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ABSTRACT

We construct classes of Z2 × Z2-graded Lie algebras corresponding to the classical Lie algebras, in
terms of their defining matrices. For the Z2 × Z2-graded Lie algebra of type A, the construction
coincides with the previously known class. For the Z2 × Z2-graded Lie algebra of type B, C and
D our construction is new and gives rise to interesting defining matrices closely related to the
classical ones but undoubtedly different. We also give some examples and possible applications to
parastatistics.

I. INTRODUCTION

Colour algebras and colour superalgebras are generalizations of Lie algebras and Lie superalgebras,
introduced by Rittenberg and Wyler [1, 2]. For such structures, the algebra is graded by some
abelian grading group Γ. The simplest case not coinciding with a Lie superalgebra is for Γ = Z2×Z2.
For an algebra graded by Z2×Z2, there are already two distinct choices for the Lie bracket. These
correspond to structures that are nowadays known as Z2×Z2-graded Lie algebras on the one hand,
and Z2 × Z2-graded Lie superalgebras on the other hand. This terminology is slightly misleading,
since these algebras are not Lie algebras nor Lie superalgebras. But since these terms have become
common now in literature, we shall also stick to them.

Compared to the central role of Lie algebras and Lie superalgebras, the Z2 × Z2-graded Lie
(super)algebras received for many years little attention in theoretical and mathematical physics [3–
5]. Only in recent years there is renewed interest in Z2×Z2-graded Lie (super)algebras. For example,
such structures have appeared in symmetries of Lévy–Leblond equations [6,7], in graded (quantum)
mechanics and quantization [8–12], and in Z2 × Z2-graded two-dimensional models [13–15]. In
particular Z2×Z2-graded Lie algebras and superalgebras have been recognized in parastatistics [16,
17] and in the description of parabosons and parafermions [18,19].

One of the reasons why Z2 × Z2-graded Lie (super)algebras are considered to be more funda-
mental than more general colour (super)algebras, is because they still provide algebras with only
commutators and anticommutators, just like Lie algebras and Lie superalgebras. Bearing in mind
that commutators and anticommutators are the essential brackets for two physical operators x and
y, it is reasonable to stick to algebraic structures with such bracket relations. But there is a reason
to go beyond Lie algebras and Lie superalgebras. Indeed, if one considers two elements x and y of

1



an associative algebra (out of which Lie algebras or Lie superalgebras are usually constructed), then
there are two ways to rewrite the trivial product identity in this algebra in terms of commutators
and anticommutators:

[x, y] + [y, x] = 0, {x, y} − {y, x} = 0.

But if one considers three elements x, y and z of an associative algebra then there are essentially
(i.e. up to permuting elements) four ways [20] to rewrite the trivial product identity among these
elements:

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0,

[x, {y, z}] + [y, {z, x}] + [z, {x, y}] = 0,

[x, {y, z}] + {y, [z, x]} − {z, [x, y]} = 0,

[x, [y, z]] + {y, {z, x}} − {z, {x, y}} = 0.

The first corresponds to the Jacobi identity for Lie algebras. The second and third appear in
the Jacobi identity for Lie superalgebras, Z2-graded, with x respectively odd or even. The fourth
expression can appear only in the Jacobi identity (4) for Z2×Z2-graded Lie algebras (or for Z2×Z2-
graded Lie superalgebras). This argument adds to the value of Z2×Z2-graded Lie (super)algebras
as being essential mathematical structures for models in mathematical physics.

In this paper we will investigate the ways in which classical Lie algebras can be extended to
Z2 × Z2-graded Lie algebras. Of course, certain examples or certain classes of Z2 × Z2-graded Lie
algebras have already been considered in the literature. For instance, Rittenberg and Wyler give
a general method [2] to extend any Lie algebra of dimension D to a Z2 × Z2-graded Lie algebra
of dimension 4D. Our approach is different, and considers the following question: given a classical
Lie algebra G of dimension D, is there a corresponding Z2 × Z2-graded Lie algebra g of dimension
D? Moreover, we want to understand in how many ways such a possible correspondence can be
obtained.

