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construct a global model out of given local uncertainty models, leading to an intuitive
expression for the so-called irrelevant natural extension of a credal network. In contrast

Iéﬁﬁﬁrﬁ;works with Cozman [4], who introduced this notion in terms of credal sets, our main results are
Epistemic irrelevance presented using the language of sets of desirable gambles. This has allowed us to derive
AD-separation some remarkable properties of the irrelevant natural extension, including marginalisation
Irrelevant natural extension properties and a tight connection with the notion of independent natural extension. Our
Graphoid properties perhaps most important result is that the irrelevant natural extension satisfies a collection

Sets of desirable gambles of epistemic irrelevancies that is induced by AD-separation, an asymmetrical adaptation of

d-separation. Both AD-separation and the induced collection of irrelevancies are shown to
satisfy all graphoid properties except symmetry.
© 2014 Elsevier Inc. All rights reserved.

1. Introduction

A Bayesian network [26] is a probabilistic graphical model [20] that is popular in fields such as statistics, machine learning
and artificial intelligence. It identifies the nodes of a Directed Acyclic Graph (DAG) with random variables and interprets
the graphical structure of the DAG as an assessment of the independencies amongst these variables; nodes that are not
connected represent variables that are conditionally independent of each other. By exploiting these independencies, a global
uncertainty model can be constructed easily out of local ones, allowing for a compact representation of the model. Efficient
algorithms have been developed for performing inferences in such Bayesian networks, leading to their successful application
in a multitude of real-life problems [20,28].

Despite their success, Bayesian networks have an important limitation: the construction of a Bayesian network requires
the exact specification of a conditional probability distribution for all variables in the network. In case of limited data or dis-
agreeing and/or partial expert opinions, this requirement is clearly unrealistic and renders the resulting model arbitrary; see
Ref. [37, Section 1.1.4| for numerous other arguments against this ‘precision requirement’. In order to avoid those problems,
one can use the theory of credal networks, which, simply put, are Bayesian networks that allow for imprecisely specified local
models. Initially, these were taken to be credal sets [21] (closed and convex sets of probability distributions), which explains
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the terminology. However, as the theory progressed, other imprecise-probabilistic models such as lower previsions [24,37]
and sets of desirable gambles entered the field as well [9-11,14,23].

In the present paper, we use the very general theory of sets of desirable gambles [3,17,38]. The key idea of this theory
is that a subject’s beliefs about the unknown outcome of an experiment can be modelled by means of the bets on this
outcome—referred to as gambles—that he is willing to accept. Although sets of desirable gambles are not as well known as
other (imprecise) probability models, they have definite advantages. To begin with, they are more expressive than most—if
not all—other imprecise-probabilistic models, including the theories of credal sets and coherent lower previsions [32,37,
38,42]: every set of desirable gambles has an associated lower prevision and credal set, but—in general—the original set
of desirable gambles cannot be recovered from these derived models. A particularly interesting consequence of this added
expressiveness is that conditioning on events with (lower or upper) probability zero becomes non-problematic [3,16,30].
Secondly, sets of desirable gambles are strongly connected to classical propositional logic [13,16,41], thereby providing a
unified language for both logic and probability. Thirdly, they have the advantage of being operational, meaning that there is
a practical way of constructing a model that represents a subject’s beliefs [31,37].! And finally, our experience tells us that
it is usually easier to construct proofs in the geometrically flavoured language of coherent sets of desirable gambles than in
other, perhaps more familiar frameworks.

Three main kinds of credal networks can be distinguished, the difference between them being the notion of indepen-
dence they adopt: strong independence, epistemic independence or epistemic irrelevance; see Cozman'’s pioneering work [4]
for an overview. In a precise-probabilistic context, all these approaches coincide and reduce to a Bayesian network. Credal
networks under strong independence are by far the most popular ones; see Refs. [2,6,27] for some nice overviews, con-
taining numerous references to both theoretical results, algorithms and applications. In contrast, credal networks under
epistemic independence have received almost no attention [4,12], a situation which is likely to persist due to their compu-
tational intractability. The current paper deals with the remaining option: credal networks under epistemic irrelevance. Let
us start by stating some of their advantages.

(i) If the topology of the network is a tree, there is a polynomial-time updating algorithm that can compute posterior beliefs
about a single target variable conditional on the observation of others [14]. We believe this to be promising, especially
since the same inference problem is NP-hard for credal trees under strong independence [22]. Other promising algo-
rithmic developments have also been made for the special case of imprecise hidden Markov models under epistemic
irrelevance [1,9].

(ii) Epistemic irrelevance has a very intuitive definition: Y is irrelevant to X if knowing the value of Y does not change your
beliefs about X; this is especially compelling if local models are elicited from expert knowledge. More technically, and
in contrast with strong independence, it can also be given a direct behavioural interpretation [37].

(iii) Unlike the other two notions of independence, epistemic irrelevance is an asymmetrical concept. Since the graphical
structure that underlies a credal network—a Directed Acyclic Graph—is asymmetrical in nature as well, they are partic-
ularly well suited to be combined with one another, both from a mathematical and a philosophical point of view.

(iv) Credal networks under epistemic irrelevance are based on assessments that are less committal. Therefore, they provide
conservative outer approximations for the other two approaches.

Despite these advantages, credal networks under epistemic irrelevance have received relatively little attention so far; to
our knowledge, Refs. [1,4,9-12,14,22,23] are the main contributions to the field. One of the main persisting problems is
that—except for networks that are sufficiently small or have a tree topology—no efficient, exact or even approximate infer-
ence algorithm is known. We believe that this is to a great extent due to a profound lack of known theoretical properties.
In the present paper, we start to remedy this situation by providing a firm theoretical foundation for credal networks under
epistemic irrelevance.

We begin in Section 2 by providing a short introduction to the theory of sets of desirable gambles. We then go on to
introduce and discuss important concepts such as directed acyclic graphs and epistemic irrelevance in Section 3, and use
these in Section 4 to show how assessments of epistemic irrelevance can be combined with given local sets of desirable
gambles to construct a joint model for a credal network under epistemic irrelevance. We call this the irrelevant natural
extension of the credal network and prove that it is the most conservative coherent model that extends the local models and
expresses all conditional irrelevancies encoded in the network. In the remainder of the paper, we develop some remarkable
properties of this irrelevant natural extension. Section 5 presents what we consider to be our main technical achievement:
a very general factorisation result and a closely related marginalisation property. In Section 6, we develop a tight connection
with the independent natural extension [15,16] and show that it corresponds to a special case of the irrelevant natural
extension. Our perhaps most important result is presented in Section 7: the irrelevant natural extension satisfies separation
properties similar to the ones that are induced by d-separation in Bayesian networks. We introduce an asymmetrical version
of d-separation, called AD-separation, and show that it implies epistemic irrelevance. Furthermore, since AD-separation is
shown to satisfy all asymmetric graphoid properties (all graphoid properties except symmetry), the induced set of epistemic
irrelevancies does so as well. We conclude the paper in Section 8, comment on how to translate our results to the framework

1 This can be done, for example, by offering the subject certain gambles and asking him whether or not he strictly prefers them to the status quo.
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of coherent lower previsions, discuss some algorithmic applications and present future avenues of research. In order to make
our main argumentation as readable as possible, all technical proofs are collected in Appendix A.

We should note that some of our results have already been published in an earlier conference version of this paper [10].
The current version gives a more detailed exposition of these results, provides them with proofs—which were omitted in
the conference version—, and extends them; notable examples of additional results are the connections with independent
natural extension, presented in Section 6.

2. Sets of desirable gambles

Consider a variable X taking values in some non-empty finite set X. Beliefs about the possible values this variable
may assume can be modelled in various ways: probability mass functions, credal sets and coherent lower previsions are
only a few of the many options. We choose to adopt a different approach: sets of desirable gambles. We will model a
subject’s beliefs regarding the value of a variable X by means of his behaviour: which gambles (or bets) on the unknown
value of X does our subject strictly prefer to the status quo (the zero gamble). We give a brief survey of the basics of
sets of desirable gambles; see Refs. [3,17,30-32,37,38,42] for more details, further discussion and connections with other
imprecise-probabilistic models.

