation. Let

D)= [] (@i—=) and  E(z,y) = [[[[ (=i — ). (A.14)

1<i<j<m i=1j=1

Suppose |x| = m and |y| = n. From the definition of D(z) and E(x,y) we derive that

D@ = (-1)™5D (meH) (A.15)
E(z,7) =<—wm<fhyﬁ Il%m (2, 9), (A.16)
=1

D@)D(y) _ mim=1) | 100 L (TT nm m-n+1 | D()D(y)
) = (-1) + + (sz +1> Hy +1 Elry) . (A7)

=1

Lemma A.1 Suppose v is a partition, then sy(x) = *”ﬁifl‘ = ‘ d

Proof. This formula is derived from the determinantal formula for S-functions [46], applying

properties of determinants:

—vi+m—1i m —v;—m+t
solz) = su(®)= s = ()™ et
0= D= g 2

—v+ie U —ip1+m—i
N e O
} D@~ D



The following lemma will be crucial in our induction argument.

Lemma A.2 Suppose y = y™ = (y1,...,yn). Let v and p be partitions, then

so(@/Y) = D 8,7y am @9y

a,b

Proof. We prove this statement using the formulas given earlier in this Appendix.

swu(@/y) = Z Sul(pein/ () ()8 57,40 () (Formula (A.11))

.0

— n=1)y,_

= 2 STason® (Z STy >>sﬁ/n,w,m,<yn>) (Formula (A.5))
L,0,p n,K,T )

- Z %: Tl (o0 ) SGaTmyscsry U )ZSW;T’W(%)
KT ,,p n

= 2 s /") ) (o) (by (A.13) and (A.3))

As sy (z™) = 0 if £()\) > }x(m)‘ = m, the right hand side equals
Z SW;“/(la)(x/y(nil))S(b) (%)S(a) (yn) = Z Sm;u/(la)(x/y(nil))yzib-
a’b (l,b

|

If v is an arbitrary t-tuple over Z and p an arbitrary s-tuple over Z, we can still define sz, (z|y)
through formula (2.3). Note that v 4+ §; and p + ds must be nonnegative distinct integers for

sp:u(z|y) to be nonzero. We need the following generalization of the previous lemma.

Lemma A.3 Suppose y = y™ = (Y1,---,Yn). Let v be an arbitrary t-tuple over Z and p an

arbitrary s-tuple over Z, then

son(@/y) =D sg.a(/y" D)y, (A.18)
a?/g

where a = |p—al, b= |v— |, and the sum is taken over all o and (3 such that (v —3); € {0,1}.
Proof. (Compare with the proof of [38, Lemma 5.3].) This follows from the previous lemma
and the determinant (2.3) for sy, (z/y). If there are two identical columns in this determinant,

then sp,,(x/y) = 0. But then also in the right hand side of (A.18), the terms will either vanish
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or else cancel each other two by two. If all columns in the determinant are different, they
can be permuted such that sz, (z/y) = :I:S&w(a:/y) where ¢ and v are partitions. Applying
Lemma A.2 and performing the inverse permutation for the S-functions in the right hand side
yields the result. O

Lemma A.4 Form =p+gq, let ¢ = (p1,...,¢p) and 0 = (01,...,04) be two partitions and
A=(@1+9—¢,....op+9—q,—0g+h,...,—01+ h). Suppose g,h € Z, then

(T2 (12")"sp(2") sz(x") _
> E@, xf) = sx(x), (A.19)

Z'I+J:”

where the sum is over all possible decompositions x = x' + x"" with the size of 2’ equal to p and

the size of " equal to q.
Proof. We can rewrite the left hand side of (A.19) using the determinantal formula for S-
functions and the equality
p(ptD) 44y / " 1o
D) = (-1)™% »D(a)D(a") B(, 2"). (A.20)

with the elements of 2’ denoted by w;,...,z,, (r1 <--- <) and those of 2" by xg,,...,z;
(51 < -+ < 8q):

29 2" h8<p ! S5 "
Z(H )7 (I12")"sp(2")s5(a")

q

I
ot E(z', z")
PitP=IY R R ) P
- Z (129 ([T ") (r, )j:;.g (s, )j:imz
- T ) 7 ’ 1"
ot E(x' x™) D(z") D(z")
1 p(p+1) g i _ , h i
- 53 S (1) (xm(wﬁg 9)+(p+a ]))2":1...;; (%i( Tm—j41+h)+(m J)) -y
x’—i—x” Jj=1...p j=p+1l..m