In the following section we recall the definition of Z2 × Z2-graded Lie algebras and make some
general considerations. In Section III. we explain our method of construction, and obtain Z2×Z2-
graded Lie algebra analogues of the classical Lie algebras of type A, B, C and D, i.e. of sl(n+ 1),
so(2n + 1), sp(2n) and so(2n). For the case of sl(n + 1) the corresponding Z2 × Z2-graded Lie
algebra is not new, and has already appeared as a sequence in [2]. The Z2×Z2-graded Lie algebras
corresponding to the classical Lie algebras so(2n+1), sp(2n) and so(2n) are new, as far as we know.
Some examples and special cases of these Z2 × Z2-graded Lie algebras are given in Section IV..
These examples are inspired by physics, and in particular by parastatistics relations.

Let us finally mention that a lot is known about gradings of Lie algebras and of matrix algebras,
and the literature on these topics in pure mathematical journals is extensive ( [21–23] and references
therein). Many of these works emphasize on so-called fine gradings. Moreover, the subject is always
gradings of Lie algebras. The “Z2 × Z2-graded Lie algebras” of this paper do not appear there,
because they are not Lie algebras but graded algebras with a bracket satisfying different properties
(see (3)-(4)).

II. Z2 × Z2-GRADED LIE ALGEBRAS

The definition of Z2 × Z2-graded Lie algebras (LA’s) as well as examples of such algebras have
already been given in [1, 2].

The Z2 × Z2-graded LA g, as a linear space, is a direct sum of four subspaces:

g =
⊕
a

ga = g(0,0) ⊕ g(0,1) ⊕ g(1,0) ⊕ g(1,1) (1)
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where a = (a1, a2) is an element of Z2 × Z2. Elements of ga are denoted by xa, ya, . . ., and a is
called the degree, deg xa, of xa. Such elements are called homogeneous elements. The Z2 × Z2-
graded LA g admits a bilinear operation J·, ·K which satisfies the grading, symmetry and Jacobi
identities:

Jxa, ybK ∈ ga+b, (2)

Jxa, ybK = −(−1)a·bJyb, xaK, (3)

Jxa, Jyb, zcKK = JJxa, ybK, zcK + (−1)a·bJyb, Jxa, zcKK, (4)

where
a + b = (a1 + b1, a2 + b2) ∈ Z2 × Z2, a · b = a1b2 − a2b1. (5)

Note that another choice for a ·b, namely a ·b = a1b1+a2b2, would yield the definition of a Z2×Z2-
graded Lie superalgebra. We emphasize that in this paper we are only dealing with Z2×Z2-graded
LA’s, hence we are always using (5).

By (3), the bilinear operation J·, ·K for homogeneous elements is either a commutator or an
anticommutator. In addition g(0,0) is a Lie subalgebra of the Z2 × Z2-graded Lie algebra g and
g(0,1), g(1,0) and g(1,1) are g(0,0)-modules.

It will be useful to list the brackets among the subspaces more explicitly:

[g(0,0), ga] ⊂ ga, [ga, ga] ⊂ g(0,0), a ∈ Z2 × Z2 (6)

and
{ga, gb} ⊂ gc (7)

if a, b and c are mutually distinct elements of {(1, 0), (0, 1), (1, 1)}. As a consequence, if g =
g(0,0) ⊕ g(0,1) ⊕ g(1,0) ⊕ g(1,1) is a Z2 × Z2-graded LA, then any permutation of the last three
subspaces maps g into another Z2 × Z2-graded LA. We will refer to such mappings as “trivial
permutation transformations” of g.