2.1. Desirable gambles

A gamble f is a real-valued map on X that is interpreted as an uncertain reward. If the value of the variable X turns
out to be x, the (possibly negative) reward is f(x). A non-zero gamble is called desirable to a subject if he strictly prefers to
zero the transaction in which (i) the actual value x of the variable is determined, and (ii) he receives the reward f(x). The
zero gamble is therefore not considered to be desirable.

We model a subject’s beliefs regarding the possible values X that a variable X can assume by means of a set D of
desirable gambles—some subset of the set G(X) of all gambles on X. For any two gambles f and g in G(X), we say that
f>gif f(x) >g(x) for all x in X and f > g if both f > g and f # g. We use G(X)-.¢ to denote the set of all gambles
f € G(X) for which f >0 and G(X)<o to denote the set of all gambles f € G(X') for which f <0. As a special kind of
gambles we consider indicators 14 of events A C X. [4 is equal to 1 if the event A occurs—the variable X assumes a value
in A—and zero otherwise.

2.2. Coherence
In order to represent a rational subject’s beliefs about the values a variable can assume, a set D C G(X) of desirable

gambles should satisfy some rationality requirements. If these requirements are met, we call the set D coherent. We require
that for all f, f1, f, € G(X) and all real A > 0:

D1. if f <0 then f ¢ D; [avoiding null gain]
D2. if f >0 then f e D; [desiring partial gain]
D3. if f €D then Af € D; [scaling]
D4. if f1, f, € D then f1+ fo €D. [combination]

Requirements D3 and D4 turn D into a convex cone: posi(D) = D, where we use the positive hull operator ‘posi’ that
generates the set of finite strictly positive linear combinations of elements of its argument set:

n
posi(D) := { Zkkfk: feeD,aeR ne No}.
k=1

Here ]RO+ is the set of all (strictly) positive real numbers, and Ny the set of all natural numbers (zero not included).
2.3. Natural extension

In practice, a set of desirable gambles is often elicited by presenting an expert a number of gambles and asking him
whether or not he finds them desirable, resulting in an assessment of desirable gambles A C G(X’). However, such an
assessment is not guaranteed to be coherent. Hence, the question arises whether .4 can be extended to—included in—a co-
herent set D. It turns out that this is easily done; by applying D2-D4, we can use A to infer the desirability of other
gambles. The largest set of desirable gambles that can be constructed in this way is

E(A) := posi(AUG(X)~0).

Since £(A) trivially satisfies D2-D4, we see that £(.A) is coherent if and only if it avoids null gain [D1]. Furthermore, if
E(A) is coherent, then it is the smallest—most conservative—coherent set of desirable gambles that contains A and it is
then also equal to the intersection of all the coherent supersets of A [17]; in that case, we call £(A) the natural extension
of A.
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K = {s5,57,59}
G= {Sl,52,S37S4,SS,S67S77S8,59,S1()} P(K) _ {52754}
P(s7) = {s54,55} D(K) = {ss,s10}
D(s7) = {59,510} N(K) = {s1,52,56}
N(s7) = {s1,52,53,5,58} Pe(s7) = 55}
Dk (s7) = {so}
NK(S7) :0

Fig. 1. Example of a directed acyclic graph (DAG). The sub-DAG that is associated with K is depicted in boldface.

3. Credal networks under epistemic irrelevance

In order to develop our results, we need to introduce some elementary, but nevertheless essential concepts. We start with
important terminology related to Directed Acyclic Graphs (DAGs). Next, we show how we can use sets of desirable gambles
to model our beliefs about the variables that are associated with such a DAG and how to express epistemic irrelevance in
this language. Finally, we introduce local uncertainty models and explain our interpretation of the DAG that is associated
with a credal network.

3.1. Directed acyclic graphs

A directed acyclic graph (DAG) is a graphical model that is well known for its use in Bayesian networks. It consists of a
finite set of nodes (vertices), joined into a network by a set of directed edges, each edge connecting one node with another.
Since this directed graph is assumed to be acyclic, it is not possible to follow a sequence of edges from node to node and
end up at the same node one started out from.

We will call G the set of nodes s associated with a given DAG. For two nodes s and t, if there is a directed edge from s
to t, we denote this as s — t and say that s is a parent of t and t is a child of s. For any node s, its set of parents is denoted
by P(s) and its set of children by C(s). If a node s has no parents, that is, P(s) = ¢, then we call s a root node. If C(s) =@,
then we call s a leaf, or terminal node.

Two nodes s and t are said to have a path between them if one can start from s, follow the edges of the DAG regardless
of their direction and end up in t. In other words: one can find a sequence of nodes s =s1,...,s;, =t, n > 1, such that for
allie{l,...,n—1} either s; — sjy1 or s; < sj11. If this sequence is such that s; — s;j1q for all i e {1,...,n— 1} (all edges
in the path point away from s), we say that there is a directed path from s to t and write s C t. In that case we also say
that s precedes t. If sC t and s #t, we say that s strictly precedes t and write s C t. For any node s, we denote its set of
descendants by D(s) := {t € G:s C t} and its set of non-parent non-descendants by N(s) := G\ (P(s) U {s} U D(s)). We also use
the shorthand notation PN(s) := P(s) UN(s) =G \ ({s} U D(s)) to refer to the so-called non-descendants of s.

Example 1. Consider the DAG in Fig. 1. For the node s7 € G, we find that P(s7) = {s4, S5}, D(s7) = {Sg, S10} and N(s7) =
{s1, 52,53, 6, S8}

We extend these notions to subsets of G in the following way. For any K € G, P(K) := ({Usck P(s)) \ K is its set of
parents and D(K) := (U D(5)) \ K is its set of descendants. The non-parent non-descendants of K are given by? N(K) :=
G\ (P(K)UKUD(K)) =(sex N(s) and we also define PN(K) := P(K) UN(K). In general, this last set cannot be referred
to as the non-descendants of K since P(K) and D(K) are not necessarily disjoint. We call those subsets of G for which they
are disjoint closed: a set K C G is closed if for all s,t € K and any k € G such that s C k C t, it holds that k € K. For closed
K € G, we find that?> P(K) N D(K) = and therefore PN(K) =G \ (K U D(K)). This means that, for closed K, PN(K) can
rightfully be referred to as the non-descendants of K.

Example 2. Let us illustrate these notions by means of the DAG in Fig. 1. For K = {ss, 57, sg}, which is a closed subset of G,
we find that P(K) = {s3, s4}, D(K) = {ss, s10} and N(K) = {sq, S2, S¢}, implying that P(K) N D(K) = {.

With any subset K of G, we can associate a so-called sub-DAG of the DAG that is associated with G. The nodes of
this sub-DAG are the elements of K and the directed edges of this sub-DAG are those edges in the original DAG that
connect elements in K. For a sub-DAG that is associated with some subset K of G, we will use similar definitions as those

2 A proof for the last equality can be found in Lemma 20(vii) in Appendix A.
3 See Lemma 20(i) in Appendix A for a proof.
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for the original DAG, adding the subset K as an index. As an example: for all k € K, we denote by Pk (k) the parents
of k in the sub-DAG that is associated with the nodes in K. For all K € G and k € K, we have* Px(k) =P(k)N K and
P(k)\ Pk (k) = P(k) N P(K).

Example 3. Consider again the DAG in Fig. 1, where the sub-DAG that is associated with K = {ss, 57,59} C G is depicted in
boldface. We find that Pk (s7) = {s5}, Dk (s7) = {s9} and Nk (s7) =@.

3.2. Variables and gambles on them

With each node s of the network, we associate a variable X; assuming values in some non-empty finite set X;. We
denote by G(&%) the set of all gambles on X;. We extend this notation to more complicated situations as follows. If S is any
subset of G, then we denote by Xs the tuple of variables whose components are the X; for all s € S. This new joint variable
assumes values in the finite set X5 := X ¢ A and the corresponding set of gambles is denoted by G(Xs). When S =,
we let Xj; be a singleton. The corresponding variable Xy can then only assume this single value, so there is no uncertainty
about it. G(Xj) can then be identified with the set R of real numbers. Generic elements of X5 are denoted by x; or z; and
similarly for xs and zs in Xs. Also, if we mention a tuple zs, then for any t € S, the corresponding element in the tuple
will be denoted by z.