The numerator of this sum is the Laplace expansion of the following determinant with respect

to columns 1,...,p:

‘wg@j+Q*Q)+(m*j) x(*”mfj+1+h)+(m*j)’ _ ‘x)\+5m‘
with A= (p1+9—¢,....0p+9—q,—0g+h,...,—01+h) and 6,, = (m —1,m—2,...,0), so
the result follows. |

Observe that in this result, A is not necessarily a partition, but it could be an arbitrary integer

m-tuple. In such a case, sy (z) is still well defined by |z*T0m| /|20,
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Lemma A.5 Suppose |z| = m, |y| = n, and h, p and q positive integers with m = p + q. Let
K= (Ki,...,Kq), N = (N1,m2,...), and p be partitions, and v = (K1,...,Kq,M,N2,...). Then

(L&) (L") e’ )30y (3/5) ol
Z E(z',2") = sou(z/y) (A.21)
x/+x//
where the sum is over all possible decompositions x = x' + x"" with the size of ' equal to p and

the size of " equal to q.

Proof. We shall use induction on the number n of variables y. Suppose n = 0. Since,
spp(x) = ([1;zi) ™ se(x) with & = (u1 + 11, pi2 + M1, ... ,m — 12,0) [47], this lemma coincides
with Lemma A.4 with g = ¢ —m, ¢ =& and 0 = k + (h?). Suppose that n > 0 and denote by

y™ = (y1,...,yn). We can use Lemma A.2 to isolate y,, giving:

(T2 (AT 2") " s (@' /Y) 8,040y (@ /7)
Z E(z, 1’”)

x/er//

AY Al
S % Y sgal@ "y (Z S’H‘(hq)(f///y(nl))yn(:)

!+’ a,B ~

where p/a, 1/ and K/~ are vertical strips of length a, b and ¢ respectively. Rearranging terms,

this sum equals

AL 2" h
Z ( Z (HE()x/(l;I//) ) sﬁ;a(as'/y(”_l))87+(hq)(f"/§(”_l))>yﬁ_b_c-

a’/B7fy x/+x//

Let 7 = (v1,.--,7 51,02, ...). Using induction, the sum reduces to 287;a($/y(”_1))y“_(b+c)

n

a,T
where p/a is a vertical strip of length a and (v — 7); € {0,1} with |[v — 7| = b+ ¢. Using
Lemma A.3, this is equal to sy, (z/y) . O

Now we are in a position to prove the main theorem, first for a special case (Theorem A.6), and
using this finally the general case (Theorem A.8). The special case consists of a subclass of all
standard and critical composite partitions without overlap. This subclass is characterized by
n = l4+a—1; in other words, we will consider standard composite partitions where the first zero
in the atypicality matrix (the zero in the row with index k) is in the last column. An example
is given in Figure 2, with 7; u = (2,6);(6,4,2,2,1) in gl(8|5). In this case k = 4,1 =3, a =3
and r = —2.
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Figure 2: 7; u = (2,6);(6,4,2,2,1)

Theorem A.6 Suppose U; i is a standard and critical composite partition with no overlap in

gl(m|n) withn=1+a—1. Then

ch(Vo) = spu(@/y).

Proof. Letp=k+a—1and g =m—k —a+ 1. Note that in this special case r = —q.
First substitute y; by —y; in the determinantal formula (Corallary 4.2) of ch(V3.,). Next, take
the Laplace expansion of this determinant with respect to columns 1,2,...,n+ k — 1. So, with
the elements of 2’ denoted by z,,,...,z,, and those of z” by xs,, ..., x,,, we have the following

expression for the chacacter:

it n—m—1
0 (y’w ) 0
J i=1,..., n—a
E(,@y) dot j=1,...,n
D(x)D(y) ghatmen Yj g, et
% i=1,..., m xf(wi—yj) i=1,....,m 7 i=1 m
P L i
f+n—m—i
E( ) 0 (y;ll i=1,...,n—a / 1
= at Z (_1)P r Jj=1,...,n —viti—
D(x pj+m—n—j Y ” =leg
( ) (y) ' 4z xri i=1,...,p Ty (IErZ yj) i=1,...,n—a ;:1 ..... q
G=1,...,k—1 G=1,...,k—1

In the right hand side of this expression we can rewrite the first determinant, using [38, Theorem
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3.4]:

