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Abstract It has been known for a long time that there are two non-
trivial possibilities for the relative commutation relations between a set of
m parafermions and a set of n parabosons. These two choices are known as
“relative parafermion type” and “relative paraboson type”, and correspond
to quite different underlying algebraic structures. In this short note we show
how the two possibilities are related by a so-called Klein transformation.

The standard creation and annihilation operators of identical particles sat-
isfy canonical commutation (boson) or anticommutation (fermion) relations,
expressed by means of commutators or anticommutators. In 1953 Green [1]
generalized bosons to so-called parabosons and fermions to parafermions, by
postulating certain triple relations for the creation and annihilation opera-
tors, rather than just (anti)commutators. A system of m parafermion creation
and annihilation operators f±j (j = 1, . . . ,m) is determined by

[[fξj , f
η
k ], f εl ] = |ε− η|δklfξj − |ε− ξ|δjlf

η
k , (1)

where j, k, l ∈ {1, 2, . . . ,m} and η, ε, ξ ∈ {+,−} (to be interpreted as +1 and
−1 in the algebraic expressions ε−ξ and ε−η). Similarly, a system of n pairs
of parabosons b±j satisfies

[{bξj , b
η
k}, b

ε
l ] = (ε− ξ)δjlbηk + (ε− η)δklb

ξ
j . (2)
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These triple relations involve nested (anti)commutators, just like the Jacobi
identity of Lie (super)algebras. And indeed, later it was shown [2, 3] that
the parafermionic algebra determined by (1) is the orthogonal Lie algebra
so(2m + 1), and that the parabosonic algebra determined by (2) is the or-
thosymplectic Lie superalgebra osp(1|2n) [4].

Greenberg and Messiah [5] considered combined systems of parafermions
and parabosons. Apart from two trivial combinations (where the parafermions
and parabosons mutually commute or anticommute), they found two non-
trivial relative commutation relations between parafermions and parabosons,
also expressed by means of triple relations. The first of these are the relative
parafermion relations, determined by:

[[fξj , f
η
k ], bεl ] = 0, [{bξj , b

η
k}, f

ε
l ] = 0,

[[fξj , b
η
k], f εl ] = −|ε− ξ|δjlbηk, {[fξj , b

η
k], bεl} = (ε− η)δklf

ξ
j . (3)

The second are the so-called relative paraboson relations, and will appear
later in this paper.

The parastatistics algebra with relative parafermion relations, determined
by (1), (2) and (3), was identified by Palev [6] and is the Lie superalgebra
osp(2m+ 1|2n).

When dealing with parastatistics, a major object of study is the Fock
space. By definition the parastatistics Fock space of order p is the Hilbert
space with vacuum vector |0〉, defined by means of

〈0|0〉 = 1, f−j |0〉 = 0, b−j |0〉 = 0, (f±j )† = f∓j , (b±j )† = b∓j ,

[f−j , f
+
k ]|0〉 = pδjk |0〉, {b−j , b

+
k }|0〉 = pδjk |0〉, (4)

and by irreducibility under the action of the elements f±j , b±j .
The purpose of this short contribution is to show that a Klein operator [7–

9] can be constructed, and that new operators b̃±k and f̃±j can be defined in

terms of the operators b±k and f±j in such a way that these new operators
satisfy the parastatistics algebra with relative paraboson relations.

First of all, let us define the following elements in terms of the paraoper-
ators b±j and f±i

hi = −1

2
[f−i , f

+
i ] (i = 1, . . . ,m)

hm+j =
1

2
{b−j , b

+
j } (j = 1, . . . , n). (5)

From the triple relations (1), (2) and (3), it is easy to deduce that
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hif
±
j = f±j (hi ± δij) (i = 1, . . . ,m; j = 1, . . . ,m)

hib
±
k = b±k hi (i = 1, . . . ,m; k = 1, . . . , n)

hm+if
±
j = f±j hm+i (i = 1, . . . , n; j = 1, . . . ,m)

hm+ib
±
k = b±k (hm+i ± δik) (i = 1, . . . , n; k = 1, . . . , n). (6)

So if we put
H = h1 + h2 + · · ·+ hm+n, (7)

then

Hf±j = f±j (H ± 1) (j = 1, . . . ,m)

Hb±k = b±k (H ± 1) (k = 1, . . . , n). (8)

All these relations are purely algebraic, i.e. they follow from the triple rela-
tions (1), (2) and (3), and hold in the algebra generated by the 2(m + n)
elements b±k and f±j .