We will use the simplifying device of identifying a gamble fs on Xs with its cylindrical extension to Xy, where
S C U CG: the gamble fy on Xy defined by fy(xy):= fs(xs) for all xy € Xy. For instance, if K C G(X;), this allows
us to consider LN G(Xs) as the set of those gambles in X that depend only on the variable Xs.

3.3. Modelling our beliefs about the network

Throughout, we consider sets of desirable gambles as models for a subject’s beliefs about the values that certain variables
in the network may assume. An important contribution of this paper, further on in Section 4, will be to show how to
construct a joint model for our network, being a coherent set D¢ of desirable gambles on X%.

From such a joint model, one can derive both conditional and marginal models [16,17]. Let us start by explaining how
to condition the global model Dg. Consider a non-empty set A; C Xj, with I C G, and assume that we want to update the
model D¢ with the information that X; € A;. This leads to the following updated set of desirable gambles:

DelAr:={f € G(Xe\):1a, f € Dg}.

which represents our subject’s beliefs about the value of the variable X¢\;, conditional on the observation that X; assumes
a value in A;. This definition is very intuitive, since I4, f is the unique gamble that is called off (is equal to zero) if X; ¢ A;
and equal to f if X; € A;. Since Iy, =1, the special case of conditioning on the certain variable Xy yields no problems:
it amounts to not conditioning at all. The connection with the precise-probabilistic version of conditioning is discussed in
Ref. [3].

Marginalisation too is very intuitive in the language of sets of desirable gambles. Suppose we want to derive a marginal
model for our subject’s beliefs about the variable X, where O is some subset of G. This can be done by using the set of
desirable gambles that belong to D¢ but only depend on the variable X :

margg (Dg) :={f € G(Xo): f € Dg} =Ds NG(Xp).

Now let I and O be disjoint subsets of G and let A; be any non-empty subset of X}. By sequentially applying the process
of conditioning and marginalisation we can obtain conditional marginal models for our subject’s beliefs about the value of
the variable Xg, conditional on the observation that X; assumes a value in A;:

margo (Dg A1) = {f € G(X0):1a, f € Dg}. (1)

Conditioning and marginalisation are special cases of Eq. (1); they can be obtained by letting O =G\ I or I =@. If A; is a
singleton {x;}, with x; € &}, we will use the shorthand notation margg (D¢ |X;) := margg (D¢ |{x1}).

Since coherence is trivially preserved under both conditioning and marginalisation, we find that if the joint model D¢ is
coherent, all the derived models will also be coherent. For additional properties of these marginalisation and conditioning
operators, we refer to Ref. [16].

3.4. Epistemic irrelevance
At this point, we have the necessary tools to introduce one of the most important concepts for this paper, that of

epistemic irrelevance. We describe the case of conditional irrelevance, as the unconditional version of epistemic irrelevance
can easily be recovered as a special case.

4 See Lemma 19 in Appendix A for a proof.
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Consider three disjoint subsets C, I, and O of G. When a subject judges X, to be epistemically irrelevant to Xo conditional
on Xc, denoted as IR(I, O|C), he assumes that if he knew the value of X¢, then learning in addition which value X; assumes
in X} would not affect his beliefs about Xo. More formally put, he assumes for all xc € X¢ and x; € X] that:

margg (Dg |Xcur) = margg (Dg | Xc).

Alternatively, a subject can make the even stronger statement that he judges X; to be epistemically subset-irrelevant to X¢o
conditional on X¢, denoted as SIR(I, O|C). In that case, he assumes that if he knew the value of X, then receiving the
additional information that X; is an element of any non-empty subset A; of X} would not affect his beliefs about Xg. In
other words, he assumes for all xc € X¢ and all non-empty A; C X} that:

marg (Dg J{xc) x Ar) = margo (DgJXc).

Making a subset-irrelevance statement SIR(I, O|C) implies the corresponding irrelevance statement IR(I, O|C). Even
stronger, it implies for all I’ C I that IR(I’, O|C). The converse does not hold in general; see Example 4. However, as we will
show further on, credal networks under epistemic irrelevance are a useful exception: although we define the joint model
by imposing irrelevance, it will also satisfy subset-irrelevance.

For the unconditional irrelevance case it suffices, in the discussion above, to let C = @. This makes sure the variable X¢
has only one possible value, so conditioning on that variable amounts to not conditioning at all.

Example 4. Consider two variables X;, and X;, that take values in X, :={a,b,c} and A, := {0, 1}, respectively. Hence,
G = {s1, s»}. Furthermore, let I :={sq}, O :={sy}, C:=0, A;:={a,b} C A and let g € G(Xp) be the gamble that is defined
by g(1) = —g(0) := 1. Consider now the set of desirable gambles

D¢ :=E({Ia,8}) ={f € G(X¢): f =1, g or f >0}.

Then, for all x; € X}, margy (D¢ x1) = G(Xo)-0 = margy (D¢), implying that X; is epistemically irrelevant to Xo. However,
X is not subset-irrelevant to Xo because margqy (Dg A1) =E({g}) ={f € G(Xp): f>gor f>0}.

We consider subset-irrelevance to be the more natural of the two concepts, as it requires all information about X;
to be irrelevant, which is what—in our opinion—irrelevance should mean. For example, in Example 4, although Xj, is
epistemically irrelevant to Xs,, learning that X, # ¢ does affect our belief model for X;,; this would be impossible if X,
were epistemically subset-irrelevant to Xj,.

Irrelevance and subset-irrelevance can also be extended to cases where I, O and C are not disjoint, but I\ C and
0 \ C are. We then call X; epistemically (subset-)irrelevant to Xo conditional on X¢ provided that Xj\c is epistemically
(subset-)irrelevant to Xo\c conditional on Xc. Although these cases are admittedly artificial, they will help us state and
prove some of the graphoid properties further on.

3.5. Local uncertainty models

We now add local uncertainty models to each of the nodes s in our network. These local models are assumed to be given
beforehand and will be used further on in Section 4 as basic building blocks for constructing a joint model for a given
network.

If s is not a root node of the network, i.e., has a non-empty set of parents P(s), then we have a conditional local model
for every instantiation of its parents: for each xp(s) € Xp(s), we have a coherent set Ds)y,, of desirable gambles on As. It
represents our subject’s beliefs about the variable X; conditional on its parents Xp() assuming the value xp(s).

If s is a root node, i.e., has no parents, then our subject’s local beliefs about the variable X are represented by an
unconditional local model. It should be a coherent set of desirable gambles and will be denoted by Ds. As was explained in
Section 3.3, we can also use the common generic notation Ds |y, in this unconditional case, since for a root node s, its set
of parents P(s) is equal to the empty set .

3.6. The interpretation of the graphical model

In classical Bayesian networks, the graphical structure is taken to represent the following assessments: for any
node s, conditional on its parent variables, the associated variable is independent of its non-parent non-descendant vari-
ables [20, Section 3.2.2]. When generalising this interpretation to credal networks, the classical notion of independence gets
replaced by a more general, imprecise-probabilistic notion of independence. In this paper, we choose to use epistemic ir-
relevance, as introduced in Section 3.4; see the Introduction for discussion, motivation, and relevant references. It is useful
to know that in the special case of precise uncertainty models, epistemic irrelevance is equivalent to the classical notion
of independence, making the interpretation of the graphical structure of the network equivalent to the one in Bayesian
networks.

Let us state our interpretation more formally. We assume that the graphical structure of the network embodies the
following conditional irrelevance assessments, turning the network into a credal network under epistemic irrelevance. Consider
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any node s in the network, its set of parents P(s) and its set of non-parent non-descendants N(s). Then conditional on Xps),
Xn(s) is assumed to be epistemically irrelevant to X:

IR(N(s), {s}|P(s)).

