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Abstract. An explicit construction of all finite-dimensional irreducible rep-
resentations of the Lie superalgelgg1|n) in a Gel'fand-Zetlin basis is
given. The notion of Wigner Quantum Oscillators (WQOS) is recalled. The
star type | representations gf(1|n) are physical state spaces of the WQO.
These solutions have remarkable properties following from the spectirum o
the Hamiltonian and of the position and momentum operators.

1 Introduction

We investigate the properties of &hparticle D-dimensional Wigner Quan-
tum Oscillator (WQO) whose mathematical background is the Lie superal-
gebra (LS)gl(1|DN). After the construction of all finite dimensional irre-
ducible representations gf(1|n) we consider the consequences for all rep-
resentations of physical relevance — the star type | representatians.ofe®
details on the physical properties of th1|DN) WQOSs see [1]

In Section 2 we construct all the finite-dimensional irreducible rep-
resentations of the Lie superalgelgld1|n) with a specification of the GZ
basis vectorgm) and the explicit action of a set @fi(1|n) generators on
these vectors. The WQO is introduced in Section 3. The WQO requirement
that Hamilton’s equations and the Heisenberg equations coincide as opera-
tor equations leads to compatibility conditions on the creation and ahhilation
operators of the oscillator that have a non-canonical solution allowing them
to be identified with the odd generatoesg andep;, of gl(1|n). The latter
is used to determine the physical properties of WQO models, including their
energy spectrum and the eigenvalues of their spatial coordinate agerato



2 Thegl(1|n) representations

As a basis irgl(1|n) we choose the Weyl matriceg, i, j =0,1,...,n, where
the odd elements arge, eii|li = 1,...,n}, and the remaining elements are
even. The Lie superalgebra bracket is determined by

[&j,6a] = &j6q — (—1)%de)ded)g q; = Sey — (—1)990) %I 5 g ;.

The finite-dimensional simple modulesg@if1|n) are characterized by their
highest weight\ [2] with coordinate§m|n;1 = [Mon+1, Mini1,-- -, Moy,
forwhichmp 1 —mjp1eZ, Vi<j=1,...,n
Proposition 1 Consider the gl1/n) module W[m|,+1) as a g{n) module.
ThenW([m|,;1) can be represented as a direct sum of simp(@ghodules:
W([Mns1) = 5 @V ([mln)., where

l. All Vi([m],) carry inequivalent representations of (g) [m|, =
[Man, Men, ..., Man], Min —Mijan € Zs.

.1 mp—mp1=6¢€{0,1}, 1<i<n,

2. iffor ke {1,...,n} Mopy1+Mepr1 =k—1, then6=0.
Proposition 1 follows from the character formula for simglé1/n) mod-
ules [3]. If for somek € {1,...,n} the conditionmp 1+ Mep1 =k—1
is satisfied, then the representatioratypical of type k Otherwise, it is
typical. A GZ-basis for theyl(n) module is well known [4]. Using it and
Proposition 1 we have
Proposition 2 The set of vectors

Mon+1 Miny1r o0 Mh2p+1 Mi—inrl Mantl
My e e Mh-1n Mhn
Im) = Mnpn-1 - - Mh-1n-1 1)
M1

satisfying the conditions
1. mppare fixedand qh 1 —mMjpreZy 1<i<j<n,
2.mp—Mp=6¢c{01}, 1<i<n,
3.iffor ke {1,...,n} mopni1+Meni1 =k—1,then6 =0,
4 mj-—mjeZ and mj—myj1€Zy, 1<i<j<n-1
constitute a basis in \WmM|n;1).



The action of a set ajl(1|n) generators is given by:

€po|m) = (mon+1 Z 91) Im); &|m) = (Z Mik — Z Mj k- 1) Im),

1<k<m

1/2
ke i iea—1
&1 Z ( (i =ik ) TF2(lik2—jx-1 )) M) s s,

M (e =ik (i =ik —1)

2<k<n
kot | 1 oI Y2
ack_alm) = 2;( 1l =l 1+ 1) s (.kz—Jkﬂ> M)k,
/ j=1 |_I|7éj 1(I|k 1— I],kfl)(ll,kfl_lj.kfl+1)
2<k<n;
n n-1
€j|m) = z Z Z 6, (—1)° - F 1l +lonpa+ 1)
in=Llin_1=1 ij=1