In this paper, it will be natural to impose the condition that g is generated by g(1,0) ⊕ g(0,1).
Then one can deduce from the Jacobi identity that

g(0,0) = Jg(1,0), g(1,0)K + Jg(0,1), g(0,1)K and g(1,1) = Jg(1,0), g(0,1)K. (8)

Of course, we exclude the trivial cases where g(1,0) or g(0,1) are zero.
Let g be an associative algebra with a product denoted by x · y, and suppose g has a Z2 × Z2-

grading of the form (1) that is compatible with the product, i.e. xa · yb ∈ ga+b. Then it is an easy
exercise to verify that the following bracket turns g into a Z2 × Z2-graded LA:

Jxa, ybK = xa · yb − (−1)a·byb · xa , (9)

i.e. for a bracket derived from an associative product the Jacobi identity (4) is automatically
satisfied.

III. CONSTRUCTION OF CLASSICAL Z2 × Z2-GRADED LIE
ALGEBRAS

The purpose of this paper is to investigate Z2 × Z2-graded LA’s associated to the classical LA’s
sl(n + 1), so(2n + 1), sp(2n) and so(2n). Classical LA’s are usually specified in terms of their
defining matrix representation, from which the LA bracket is determined [24,25]. For sl(n+ 1) the
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defining matrices are just the traceless (n+ 1)× (n+ 1) matrices. For the other classical LA’s, one
uses:

G = so(2n+ 1)

n n 1 a b c
d −at e
−et −ct 0

 n
n
1

b and d antisymmetric (dimG = 2n2 + n);

G = sp(2n)

n n(
a b
c −at

)
n
n

b and c symmetric (dimG = 2n2 + n);

G = so(2n)

n n(
a b
c −at

)
n
n

b and c antisymmetric (dimG = 2n2 − n),

(10)

where at is the transpose of a. The size of the matrices in these expressions is in an obvious way
determined by the borders.

Note that for orthogonal Lie algebras so(N) (where N can be even or odd) the defining matrices
are often chosen as the set of antisymmetric N ×N matrices. This is certainly a valid choice, and
the matrix forms are even simpler than in (10). However, the advantage [25, p. 269] of (10) is that
the Cartan subalgebra consists of all diagonal matrices in the form (10). In the set of antisymmetric
matrices, however, there are no nonzero diagonal matrices. Also for identification of Lie algebra
elements with creation and annihilation operators of parastatistics, it is necessary to work with
defining matrices of the form (10).

How can one implement a Z2 × Z2-grading on these classical LA’s such that the algebra closes
under the bracket (9)? It is not simply a question of finding all Z2×Z2-gradings of the classical LA
compatible with the LA bracket, since under the new Z2 ×Z2-graded LA bracket (9) the resulting
matrices might no longer be of the proper form.

One can, however, start from a set of generators of the classical LA (in the defining matrix form),
associate a Z2×Z2-grading on these generators, compute new elements with these generators using
the bracket (9), and see which matrix structures and algebras arise in this way.

In order to investigate this systematically, let us assume (without loss of generality) that the
generating subspace A of the classical LA G corresponds to the subspace g(1,0) ⊕ g(0,1) of the
associated Z2 × Z2-graded LA g, and that g is generated by this subspace according to (8). Thus
we are looking for generating subspaces A of a classical LA G such that G = A+ [A,A] (as vector
space). Such generating subspaces were found in [26]. In that paper, all so-called 5-gradings
G−2 ⊕ G−1 ⊕ G0 ⊕ G1 ⊕ G2 of G were determined such that G is generated by A = G−1 ⊕ G1

(subject to a conjugacy condition). Following these natural assumptions, one can now proceed as
follows, starting from the classical LA G in its defining matrix representation:

� For each of the 5-gradings of G, let A = G−1 ⊕G1 (as a subspace of the vector space of G).

� Partition A in all possible ways in two subspaces g(1,0) ⊕ g(0,1).

� Construct from here the matrix elements of the Z2 × Z2-graded LA g using the bracket (9)
and (8).

This construction process is straightforward but very elaborate. It is clear that it will yield the
matrix form of some Z2×Z2-graded LA g. But we should also admit that the list of Z2×Z2-graded
LA’s thus obtained might not be exhaustive.
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Rather than giving all details of the calculations, we restrict ourselves to listing here the final
outcome.