For a coherent set of desirable gambles D¢ that describes our subject’s global beliefs about all the variables in the network,
this has the following consequences. For every s € G and all Xpn(s) € Xpn(s), D must satisfy:

margg (D¢ Xpn(s)) = margs(De |xp(s))- (2)

4. Constructing a joint model

We now show how to construct a joint model for the variables in the network, and argue that it is the most conservative
coherent model that extends the local models and expresses all conditional irrelevancies encoded in the network. But before
we do so, we need to ask ourselves the following question: suppose we have a global set of desirable gambles D¢, how do
we express that such a model is compatible with the assessments encoded in the network?
4.1. Defining properties of the joint model

We will require our joint model to satisfy the following four properties. First of all, our global model should extend
the local assessments, in the sense that the local models that are derived from the global one by marginalisation should
include—be at least as informative as—the given local models:
G1. The joint model D¢ marginalises to supersets of the local uncertainty models:

Dsjxp) S marg,(Dg |Xp(s)) foralls € G and xp(5) € Xp(s).

The second requirement is that our model should reflect all epistemic irrelevancies encoded in the graphical structure of
the network:

G2. D¢ satisfies all equalities that are imposed by Eq. (2).

The third requirement is that our model should be coherent:

G3. D¢ is coherent (satisfies requirements D1-D4).

Since requirements G1-G3 do not determine a unique global model, we impose a final requirement to ensure that all
inferences we make on the basis of our global models are as conservative as possible, and are therefore based on no other

considerations than what is encoded in the network:

G4. D¢ is the smallest set of desirable gambles on X; satisfying requirements G1-G3: it is a subset of any other set that
satisfies them.

We will now show how to construct the unique global model D¢ that satisfies all four requirements G1-G4.
4.2. An intuitive expression for the joint model

Let us start by looking at a single given marginal model Ds);,, and investigate some of its implications for the joint
model Dg. Consider any node s and fix values zp(s) and zy for its parents and non-parent non-descendants. Due to
requirements G1 and G2, any gamble f € Ds;,, should also be an element of margs(D¢|zpn(s)), which by definition
means that Iz, f € D¢. Inspired by this observation, we introduce the following set of gambles on AG:

AG = Tizpn [ € G, ZpN(s) € XpN(s)s [ € Dsjzp - (3)

It should now be clear that Agr must be a subset of our joint model Dg.

Proposition 1. Aic” is a subset of any joint model D¢ that satisfies requirements G1 and G2.

Since our eventual joint model should also be coherent (satisfy requirement G3), and thus in particular should be a
convex cone, we can derive the following corollary.

Corollary 2. posi(AiG”) is a subset of any joint model D¢ that satisfies requirements G1-G3.
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We now suggest the following expression for the joint model describing our subject’s beliefs about the variables in the
network:

DI := posi(AL). (4)

We will refer to DIT as the irrelevant natural extension of the local models Ds|xp(,- Since we know from Corollary 2 that
it is guaranteed to be a subset of the joint model we are looking for, it is rather natural to propose it as a candidate for
the joint model itself. In the next section, we set out to prove that Dgr is indeed the unique joint model satisfying all four
requirements G1-G4.

4.3. Justifying our expression for the joint model

We start by proving a number of useful properties of D{".

Proposition 3. A gamble f € G(X) is an element ofDiGrr if and only if it can be written as:

f = Z Z H{ZPN(s)}szZPN(s)’ (5)

SEG ZpN(s) EXPN(s)
where fs 2,5, € Dszp,, U {0} for every s € G and all zpn(s) € Xpn(s), and at least one of them is non-zero.
Proposition 4. G(X;)-o is a subset of D" and, consequently, DIF = £(AIM).

~These two propositions serve as a first step towards the following coherence result, which states that our joint model
D" satisfies requirement G3.

Proposition 5. Dgr satisfies requirement G3: it is a coherent set of desirable gambles.

The crucial step in our proof for this result is to consider a specific Bayesian network that has the same topology as our
credal network and to use the corresponding joint probability mass function to construct a separating hyperplane argument.
In this way, we are using existing coherence results for Bayesian networks to prove their counterparts for credal networks.

Next, we turn to an important factorisation result that is essential in order to prove that our joint model extends the
local models and expresses all conditional irrelevancies encoded in the network, and therefore satisfies G1 and G2.

Proposition 6. Fix arbitrary s € G, xp(s) € Xp(s) and g € G(Xn(s))>o. Then for every f € G(X5):
gl f €EDE & f €Dspp-
Corollary 7. Dgr satisfies requirements G1 and G2. Even stronger: it holds for every s € G and all xpn(s) € Xpn(s) that
marg;(Dg'JXpn(s)) = margs(DE 1xp(s)) = Dsjxps -
Notice that, although G1 only requires margs(Dg]Xp(s)) to be a superset of D)y, , the irrelevant natural extension DiIr
also satisfies a modified, stronger version of G1: margs(DI |xp(s)) = Ds)xp(s)-

We now have all tools necessary to formulate a crucial result. It is the first important contribution of this paper and
provides a justification for the joint model D" that was proposed in Eq. (4).

Theorem 8. The irrelevant natural extension Dic” is the unique set of desirable gambles on X that satisfies all four require-
ments G1-G4.

It is already apparent from Proposition 6 that the properties of the irrelevant natural extension Dic" are not limited to
G1-G4. As a first example, Proposition 6 implies that for any node s, conditional on its parent variables Xps), the non-parent
non-descendant variables Xy are not only epistemically irrelevant, but also subset-irrelevant to X;.

Corollary 9. For all nodes s € G, the subset-irrelevance statement SIR(N(s), {s}| P(s)) is satisfied: for any xps) € Xp(s) and non-empty
AN(s) € Xngs), it holds that

margg (Dng {xp(s)} x AN(s)) = margg (DngXp(S)).
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K= {S5,S7,sg} P(S7) = {54755}

Pg(s7) = {55}
P(K) = {s3,s4} Dy = Dy,

s Tk P(s7) \ Pi(57) = {sa}

P(SS) = {S3} ,’;‘Y/// ‘@SﬂZ»VS = 2Y7J(ZJS‘X»V4) P(Sg) _ {S7}

Pg(ss) =0 Xoy >N 2 Px(s9) = {s7}

P(ss)\ P(ss) = {53} ot 9l P(s0) \ Px(s0) =0
X5,

Fig. 2. Local models for a sub-DAG.

In the remainder of this paper, we establish a number of even stronger properties of Dic". However, before we do so, let
us take a small step back to take a look at the larger picture.

If we were to drop the irrelevance assessments, that is, if we were only to impose requirements G1, G3 and G4, then the
unique model to satisfy these three requirements would be the smallest coherent set of desirable gambles that extends the
local models or, in other words, the natural extension of

AG = {H{ZP(S)}f:S € Ga ZP(S) € XP(S)v f € DSJZP(S)}'

By including G2, we are applying a more general form of natural extension that combines an assessment of gambles with
structural assessments. In our case, these structural assessments consist of a very specific set of epistemic irrelevancies—
G2—and the resulting ‘generalised’ natural extension of .Ag, which we call the irrelevant natural extension, turns out to be
the ‘traditional’ natural extension of the extended assessment ic”, which is obtained by combining the original assessment
A¢ with the irrelevancies that are imposed by G2.

In principle, this generalised form of natural extension can be applied to other structural assessments as well. Cozman [4,
p. 208] discusses the possibility of considering credal networks with arbitrary assessments of epistemic irrelevance; the
special case of credal networks under epistemic independence is discussed in Ref. [12]. However, unlike in our special case,
it is not always easy—and sometimes even impossible—to obtain a closed-form expression for the resulting joint model of
these credal networks. Finally, one can also combine natural extension with structural judgements other than epistemic
irrelevance. For example: Ref. [17] considers the structural judgement of exchangeability. That being said, for the remainder
of this paper, we focus on the special case of the irrelevant natural extension Dgr.

5. Additional marginalisation properties

As explained in Section 3.1, a subset K of G can be associated with a so-called sub-DAG of the original DAG. Similarly to
what we have done for the original DAG, we can use Eq. (4) to construct a joint model for this sub-DAG. All we need to do
is to provide, for every s € K and zp,(s) € Xpy(s), a local model D)z, .