DN fij+m—n—j 5 |
D(«T ) y) <QUTZJ ) i=1,...,p (7J>

=1,...,

,,,,,

|
t
g\
NS
S~—
~
—
I
8
~ ol
2
VS
o
N
Sﬁ;
+
7
3
N
i
‘»—\
3
3]
2

_ Hf:lxm qS J:/ _
- i(H?ij) M( / y)v

where, the minus sign depends on the partition p only. So, the Laplace expansion equals

PExy)Dumxw o’ »
=20 @)EWW)<HﬁwJ A8/ D)

— E Hf:l Lr qs x/ o S f’/ ormula
=+ Bz (H}Llyj> u(@'/ —y)su (@) (Formula (A.20))

B (=)™, =% )(H?:ly?)E( L) (1% by 27
=2 E(«,2") T, 59

su(2') —y)s,(z").  (Formula (A.16))

Applying a special case of the Sergeev-Pragacz formula [38, eq. (1.12)] and Lemma A.5, the sum

equals
xrz Hq T z)n
e >0 WAL 2 )@ ) = smate) )
x4z’
Substituting every y; by —y;, yields the theorem. O

The next corollary follows immediately from this theorem and the fact that
sou(@/y) = s, (y/ ). (A.22)

Corollary A.7 Suppose U; i is a standard and critical composite partition with no overlap in
gl(m|n) with m =k +a—1. Then

ch(Vi) = Lspu(/y).

Now we can prove the final theorem.
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Theorem A.8 Letv;u be a standard and critical composite partition with no overlap in gl(m|n).
Then

ch(Viu) = £spu(x/y).

Proof. Letp=1I1+a—1and q=n—I[—a+ 1. First substitute y; by —y; in the determinantal
formula of ch(V3.,). Next, take the Laplace expansion of the determinant with respect to rows

1,2,...,m +1—1. So, with the elements of 4" denoted by y,,,...,¥y,, and those of y"” by

Ysys - -+ Ysy» We have the following expression
pi+n—m—i
0 ( J )1:1,.H,l—1 0
=1,..., n
B,y | (e i o
D D et i i=1,....,m zl (zi—yj) ) i=1,....m i i=1,...m
(:B) (y) Jj=1,..., k=1 7 g=l., j=k+a,..., m
Vn7i+1+n—z'
0 < J )z:l+a AAAAA n 0
Jj=1,..., n
E(:Cv _y) P _V:z_i+1+q_i
D(.T)D(y) Z (_1) C1 Ys; 1 )
o't =1
with P = (mH_;)(mH) + 71 + -+ +rp. The determinant C equals
piAn—m—i
0 < Ty )7,:1 ..... -1 0
Jj=1,...,p
i wit+m—n—j y:j —Vm—j+1t+m—j
(2 1=1,..., m .’L';([L'z‘fyrj) =1 m i 1=1,..., m
G=1,....k—1 P j=k+a,...,m

0 ( M;erfmfi) 0
_ (H;):l Yr; ) ! o i,

¥
m . 4m—p—7 y’_ —U +qg+m—j )
IL, = xé“ P ]> — <a;z moj+1Td J
i al (zi—yr;) irj i,

where " = r —q = p—m + k — [. Thus, this determinantal expression coincides with the
determinantal formula (4.7) of ch(V5,) in gl(m|p) with n = (v1,...,Vm—k—as1) — (g™ F70F1).

According to Theorem A.6, the determinant Cy equals

q
D(@)D(y') (1Tj=19r, /
+ T spu(x/ —y).
So, ' = (u(’]H, Viio,---) and let 8" = (v,...,v;). As the minus sign depends on the composite
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partition 7; u only, the Laplace expansion equals

/ p - E
e i (Hﬂi”“) s/ ~ ) D)3 (3

y' 4y (y) E(I', y,) H’i:l ZI;
q
E(z,y") ?:1 Yr; , B
= = 7 smu(x/ =y )sp (7")
y%u E(y,7 y”) H?;l Ty i A

- 4+ Z (1= )" <H§:1ysj)m H?:l Yr;
- p E(y,y") [Ti2, @i

y'+y

) s/ —y)se (@) EG',T),

where we have used (A.16). Simplifying and applying again the special case of the Sergeev-

Pragacz formula and (A.22), this becomes

+ ) ( i= 1yr]>q(H?=1ysj>m

77 7% ( Yy /J})Sﬁ/ (ma) (_y”/f) - is?’;u’(_y/x)'

/!
S E(y,y")
Applying (A.22) and substituting every y; by —y;, leads to the final result. O
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