Following (8), we would like to define an operator of the form (−1)H . In
order to have a proper meaning for this, it is useful to work in the Fock
space of order p, characterized by (4), so that the abstract algebraic elements
become operators acting in this Fock space. Following (5), one finds that

H|0〉 = −p
2

(m− n)|0〉. (9)

So it is convenient to define

N = H +
p

2
(m− n) (10)

and the Klein operator K by

K = (−1)N . (11)

Then K|0〉 = |0〉 and K2|0〉 = |0〉. Since the commutator of N with f±j and

b±k is the same as that of H (given by (8)), this implies that K2 acts as the
identity operator in the Fock space. Moreover, from (8) it follows that

Kf±j +f±j K = 0, Kb±k +b±kK = 0 (j = 1, . . . ,m; k = 1, . . . , n). (12)

In fact, one could also continue to work purely algebraically, and extend the
algebra generated by the generators b±k and f±j , subject to the relations (1),
(2) and (3), by an abstract element K satisfying

K2 = 1, {K, f±j } = 0, {K, b±k } = 0 (j = 1, . . . ,m; k = 1, . . . , n).
(13)

The previous analysis just shows that such an operator K exists in the Fock
space of the paraoperators.
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Let us now proceed to the main construction. Define new operators

f̃±j = ±f±j K = ∓Kf±j (j = 1, . . . ,m)

b̃±k = b±k (k = 1, . . . , n). (14)

The purpose is now to examine the triple relations for the new set of operators
b̃±k and f̃±j . Since the b̃±k are the same as the b±k , one has

[{b̃ξj , b̃
η
k}, b̃

ε
l ] = (ε− ξ)δjlb̃ηk + (ε− η)δklb̃

ξ
j . (15)

Next, using f̃ξj = ξfξjK, f̃ηk = ηfηkK, K2 = 1 and (13), one has

[f̃ξj , f̃
η
k ] = −ξη[fξj , f

η
k ].

This implies that

[[f̃ξj , f̃
η
k ], f̃ εl ] = −ξηε(|ε− η|δklfξj − |ε− ξ|δjlf

η
k )K

= −ηε|ε− η|δklf̃ξj + ξε|ε− ξ|δjlf̃ηk .

But for the allowed values of ξ, η, ε ∈ {−1,+1}, one has −ηε|ε− η| = |ε− η|,
and similar for the second factor above. Therefore, the elements f̃±j satisfy
the usual parafermion triple relations

[[f̃ξj , f̃
η
k ], f̃ εl ] = |ε− η|δklf̃ξj − |ε− ξ|δjlf̃

η
k . (16)

Next, let us turn to the “relative relations.” From the earlier observations, it
follows already that

[[f̃ξj , f̃
η
k ], b̃εl ] = 0, [{b̃ξj , b̃

η
k}, f̃

ε
l ] = 0.

Furthermore,

{f̃ξj , b̃
η
k} = ξfξjKb

η
k + ξbηkf

ξ
jK = −ξ[fξj , b

η
k]K,

and then

{{f̃ξj , b̃
η
k}, f̃

ε
l } = −ξ[fξj , b

η
k]Kεf εlK − ξεf εlK[fξj , b

η
k]K

= εξ[fξj , b
η
k]f εl − εξf εl [fξj , b

η
k]

= εξ[[fξj , b
η
k], f εl ] = −εξ|ε− ξ|δjlbηk = |ε− ξ|δjlb̃ηk.

In a similar way, one finds
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[{f̃ξj , b̃
η
k}, b̃

ε
l ] = −ξ[fξj , b

η
k]Kbεl + ξbεl [f

ξ
j , b

η
k]K

= ξ[fξj , b
η
k]bεlK + ξbεl [f

ξ
j , b

η
k]K

= ξ{[fξj , b
η
k], bεl}K = ξ(ε− η)δklf

ξ
jK = (ε− η)δklf̃

ξ
j .

In other words, the new operators b̃±k and f̃±j satisfy (15), (16) and

[[f̃ξj , f̃
η
k ], b̃εl ] = 0, [{b̃ξj , b̃

η
k}, f̃

ε
l ] = 0,

{{f̃ξj , b̃
η
k}, f̃

ε
l } = |ε− ξ|δjlb̃ηk, [{f̃ξj , b̃

η
k}, b̃

ε
l ] = (ε− η)δklf̃

ξ
j . (17)

But(15), (16) and (17) are exactly the relations for a mixed set of paraparti-
cles satisfying the relative paraboson relations [5, 12].

In short, we have shown that the simple Klein transformation (14) maps
the paraoperators with relative parafermion relations to the paraoperators
with relative paraboson relations.

Observe that the algebra generated by the paraoperators b̃±k and f̃±j , sub-
ject to the relations (15), (16) and (17), is no longer (the enveloping algebra
of) a Lie algebra or a Lie superalgebra. It was identified as a certain Z2×Z2-
graded Lie superalgebra in [10–13]. In the notation of Tolstoy [13], the paras-
tatistics algebra with relative paraboson relations would be osp(1, 2m|2n, 0).
In [14], this Z2×Z2-graded Lie superalgebra was denoted as pso(2m+ 1|2n).

The Fock spaces of order p for the parastatistics algebra with relative
parafermion relations were studied in [15]. They correspond to a class of low-
est weight representations of the Lie superalgebra osp(2m+1|2n). In a similar
way, the Fock spaces of order p for the parastatistics algebra with relative
paraboson relations were studied in [14], corresponding to a class of lowest
weight representations of the Z2×Z2-graded Lie superalgebra pso(2m+1|2n).
Although one is dealing with different algebraic structures (in terms of grad-
ings, commutators and anticommutators), the similarity between these repre-
sentations was striking. Now that we have identified the Klein transformation
relating these structures, the similarity becomes completely clear.
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