One particular way of providing these local models is to derive them from the ones of the original DAG. The starting
point to do so is fixing a value xp) € Xp(k) for the parent variables of K. This provides us, for every s € K, with a value
XP(s)\Px (s) € Xp(s)\Py(s) because P(s)\ Pk(s) S P(K). For every s € K and zp,(s) € Xp,(s), we can then identify the local
model DSJZPK(s) of the sub-DAG with the local model Ds|;,, of the original DAG, where zp(s)\py(s) = Xp(s)\Px (s)- I other
words, for every s € K and zpy(s) € Xpy(s)

DSJZPK(s) = DSJ (Zp (5):XP(s)\Pk (5)) * (6)

For every K € G and all xp(k) € Xpk), the resulting joint model for the sub-DAG that is associated with K is given by

Dllgjxp(l() = pOSi( lIngXP(K))’ 7)

where

irr o .
Klxpi) *— {H{ZPNK(S)}f'S €K, ZpNy(s) € XpNy(s) [ € DSJ(ZPK(s)vXP(s)\PK(s))}'

Example 5. Consider again the DAG in Fig. 1 and the sub-DAG induced by the closed subset K = {ss5, s7, s9} C G. In order to
use Eq. (7) to construct a joint model for this sub-DAG, we need to fix a value xp(k) € Xp(k) for the variables associated with
the parents of K. Equivalently, since P(K) = {s3, s4}, we need to fix values x;, € s, and x;, € X;,. We can now construct
local models by means of Eq. (6). For the node ss, we obtain an unconditional local model D, = Dsij53~ For the node s7,
this yields, for every zs, € Xs;, a conditional local model Dy, 7, = Ds; |z, x,,)- Finally, for the node sg, we obtain, for every
Z5, € X,, a conditional local model Ds, Iz, - Fig. 2 provides a graphical representation of the construction of these local
models.
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D, D, Dy, D,

Fig. 3. Example of a credal network consisting of disconnected nodes.

A question that now naturally arises is whether these joint models for sub-DAGs, as given by Eq. (7), can be related to
the original joint model D{'. It turns out that, for subsets K of G that are closed, this is indeed the case.

Theorem 10. If K is a closed subset of G, then for any xp(ky € Xpk), & € G(Xnw)) >0 and f € G(Xk):
g]I{Xp(K)}f € Dgr < f € D}?j‘){p(’() :

Our proof for the reverse implication is complex and elaborate, but its core is a simple separating hyperplane argument.
Similar to what we have done in the proof of Proposition 6, we construct a joint probability mass function to perform
the separation. However, in contrast with the proof of Proposition 6, a factorising probability mass function is no longer
sufficient. This makes constructing the joint probability mass function that is used in Theorem 10 both complex and elab-
orate. We consider Theorem 10 to be the main technical achievement of this paper. It is a significant generalisation of
Proposition 6 [with K ={s}] and has a number of important consequences. As a first example, it implies the following
generalisations of Corollaries 7 and 9.

Corollary 11. For all closed K C G, xp(k) € Xp(k) and non-empty Anxy S Xn(k), we have that
margy (DE [{xpk)} x Ank)) = Diper -

Corollary 12. For all closed sets K C G, we have that the subset-irrelevance statement SIR(N(K), K|P(K)) is satisfied: for any
Xp(K) € Xp([() and non-empty AN € XN(K): it holds that

marg (DL | {Xp(k)} X An(k)) = margg (DE | xpk)).-
6. Connections with independent natural extension

Let us now consider the special case of a credal network for which the underlying DAG has no edges or, equivalently,
consists of disconnected nodes only; see Fig. 3 for an example with four nodes. In that case, these nodes clearly have neither
parents nor descendants. Consequently, for every s € G, the local model Ds is unconditional and the non-descendants are
given by PN(s) =G \ {s}. It is therefore easy to see that in this particular case, Eq. (4) reduces to

'Dgr = pOSi({H{ZG\(S)}fIS € G, ZG\{S} € XG\{S}7 f € 'DS}) (8)

Due to Corollary 12, we know that Dgr, as given by Eq. (8), is independent [16, Definition 5], meaning that

marg, (D" |x;) = marg, (D) for all disjoint subsets I and O of G, and all x; € X;.

Since Dgr also marginalises to its local models (Corollary 7), we find that Dic”, as given by Eq. (8), is an independent product
of the local models Ds, s € G, that is also coherent (Proposition 5).°> Moreover, due to Corollary 2 and Eq. (4), it is a subset of
any other coherent independent product of Ds, s € G. This makes Dgr, as given by Eq. (8), the unique smallest coherent set
of desirable gambles on X that is an independent product of Ds, s € G. This is called the independent natural extension of
the local models D, s € G, and is denoted as ®sec Ds [16, Section 7]. We can therefore conclude that, for credal networks
for which the underlying DAG consists of disconnected nodes only,

DE" = Q) Ds = posi({lizg, ) f:5 € G. Z6\(s) € Xa\(5). [ € Ds)). 9)

seG

a result that was already mentioned in Ref. [16, Section 10]. Consequently, quite a few of the results we obtain in the
present paper can be regarded as generalisations of those in Ref. [16].° Our next two results show that the connection
between our irrelevant natural extension of a network and the independent natural extension, as defined in Ref. [16], goes
much further than Eq. (9).

5 Dg is an independent product of the local models Ds, s € G, if it marginalises to these local models and is furthermore independent [16, p. 618].

6 Ref. [16, Proposition 15] is a special case of Proposition 5, Ref. [16, Propositions 17 and 18] are both special cases of Theorem 11 and by combining
Theorem 8 with Corollary 12, we can generalise Ref. [16, Theorem 19]. Finally, the associativity result in Ref. [16, Theorem 20] can be regarded as a special
case of Proposition 13. Indeed, it suffices to (i) apply Proposition 13 to a DAG consisting of two separate, disconnected sub-DAGs, each of which consists of
disconnected nodes only, and (ii) to subsequently apply Eq. (9) to DY, DI and DI,
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Fig. 4. lllustration of Proposition 13.
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Fig. 5. lllustration of Theorem 14.
Proposition 13. Consider any partition G1, ..., G, of G such that P(G;) = for alli € {1, ..., n}. Or equivalently, let the DAG of the
complete network consist of n separate, disconnected sub-DAGs, each of which has G; as its set of nodes, with i € {1, ...,n}. Then

D‘”_®Dgr_p051 {H{ZG\Gi}f:ie {1,....n}, zo\¢, € Xe\G;» [ eDiGrir}),

where Dic” is the irrelevant natural extension of the complete network, as given by Eq. (4), and, for alli € {1,...,n}, D‘” is the
irrelevant natural extension of the network that has the sub-DAG associated with G; as its graphical structure, as given by Eq. ( 7).7

Fig. 4 illustrates this result with a simple example. It should be clear that Eq. (9) is a special case of Proposition 13.2
Theorem 14 generalises Proposition 13 even further.

Theorem 14. Consider a closed subset K of G and a partition K1, ..., K, of K such that Px(K;) = foralli € {1, ...,n}. Or equiv-
alently, let the sub-DAG that corresponds to the set K consist of n separate, disconnected sub-DAGs, each of which has K; as its set of
nodes, withi e {1,...,n}. Then P(K;) € P(K) foralli € {1,...,n}and, for all xpk) € Xp k),

D xpe = ®D;grjxp(m) = posi({Tze ) f:i € {1,....n}, zk\k; € Xi\k;, f € D;gjxp(m}),

where D}gjxpm and D}&XHK“, withie{1,...,n}, are given by Eq. (9).

Fig. 5 illustrates this result with an example.
7. AD-separation and its consequences for the irrelevant natural extension

In Bayesian networks, there exists a simple criterion, called d-separation, that is capable of detecting independencies
in the joint model, based only on the graphical structure of the underlying DAG [26]. Due to their close connection with
Bayesian networks, credal networks under strong independence inherit this property almost trivially [4]: every d-separation

7 We would like to thank one of the referees of a previous conference version of this paper [10] for suggesting this result.
8 Choose n=|G| and let G; be singletons, each of which contains a different s € G.
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in the DAG corresponds to a (strong) independence in the joint model. For credal networks under epistemic independence,
no such result exists. We do know that for general credal networks under epistemic independence, d-separation does not
imply epistemic independence [5]. However, it is considered an important open problem [4,5,12,14] whether or not this
holds for the most conservative joint model, also referred to as the independent natural extension® of a credal network [5];
see Ref. [12] for some partial but promising results for Markov chains. For the irrelevant natural extension of a credal net-
work, which is the subject of the current paper, d-separation does not imply epistemic irrelevance; see Ref. [14, Section 7]
for a counterexample. However, as we will show, it is possible to derive very similar results by employing an asymmetrical
version of d-separation, which we call AD-separation. As we will see, AD-separation satisfies all graphoid properties except
symmetry. Furthermore, and perhaps most importantly: we show that in the irrelevant natural extension of a credal net-
work, AD-separation implies epistemic irrelevance, thereby establishing an asymmetric version of the classical d-separation
result. We should note that our results are inspired by the work of Moral [23], who developed similar results in a much
more restricted context; we comment on the restrictions he imposes further on in Section 7.2.