When G = sl(n + 1), there are 7 types of 5-gradings to be investigated [26]. All cases lead
to the following type of Z2 × Z2-graded LA (or special cases thereof). Let p, q, r, s be integers
with p + q + r + s = n + 1. The Z2 × Z2-graded LA g = slp,q,r,s(n + 1) consists of all traceless
(n+ 1)× (n+ 1) matrices of the following block form:

p q r s
a(0,0) a(0,1) a(1,0) a(1,1)
b(0,1) b(0,0) b(1,1) b(1,0)
c(1,0) c(1,1) c(0,0) c(0,1)
d(1,1) d(1,0) d(0,1) d(0,0)


p
q
r
s

. (11)

The indices of the matrix blocks refer to the Z2×Z2-grading. The dimensions of the four subspaces
of g = slp,q,r,s(n+ 1) are given by

g(0,0) p2 + q2 + r2 + s2 − 1

g(0,1) 2pq + 2rs

g(1,0) 2pr + 2qs

g(1,1) 2qr + 2ps

leading to a total dimension of n2 + 2n. The matrices of g = slp,q,r,s(n + 1) are the same as the
matrices of G = sl(n + 1); this will not be the case for the Z2 × Z2-graded LA’s associated with
the other classical LA’s. All the cases from our procedure lead to (11) or trivial permutation
transformations thereof.

For the current case, one can say something more. Indeed, the underlying vector space is just
the space of traceless matrices. But for this matrix algebra, all Z2×Z2-gradings (as an associative
algebra) have been classified [21, Example 2.30], corresponding exactly to the gradings (11). Then,
using the bracket (9) (checking closure in the same vector space, and yielding the complete vector
space) one obtains also in this way the Z2 × Z2-graded LA’s slp,q,r,s(n+ 1).

This class of Z2 × Z2-graded LA’s is not new, and has been known for a long time. It appears
already in [2] under the name sl(p, q, r, s).

In the same paper [2], one can deduce the matrix form of another class of Z2×Z2-graded LA’s,
so(p, q, r, s), with p+ q+ r+ s = N (although the definition is not explicitly in this reference). The
Z2 × Z2-graded LA’s so(p, q, r, s) consists of all N ×N matrices of the following form:

p q r s
a(0,0) a(0,1) a(1,0) a(1,1)
−at(0,1) b(0,0) b(1,1) b(1,0)
−at(1,0) bt(1,1) c(0,0) c(0,1)
−at(1,1) bt(1,0) ct(0,1) d(0,0)


p
q
r
s

, (12)

where a(0,0), b(0,0), c(0,0) and d(0,0) are antisymmetric matrices. The dimensions of the four subspaces
of g = so(p, q, r, s) are given by

g(0,0)
1
2(p(p− 1) + q(q − 1) + r(r − 1) + s(s− 1))

g(0,1) pq + rs

g(1,0) pr + qs

g(1,1) qr + ps

5



Just as for the antisymmetric matrix form of orthogonal LA’s, the current matrices (12) have zero
diagonals, and the Cartan subalgebra cannot be identified with diagonal matrices. In order to
overcome this disadvantage and obtain Z2×Z2-graded LA’s associated with the matrix forms (10),
we continue the method outlined in the beginning of the paragraph on the LA’s of (10).

When G = so(2n+ 1), there are 3 types of 5-gradings to be investigated [26]. All cases lead to
the following type of Z2×Z2-graded LA, where 1 ≤ p < n: the Z2×Z2-graded LA g = sop(2n+ 1)
consists of all matrices of the following block form:

p n− p p n− p 1
a(0,0) a(1,1) b(0,0) b(1,1) c(0,1)
ã(1,1) ã(0,0) b t

(1,1) b̃(0,0) c(1,0)
d(0,0) d(1,1) −a t

(0,0) ã t
(1,1) e(0,1)

d t
(1,1) d̃(0,0) a t

(1,1) −ã t
(0,0) e(1,0)

−e t
(0,1) −e

t
(1,0) −c

t
(0,1) −c t

(1,0) 0


p

n− p
p

n− p
1

, (13)

where b(0,0), b̃(0,0), d(0,0) and d̃(0,0) are antisymmetric matrices. As before, the indices of the matrix
blocks refer to the Z2×Z2-grading. Hence the dimensions of the four subspaces of g = sop(2n+ 1)
are given by

g(0,0) 2n2 − n− 4p(n− p)
g(0,1) 2p

g(1,0) 2(n− p)
g(1,1) 4p(n− p).