_ 1/2
M Sioic ) Hk;éi,l 1(ler— 1*|ir,)|_|L¢i 1l =li_pr-14+1) /

X rylr—1

r=j+1 ﬂL¢i Ukr )|1k¢. = 1UkJ71__hp4J—l4_1)

y . (lkn—li,n) v szl(lk,jfl_lim) 2
kJ;l:]_(lk,nJrl_lin,nJrl) |_||J<¢ij:1(|kj—|ij,j)

><|m)fin,n;fin,l,nfl;...;fi,-,j> 1<j<n
A j ) ) 12
gom =75 5 ... 3 (L-6,)(=1% Tl nia+lonia+1)Y
Sl Tl 0=l

- 1/2
o ﬂL¢i4:1“kal“hnr"1)ﬂﬂ¢nzlﬂkr—4n,hr—1) /

X |_| Sir,ir-1) r 1

r=j+1 Miczi =1 (ke = lier) Micz, =a(kr—2—liyr-1—1)

1/2 o 1/2
A (kn=liun) Mici(hej-1 =1 — 1)
kJ;Izl(Ik,n+l—|in,n+l) |_||J(7gij:1(|kj —lijj)

><’m)+in,n;+in,1,n—1;...;+ij,j7 1<j<nm

wherelj; = mj; —i; a symbol+iy, k attached as a subscript[to) indicates a
mmmwmmmhkenhKiLmMQKU—{_i 2;E§L

In order to deduce the above formulas, we have used the paper of
Palev [5] and the fact thafl(n|1) andgl(1|n) are isomorphic.

The representations of physical relevance arestaetype Irepresen-
tations classified in [6].
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Proposition 3 The representation \(\m|,,..1) is a star type | representation
if and only if

(a) The highest weight is real anchm 1 + My ny1 — N+ 1> 0. In this
case, the representation is typical.

(b) The highest weight is real and there existsa £1,2,...,n} such

that Mn+1+ Mkt = k— 1, Mg nt1 = Mktinel = - = Mynta. In this
case, the representation is atypical of type k.

3 The N-particle D-dimensional WQO

LetH be the Hamiltonian of aN-particleD-dimensional oscillator:
N P2 2
A P mew* -
H=Y <—“+—R§,). )

We consider this oscillator as a Wigher quantum system [7]: this means that
the canonical commutation relations are not required, but are replaced by
compatibility conditions between Hamilton’s equations and the Heisenberg

eguations. These compatibility conditions are such that

[H,Pq] = ifmw?Ry, [H,ﬁa]:—gﬁa for a=1,2....N. (3)

Write the operatoré’a andR, for a = 1,2,...,Ninterms of new operators
(creation and annihilation operators):

+ /(DN —-1)mw . /(DN—=1) » B
AD(a—1)+k_ TRakIH WP""’ k=1,...,.D. (4)

The HamiltoniarH and the compatibility conditions take the form:

~ wh ©N DN . .
H= DN_1J;{A‘+=AT}7 ;1[{AT7AI}A ]=+(DN—1)A* i=1,...,DN.

As a solution of the compatibility conditions one can choose:
AW AT LA = 0)A = SiAC AT AT LA = — kA + A,

(AF AT ={A A} =0,

Proposition 4 The operators /JK for j=1,2,...,DN, are the odd elements
of gl(1|DN): A = ejo, A| = evj.
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The Hilbert space (state space) of the WQO is a star type | represen-
tation spacaV of the Lie superalgebrgl(1|DN). The HamiltonianH is
diagonal in the GZ-basis, i.&m) are stationary states of the system.

n
H|m) = Eq/m) Eq:ﬁw(””“”*”ml*r:‘*_lf“'wh’”*l —q) . a=3 6
j=1

The position operatofR, (a = 1,...,N, k=1,...,D) do not commute with

each other[Ryi,Rgj] # 0 for ai # Bj. Similarly [Pyi,Ps;] # O forai #

Bj. These imply that the WQO belongs to the class of models of non-

commutative quantum oscillators. However, the squares of the compo-

nents of position and momentum operators comrfieg R3 | = [PZ,P3;] =

0 for ai # B]. Furthermore, the GZ basis statey are eigenstates of these

operators,
Rei|m) =

m(%’mri_“'—'—mnvmrl_ml,n—---—rnn_n

My g+ Mg — Mg — - —M1x-1)|mM), k=D(a — 1) +i.
Thus the spectrum of the position operator compoﬁents discrete

R n n k k—1
1 7(%%“— Min+t S Mix— S Mg 1), k=D(a—1)+i.
n Dmo' 2 2, Mt 2 M= 3
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