7.1. AD-separation

In probabilistic graphical networks that are defined by means of a symmetrical independence concept, the notion of
d-separation is a very powerful tool [26]. However, for asymmetrical independence concepts such as epistemic irrelevance,
there seems to be no convincing reason for using a symmetrical separation criterion such as d-separation. If learning Y is
irrelevant to X, must it follow that learning X is irrelevant to Y? We agree with Dawid [8] that such a requirement is not
obvious. Hence, we prefer to consider a modified version of d-separation that does not require symmetry. Moral [23] speaks
of asymmetrical D-separation'® (AD-separation) and Vantaggi [33-36] has introduced the very similar L-separation criterion.
Here, we do not use one of these existing concepts, but choose to introduce a slightly modified version, which we will
call AD-separation (asymmetrical d-separation) as well.!! We prefer our version because our definition is weaker than—in
the sense that it is implied by—Moral’s AD-separation, slightly more general'? than Vantaggi’s L-separation and yet, it has
stronger properties than both of these other concepts.

Consider any path sq,...,s; in G, with n > 1. We say that this path is blocked by a set of nodes C € G whenever at least
one of the following four conditions holds:

B1. s1 €C;

B2. there is some 1 < i <n such that s; — s;y1 and s; € C;

B3. there is some 1 <i <n such that s;_1 — s; < $ij4+1, i ¢ C and D(s;) NC =0;
B4. s, € C.

In Moral’s version of AD-separation, the notion of a blocked path is very similar. The only difference is condition B1,
which he strengthens by requiring that s; — s,. Clearly, our condition is implied by Moral’s. Vantaggi uses the same notion
of blocked path as we do,'® but leaves out conditions B1 and B4. They are redundant in her case, because she does not
need to consider cases in which s; or s, are elements of C.!*

Example 6. Fig. 6 illustrates how each of the blocking conditions B1-B4 can block a path. The examples for B1 and B4
are straightforward. Note that in the example of B2, the crucial point is the arrow between s3 and ss. If that arrow were
reversed, the path would no longer be blocked. In the example of B3, it is essential that s5, s¢ and s; are not elements
of C. If any of them were, the path would not be blocked. Notice also that the path in the example for B1 is not blocked
according to Moral’s version of AD-separation, the reason being that the arrow between s3 and s, is pointing in the wrong
direction.

Now consider (not necessarily disjoint) subsets I, O and C of G. We say that O is AD-separated from I by C, denoted
as AD(I, 0|C), if every path i =s1,...,5p, =0, n>1, from a node i € I to a node o € O, is blocked by C; see Fig. 7 for an
example of AD-separated sets.

9 Not to be confused with the independent natural extension of a number of separate, unconditional models, which was the subject of our Section 6.
However, there is no conflict in terminology since the latter corresponds to a special case.

10 judging by the references he provides [25,26], Moral actually seems to mean asymmetrical d-separation rather than asymmetrical D-separation; D-
separation is an enhanced version of d-separation that allows for deterministic nodes [18]. However, since d-separation is a special case of D-separation,
the term asymmetrical D-separation (AD-separation) does not produce a conflict in terminology and we choose to adopt it as well.

11 We prefer Moral's terminology over the one by Vantaggi because (i) we think that the term asymmetrical d-separation really captures the meaning of
the concept and (ii) the L in L-separation refers to the logical constraints that can be imposed in Vantaggi's framework, which do not seem relevant for our
current purposes. It is however important to keep in mind that our notion of AD-separation is different than the one by Moral. We consider the resulting
conflict in terminology to be minor, especially since our version of AD-separation is implied by Moral’s version.

12 At least as far as the sets on which it can defined is concerned: L-separation is only defined for disjoint sets. We should however mention that, if
one restricts himself to disjoint sets, Vantaggi's L-separation criterion is more general than ours because it also includes the possibility to include logical
constraints, which our notion of AD-separation does not.

13 At first sight, it might seem as if she does not; loosely speaking, the confusion arises because she applies her definition to the reversed path.

14 Because L-separation is defined for disjoint sets only; see the definition of AD-separation further on.
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Fig. 6. llustration of paths that are blocked by conditions B1-B4.
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Fig. 7. lllustration of AD-separation.

Moral and Vantaggi define their separation criteria in much the same way. The only difference with Moral’s version
of AD-separation is his notion of a blocked path, as explained earlier. Clearly, AD-separation in Moral’s sense implies AD-
separation in our sense. The difference with Vantaggi’s criterium is that L-separation is defined for disjoint sets only. Notice
that if we restrict ourselves to disjoint sets, AD-separation (both our version and the one by Moral) is identical to L-
separation.'?

It turns out that our version of AD-separation satisfies all graphoid properties except symmetry.

Theorem 15. For any subsets I, 0, S and C of G, the following properties hold'®:

Direct redundancy: AD(I, O|I)
Reverse redundancy: AD(I, 0|0)
Direct decomposition: AD(I, O U S|C) = AD(I, O|C)
Reverse decomposition: AD(IU S, 0|C) = AD(I, 0|C)
Direct weak union: AD(I, O U S|C) = AD(I,0|CUYS)
Reverse weak union: AD(IUS, O|C) = AD(I,0|CUYS)
Direct contraction: AD(I, 0|C) & AD(I, S|CU 0) = AD(I, O U S|C)
Reverse contraction: AD(I, O|C) & AD(S,0|CUI)= AD(IUS, 0|C)
Direct intersection: if 0 NS =, then AD(I, O|C U S) & AD(I, S|CU 0) = AD(I, 0 U S|C)
Reverse intersection: if I NS =, then AD(I, O|CU S) & AD(S,0|CUI)= AD(IUS, 0|C)
This result (and our proof for it) is very similar to, and heavily inspired by, the work of Vantaggi [34, Theorem 7.1].'7
The main difference is that Vantaggi does not include the two redundancy properties, since L-separation is defined only for

15 Making abstraction of the logical component of L-separation.

16 We follow Refs. [7,23] in naming these properties. Vantaggi [34] uses a different terminology: for example, her notion of reverse decomposition refers
to a property denoted as (I U S, O|C)IG =, O|C)’C, which seems similar to our notion of reverse decomposition, but actually, corresponds to what we
call direct decomposition, since, loosely speaking, Vantaggi reverses the order in which I and O occur in the notation. Care should therefore be taken in
comparing results.

17 We provide a direct proof for Theorem 15. However, as suggested to us by Barbara Vantaggi, our result can probably be derived as a corollary of
Ref. [34, Theorem 7.1] as well. A possible way of doing so could be to first prove (direct and reverse) redundancy and decomposition (which is trivial) and
to use these properties to try and infer (direct and reverse) weak union, contraction and intersection from their ‘disjoint’ versions (which are proven in
Ref. [34, Theorem 7.1]).
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disjoint subsets I, O and C of G. Moral’s version of AD-separation does not require I, O and C to be disjoint, but it does
not satisfy direct redundancy, and proofs for a number of other properties are not given [23, Theorem 4].

7.2. Separation properties of the irrelevant natural extension

The reason why we have introduced AD-separation, is because it can be used to state the following very general factori-
sation result, the proof of which relies heavily on Theorem 10.

Theorem 16. Consider any I, O, C C G such that AD(I, O|C). Then for all xc € X¢, g € G(X)so and f € G(Xp)

g]I{xc}f IS Dgr < H{Xc}f € Dgr.
By combining this with Theorem 15, we can prove a result that is very similar to the classical d-separation result:
AD-separation implies epistemic irrelevance in the irrelevant natural extension of a credal network.