Note that the matrices of g = sop(2n+1) are not the same as the matrices of G = so(2n+1) in (10),
even though the total dimension of the matrix space is the same. Of course, one can perform trivial
permutation transformations to (13). Furthermore, it is worth noticing that some other case in our
procedure leads to matrix forms which are different, such as

p n− p p n− p 1
a(0,0) a(1,1) b(0,0) b(1,1) c(0,1)
ã(1,1) ã(0,0) −b t

(1,1) b̃(0,0) c(1,0)
d(0,0) d(1,1) −a t

(0,0) −ã
t

(1,1) e(0,1)

−d t
(1,1) d̃(0,0) −a t

(1,1) −ã
t

(0,0) e(1,0)
−e t

(0,1) e t
(1,0) −c

t
(0,1) c t

(1,0) 0


p

n− p
p

n− p
1

, (14)

where again b(0,0), b̃(0,0), d(0,0) and d̃(0,0) are antisymmetric matrices. Notice the structural difference
between (13) and (14). At first sight (14) is another Z2 × Z2-graded LA associated to the LA
so(2n + 1). However, one can map a basis of (14) to a basis of (13) such that the basis elements
satisfy the same bracket relations. Hence, the two matrix algebras are isomorphic as Z2×Z2-graded
LA’s.

When G = sp(2n), there are 4 types of 5-gradings to be investigated. Quite surprisingly, for
3 of these 4 types, the algebra generated by the subspace g(1,0) ⊕ g(0,1) leads to a Z2 × Z2-graded
LA of the form (16), thus associated with so(2n) rather than sp(2n). The other case leads to the
following type of Z2×Z2-graded LA, where 1 ≤ p < n: the Z2×Z2-graded LA g = spp(2n) consists
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of all matrices of the following block form:

p n− p p n− p
a(0,0) a(1,0) b(1,1) b(0,1)
ã(1,0) ã(0,0) −b t

(0,1) b̃(1,1)
c(1,1) c(0,1) −a t

(0,0) −ã
t

(1,0)

−c t
(0,1) c̃(1,1) −a t

(1,0) −ã
t

(0,0)


p

n− p
p

n− p

, (15)

where b(1,1), b̃(1,1), c(1,1) and c̃(1,1) are symmetric matrices. The dimensions of the four subspaces
of g = spp(2n) are given by

g(0,0) p2 + (n− p)2
g(0,1) 2p(n− p)
g(1,0) 2p(n− p)
g(1,1) p(p+ 1) + (n− p)(n− p+ 1).

Also here, the matrices of g = spp(2n) do not coincide with the matrices of G = sp(2n) in (10), but
the dimension of the matrix spaces is the same.

Finally, when G = so(2n), there are 5 types of 5-gradings to be investigated. For 3 of these
5 types, the algebra generated by the subspace g(1,0) ⊕ g(0,1) leads to a Z2 × Z2-graded LA of the
form (15). The other two cases lead to the following type of Z2 × Z2-graded LA, where 1 ≤ p < n:
the Z2 × Z2-graded LA g = sop(2n) consists of all matrices of the following block form:

p n− p p n− p
a(0,0) a(1,0) b(1,1) b(0,1)
ã(1,0) ã(0,0) b t

(0,1) b̃(1,1)
c(1,1) c(0,1) −a t

(0,0) −ã
t

(1,0)

c t
(0,1) c̃(1,1) −a t

(1,0) −ã
t

(0,0)


p

n− p
p

n− p

, (16)

where b(1,1), b̃(1,1), c(1,1) and c̃(1,1) are antisymmetric matrices. The dimensions of the four subspaces
of g = sop(2n) are given by

g(0,0) p2 + (n− p)2
g(0,1) 2p(n− p)
g(1,0) 2p(n− p)
g(1,1) p(p− 1) + (n− p)(n− p− 1).