Corollary 17. For any I, O, C C G such that AD(I, O|C) we have that SIR(I, O|C) (and thus also IR(I, O|C)): for all xc € X¢ and
non-empty Apc € A\ it holds that

margo,c(DE{xc} x Anc) =margo,c (D" Jxc).

This family of subset-irrelevance statements satisfies all graphoid properties except symmetry: it satisfies redundancy, decomposition,
weak union, contraction and intersection, both in their direct and reverse form.

We leave it to the reader to show that Theorem 16 is a generalisation of Theorem 10 and that Corollary 17 generalises
the first part of Corollary 12. In other words: for any closed subset K of G, it holds that AD(N(K), K|P(K)).

What is particularly nice about Corollary 17 is that it allows us to detect epistemic irrelevancies in the joint model in a
purely graphical way, without resorting to numerical computations; all we have to do is to check for AD-separation. Note
however that AD-separation is only a sufficient condition for epistemic irrelevance. An important—and so far open—question
is therefore whether the epistemic irrelevancies that are detected by AD-separation are the only ones that can be detected
based on the graphical structure of the network. In other words, to put it more technically: is AD-separation complete with
respect to epistemic irrelevance? We conjecture that it is, but provide no proof. Another important question is whether or
not AD-separation can be checked efficiently. We suspect that this is indeed the case and that polynomial time solutions
can be obtained by suitably adapting existing algorithms for d-separation [19,20]. However, this too, we leave as a possible
topic for future research.

7.3. A crucial difference with earlier work by Moral

Readers who are familiar with the work in Ref. [23] might have noticed the similarity between Ref. [23, Theorem 5] and
the first part of Corollary 17. The main difference between our approach and Moral’s approach [23], besides the fact that
we use a slightly different separation criterion, is that he enforces a more stringent version of epistemic irrelevance than
we do. He calls X; epistemically irrelevant to X if and only if the model D)o for the variable X; ¢ is the unique smallest
set that marginalises to the marginal models D; and Dy and for which X; is irrelevant to Xo in our sense. He refers to
our concept of irrelevance as ‘weak’ epistemic irrelevance. Consequently, Moral’s results in Ref. [23] are not applicable to all
directed acyclic networks. As a simple example: his concept of irrelevance does not allow for two variables to be mutually
irrelevant, except in some degenerate uninformative cases. Therefore, his results cannot be applied to a network consisting
of two unconnected nodes. More generally speaking, it seems to us his results can only be applied to networks in which
every pair of nodes can be connected by means of a directed path.

7.4. Further comments and some clarification

As far as the second part of Corollary 17 is concerned, some clarification is perhaps in order. We do not claim that
epistemic irrelevance satisfies the graphoid axioms that are stated in Theorem 15. As was proven in Ref. [7], epistemic
irrelevance can violate direct contraction and both direct and reverse intersection. In fact, we believe that this negative
result might even be one of the main reasons why a result such as Corollary 17 has thus far not appeared in any literature.

Indeed, in Bayesian networks, proving the counterpart to Corollary 17—with AD-separation replaced by d-separation and
epistemic irrelevance replaced by stochastic independence—is usually done by using the fact that stochastic independence
satisfies the graphoid axioms [26]. By applying these axioms to the independence assessments that are used to define a
Bayesian network, one can infer new independencies, namely those that correspond to d-separations in the DAG of that
network.

If one tries to mimic this approach in our context, then since epistemic irrelevance can fail some of the graphoid axioms,
one might suspect that Corollary 17 cannot be proven. However, it is not necessary to use the axioms: our proof for
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Theorem 16—of which the first part of Corollary 17 is a straightforward consequence—uses only Theorem 10 and a number
of properties of AD-separation. At no point does it invoke graphoid properties of epistemic irrelevance. The second part
of Corollary 17 is then but a mere consequence of the first part and Theorem 15. It states that the family of irrelevance
statements that are proven to hold in the first part, are closed under the graphoid properties in Theorem 15.

So in order to conclude this section: epistemic irrelevance can fail a number of graphoid axioms, which implies that
the irrelevance statements that are proven in Corollary 17 do not necessarily hold for every joint model D¢ that satisfies
requirements G1-G3. However for the unique one that also satisfies G4, being the irrelevant natural extension Dgr of the
network, this family of irrelevance statements does hold, the reason being that for this specific model, one can provide a
direct proof that does not invoke any graphoid axioms of epistemic irrelevance.

8. Summary and conclusions

This paper has developed the notion of a credal network under epistemic irrelevance within the framework of sets of
desirable gambles. By combining local sets of desirable gambles with assessments of epistemic irrelevance, and by doing
so in the most conservative way possible, we have constructed an intuitive expression for the irrelevant natural extension
of a credal network. We then went on to establish a number of theoretical properties of this irrelevant natural extension.
It satisfies a powerful factorisation property, marginalises in an intuitive way and has tight connections with the indepen-
dent natural extension. Furthermore, the irrelevant natural extension satisfies a result that is very similar to the classical
d-separation result in Bayesian networks. We have introduced the notion of AD-separation, an asymmetrical adaptation of
d-separation, have shown that it satisfies all graphoid properties except symmetry and, most importantly, that it implies
epistemic irrelevance.

As far as future work is concerned, the most immediate task seems to be translating our results to the framework of
coherent lower previsions. Although the expressiveness of sets of desirable gambles renders them extremely useful from a
theoretical point of view, and as such allowed us to develop the results in this paper, representing them in a computer in
order to manipulate them using algorithms quickly becomes overly complicated; see for example Refs. [3,29]. Since part of
the expressiveness of sets of desirable gambles is not relevant as far as probabilistic inference is concerned [42, Example 10],
it seems preferable to use less expressive frameworks for the development of algorithms. Inspired by the recent linear time
algorithm for credal trees [14], coherent lower previsions seem to provide the right balance between expressiveness and
algorithmic power.

We are confident that it is indeed possible to translate our results to the framework of coherent lower previsions. In
fact, we have concrete ideas on how to do so; see Refs. [40,42] for some essential theoretical results, establishing an elegant
connection between the theories of sets of desirable gambles and coherent lower previsions in a very general setup. For
the particular case of credal networks under epistemic irrelevance, some preliminary results in terms of coherent lower
previsions (and credal sets) can already be found in Refs. [10,11]. Using these techniques, it is possible to express our more
fundamental results—such as those concerned with marginalisation, independent natural extension and AD-separation—
directly in terms of coherent lower previsions. We intend to publish this in the near future.

Another important avenue for future research would be to try and establish similar results for credal networks under
epistemic independence [4,12]. Do these networks satisfy marginalisation properties such as the one presented in Section 5?
Do they exhibit the connection with the independent natural extension that was discussed in Section 6? And perhaps
the most important open question related to credal networks under epistemic independence: do they satisfy the same
separation properties as Bayesian networks? See the introduction of Section 7 for some comments on this last question,
including relevant references.

Our ultimate goal, which served as a motivation to develop the present results, is to develop an efficient inference
algorithm for credal networks under epistemic irrelevance whose underlying graphical structure is not necessarily a tree,
extending the developments in Ref. [14]. We would like to point out that some of the properties in this paper already
provide a direct tool to do so. Similar to what is usually done in Bayesian networks, our marginalisation properties and
the separation properties that are induced by AD-separation can be used to reduce the size of the network in which
the inference problem at hand needs to be solved; see Ref. [12, Section 5] as well. If after such a preprocessing step,
the graphical structure of the network is reduced to a tree, the algorithm in Ref. [14] can be applied. On top of these
preprocessing steps, we think that further algorithmic developments could also benefit greatly from our results in Section 6
on the connection with the independent natural extension, especially since the strong factorisation [15] property of the
independent natural extension has been an essential tool in the development of the aforementioned algorithm for credal
trees under epistemic irrelevance [14].
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Appendix A. Proofs of our results

This appendix provides proofs for the results in this paper. It also contains some additional results that are needed in the
proofs, a short introduction to maximal sets of desirable gambles (included just before the proof of Proposition 6) and two
definitions that are used in some of the proofs related to AD-separation (included just before the proof of Proposition 23).