Once more, the matrices of g = sop(2n) do not coincide with the matrices of G = so(2n) in (10),
but the dimension of both spaces is the same and equal to 2n2 − n.
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IV. EXAMPLES AND RELATED STRUCTURES

A very simple example is provided by the Gell-Mann matrices [27], usually denoted by

λ1 =

 0 1 0
1 0 0
0 0 0

 λ2 =

 0 −i 0
i 0 0
0 0 0

 λ3 =

 1 0 0
0 −1 0
0 0 0


λ4 =

 0 0 1
0 0 0
1 0 0

 λ5 =

 0 0 −i
0 0 0
i 0 0


λ6 =

 0 0 0
0 0 1
0 1 0

 λ7 =

 0 0 0
0 0 −i
0 i 0

 λ8 = 1√
3

 1 0 0
0 1 0
0 0 −2


(17)

Obviously, these 8 elements span the Lie algebra sl(3) (in the defining matrix representation). Apart
from closing under the commutation relations, it is also known that these 8 elements “almost”
close under anticommutation relations (“almost” because one also needs the identity matrix to
completely close). They can be seen to completely close under a combination of commutators
and anticommutators according to the Z2 × Z2-graded Lie algebra g = sl1,1,1,0(3), i.e. matrices
of the form (11) with s = 0 and all other matrix blocks a single element. The 8 elements fit
into 2-dimensional subspaces according to g(0,0) = span{λ3, λ8}, g(1,0) = span{λ4, λ5}, g(0,1) =
span{λ1, λ2} and g(1,1) = span{λ6, λ7}. We will not list all the brackets in g = sl1,1,1,0(3), but just
the ones coming from anticommutators:

{g(0,1), g(1,0)} : {λ1, λ4} = λ6, {λ1, λ5} = λ7, {λ2, λ4} = −λ7, {λ2, λ5} = λ6;

{g(0,1), g(1,1)} : {λ1, λ6} = λ4, {λ1, λ7} = λ5, {λ2, λ6} = λ5, {λ2, λ7} = −λ4;
{g(1,0), g(1,1)} : {λ4, λ6} = λ1, {λ4, λ7} = −λ2, {λ5, λ6} = λ2, {λ5, λ7} = λ1.

Although this is a rather straightforward example, the Z2×Z2-graded structure on (17) combining
commutators and anticommutators has not been noticed before.

Another interesting example is provided by an analogue of parafermion operators. Ordinary
parafermion operators satisfy triple commutation relations [28, 29], and form a generating set for
the Lie algebra so(2n + 1) [30–32]. Let us consider here the corresponding set of generators from
the Z2 × Z2-graded Lie algebra sop(2n + 1), determined by the last row and last column in (13).
Hence put

f−j =
√

2(ej,2n+1 − e2n+1,n+j), f+j =
√

2(e2n+1,j − en+j,2n+1), j = 1, . . . , n. (18)

As usual, ejk is the notation of a matrix of the relevant size with zeros everywhere except a 1 on the
intersection of row j and column k. In terms of these generators, the subspaces have the following
form:

g(0,1) = span{f±k , k = 1, . . . , p}
g(1,0) = span{f±k , k = p+ 1, . . . , n}

g(0,0) = span{[f ξk , f
η
l ], ξ, η = ±, k, l = 1, . . . , p and k, l = p+ 1, . . . , n}

g(1,1) = span{{f ξk , f
η
l }, ξ, η = ±, k = 1, . . . , p, l = p+ 1, . . . n}.

The set of generating elements f±i , i = 1, . . . , n consists of two sorts of parafermion operators
f±i , i = 1, . . . , p and f±i , i = p+1, . . . , n. Each sort of operators is subject to the common defining
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relations [32] of parafermion statistics (j, k, l = 1, . . . , p or j, k, l = p+ 1, . . . , n):

[[f ξj , f
η
k ], f εl ] =

1

2
(ε− η)2δklf

ξ
j −

1

2
(ε− ξ)2δjlfηk , ξ, η, ε = ± or ± 1, (19)

in terms of nested commutators only. But the “relative commutation relations” between the two
sorts of parafermion operators are as follows, and given only in terms of nested anticommutators
(j = 1, . . . , p, k = p+ 1, . . . , n, l = 1, . . . , n or j = p+ 1, . . . , n, k = 1, . . . , p, l = 1, . . . , n):

{{f ξj , f
η
k }, f

ε
l } =

1

2
(ε− η)2δklf

ξ
j +

1

2
(ε− ξ)2δjlfηk , ξ, η, ε = ± or ± 1. (20)

This seems to give a new type of parastatistics, worth studying. It could describe a model consisting
of two sets of parafermionic particles, where the two sets are not independent of each other but
there is a kind of entanglement determined by (20).

In a similar way, one can consider a set of generating relations of the Z2×Z2-graded Lie algebra
sl1,q,n−q,0(n+ 1) from the matrices given in (11). Taking

a−j = e1,j+1, a+j = ej+1,1, j = 1, . . . , n

one finds

g(0,1) = span{a−j = e1,j+1, a
+
j = ej+1,1, j = 1, . . . , q},

g(1,0) = span{a−j = e1,j+1, a
+
j = ej+1,1, j = q + 1, . . . , n},

g(0,0) = span{[a+j , a
−
k ], j, k = 1, . . . , q and j, k = q + 1, . . . , n},

g(1,1) = span{{a−j , a
+
k }, {a

+
j , a

−
k }, j = 1, . . . , q and k = q + 1, . . . , n}.

The set of generating elements a±i , i = 1, . . . , n consists of two sorts of operators a±i , i = 1, . . . , q
and a±i , i = q+ 1, . . . , n. Each sort of operators is subject to the defining relations of the so-called
A-statistics [33] (j, k, l = 1, . . . , q and j, k, l = q + 1, . . . , n):

[a+j , a
+
k ] = [a−j , a

−
k ] = 0,

[[a+j , a
−
k ], a+l ] = δjka

+
l + δkla

+
j , (21)

[[a+j , a
−
k ], a−l ] = −δjka−l − δjla

−
k ,

purely written in terms of nested commutators. The relative relations between the two sorts
of operators are however purely in terms of nested anticommutators: (j = 1, . . . , q, k = q +
1, . . . , n, l = 1, . . . , n and j = q + 1, . . . , n, k = 1, . . . , q, l = 1, . . . , n):

{a+j , a
+
k } = {a−j , a

−
k } = 0,

{{a+j , a
−
k }, a

+
l } = δkla

+
j , (22)

{{a+j , a
−
k }, a

−
l } = δjla

−
k .

To summarize, we have been able to construct classes of Z2×Z2-graded Lie algebras correspond-
ing to the classical Lie algebras. The bracket relations for these new algebras are determined by
means of their defining matrices. For the Z2×Z2-graded Lie algebra slp,q,r,s(n+1), the construction
is not new and coincides with one of the first examples given in the literature. The Z2×Z2-graded
Lie algebras sop(2n+ 1), spp(2n) and sop(2n) are new, and determined by their defining matrices
given in (13), (15) and (16) respectively. The structure of these defining matrices is clearly different
from their classical counterparts.
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Just as the creation and annihilation operator relations of certain types of generalized particle
statistics can be associated to generators of classical Lie algebras, the new Z2 × Z2-graded Lie
algebras open the way to other types of generalized particle statistics, more specifically to new
frameworks for parastatistics.

Let us finally mention that we also attempted to construct a Z2×Z2-graded Lie algebra analogue
of the exceptional Lie algebra G2, using a set of defining matrices of size 7 × 7 (coming from the
embedding G2 ⊂ so(7)). Although we were able to identify several candidates for the generating
subspaces g(1,0) and g(0,1), using the bracket (9) we were not able to construct a Z2 × Z2-graded
Lie algebra associated to G2.
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