Proof of Proposition 1. Consider any s € G and zpn(s) € Xpns). As a consequence of requirements G1 and G2, we see that
marg,(Dg |zpn(s)) should be a superset of the given local model Ds |z, . If we now choose f € Dsz,, and apply Eq. (1), it
follows immediately that Iz, f is an element of Dg. O

Proof of Corollary 2. We know from Proposition 1 that Agr is a subset of any joint model that satisfies requirements G1
and G2: Aic" C D¢. Applying the posi operator to both sides, we obtain that posi(.Aic”) C posi(Dg). If in addition to satisfying
requirements G1 and G2, D¢ is also coherent (satisfies requirement G3), and thus in particular is a convex cone (satisfies
properties D3 and D4), then posi(Dg) = D¢ and we get that posi(.Aiér) CD¢. O

Proof of Proposition 3. Since Dic” = posi(Agr), the if part of this proof is trivial. For the only if part, fix any f € D};”. We
know by definition that

f= Z Z Z )‘S’ZPN(sMH{ZPN(s)}fS,ZpN(s>,iv

S€G zpN(s) €XPN(s) I€1(S,2pN(s))

where, for all s € G and zpn(s) € Xpnes), 1(S, Zpn(s)) is a (possibly empty) finite index set (but with at least one of them
non-empty) and for all s € G, zpn(s) € Xpn(s) and i € I(S, ZpN(s)), As.zpy.i 1S @ strictly positive real number and fs 7,y .i iS
an element of D)z, .

We now construct, for all s € G and zpn(s) € Xpn(s), @ gamble fs 7,y € G(AXs). If I(s, zpn(s)) = 0, we let fs 7y, = 0. If
I(s, zpn(s)) # ?, we let

fS,ZpN(s) = § )\S,ZPN(S)yifSaZPN(s)vi’

i€l(s,zpn(s))

which is an element of Dsz,, (and thus different from zero) due to the fact that fs .y .i € Dsjzp(,, for all i € I(s, zpns))
and because D)z, is assumed to be coherent. It should now be clear that

f= Z Z H{ZPN(S)}fS»ZPN(s)’

S€G ZpN(s) EXPN(s)

in which the gambles f; 7., are elements of Ds)z,, U {0} and at least one of them is non-zero. O

Proof of Proposition 4. The crucial step in the proof consists in showing that for any zg € A%, the indicator I, is an

element of Agr. To prove this, pick an arbitrary leaf s € G. This is possible because a DAG with a finite amount of nodes
always has at least one leaf. Since s is a leaf, it has no descendants and we therefore have that G = {s} U PN(s). Due to the
coherence of the local models, and in particular property D2, we know that the indicator [z is an element of Dy, . We
can therefore apply Eq. (3) to see that iz Lizpye) = Lizigupne} = lize} IS an element of A, Since every f € G(Xg)-o is a
finite strictly positive linear combination of indicators I, that were constructed above, it follows that G(X¢)~¢ is indeed
a subset of posi(AlM).

To prove the second part, notice that any gamble in 8(Aic”) is a finite, strictly positive linear combination of gambles in
Agr and gambles in G(X¢)-o. However, since we have just shown that gambles in G(X;)-o are themselves finite strictly
positive linear combinations of specific indicators in Aic”, this implies that S(Aic”) C posi(.AiG“). The converse inclusion is
trivial and we thus find that £(Aic”) = posi(Agr) =: Dgf. a

Our proof for Proposition 5 and Theorem 10 uses the following convenient version of the separating hyperplane theorem.
It is proved in Ref. [16, Lemma 2] and repeated here to make the paper more self-contained.

Lemma 18. Consider any finite subset A of G(X). Then 0 ¢ £(A) if and only if there is some probability mass function p such that
Y oxex PX) f(x)>0forall f e Aand p(x) >0 forallxe X.

Proof of Proposition 5. Since, by Proposition 4, Dgr = &(A), we know that Dgr is coherent if and only if it satisfies D1,

which states that any gamble f € G(X;) for which f <0 cannot be an element of Dg‘. So consider any f € Dgr and assume
ex absurdo that f <0. We will show that this leads to a contradiction.
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Since f is an element of DI, we know from Proposition 3 that

f= Z Z Lizpns fs.zones)

S€G zpN(s) EXPN(s)

where every fs z,y, is an element of Ds)z,, U {0} and at least one of them is non-zero. We now construct, for every s € G
and zp(s) € Xp(s), a finite subset of the local model Dz,

f —— . _
A zp = Usixpnig 1 XPNG) € XPN(s)s XP(s) = 2P(s) AN fs xpy(s) 7 0}

As a consequence of the coherence of Ds;,, , we have that 0 ¢ Ds)z,, = posi(Ds|z,). This in turn implies that 0 ¢
posi(.Af U G(Xs)=0) =:5(Af ), because both AL and G(Xs)-o are subsets of Dsjz,,, and we can therefore

slzp(s) s]zp(s) slzp(s)
apply Lemma 18. This yields for every s € G and zp(s) € Xp(s) a mass function ps(-|zp(s)) on X5 with expectation operator

Es(-1zp(s)) on G(X) such that ps(zs|zp(s)) > 0 for all z; € X5 and Es(g|zp(s)) > 0 for each g € Asszp(s).
The trick is now to create a Bayesian network that has the conditional mass functions ps(:|zp(s)) as its local models and
has the same graphical structure as our credal network under epistemic irrelevance. If we let E; be the joint expectation

operator for this Bayesian net, we find that

EC (f) = Z Z EC (]I{ZPN(S)]fS,ZpN(S)) = Z Z pG(ZPN(S))ES(fS,ZpN(S) |ZPN(S))

S€G ZpN(s) EXPN(s) S€G zpN(s) EXPN(s)

=Y > Pe@pN)Es(fszong 12p)-

s€G zpn(s) EXPN(s)

where p¢ is the global mass function of the Bayesian net and where we have applied Bayes’ rule and the conditional
independencies encoded in the graph. Since all the local probabilities ps(-|zp(s)) are strictly positive, this is also true for the
global ones and we find that pg(zpn(s)) > 0. For the conditional expectations Es(fs.zpy, |12p(s)) there are two possibilities.

Either fs 7,y =0, in which case Es(fs zpy(, 2P(s)) =0, O fs zpy € .A!JZP(S), in which case Es(fs zpy |2p(s)) > 0. However,

since at least one of the gambles fs 7y, in Eq. (5) has to be non-zero, it is not possible that Es(fs zpy 12p(s)) =0 for all
gambles fs ;.. and we can therefore conclude that E¢(f) > 0. If we now apply our assumption that f <0, we also obtain
that E¢(f) <0, a contradiction. O

Since Theorem 10 generalises Proposition 6 without building upon it, it is not necessary to provide Proposition 6 with
a separate proof. However, we feel that the complexity of the proof for Theorem 10 obscures the ease with which Propo-
sition 6 can be proved. We therefore choose to provide Proposition 6 with a proof of its own. As it makes use of so-called
maximal sets of desirable gambles, a concept that has not been introduced in the main text of this paper, we provide a
short introduction here.

A coherent set D of desirable gambles on X is called maximal if it is not included in any other coherent set of desirable
gambles on X—in other words, if adding any gamble f to D makes sure we can no longer extend the resulting D U {f} to
a coherent set. We generically denote maximal sets of desirable gambles as M instead of using the general notation D.

Maximal sets of desirable gambles have a number of useful properties. For example, a coherent set D of desirable
gambles on X is always the intersection of all the maximal coherent sets M of desirable gambles on X that include it; see
Ref. [17]. In other words, f € D if and only if f € M for every M 2 D. As a consequence, we have the following separation
property: if a gamble f € G(X) is not an element of D, there is at least one maximal set M 2 D for which f ¢ M. Another
useful property is that maximal sets of desirable gambles resolve points: for any maximal set M and non-zero gamble f in
G(X), either f or —f is an element of M; see Ref. [3].

Proof of Proposition 6. Fix s € G, g € G(XN(s))>0, f € G(Xs) and xp(s) € Xp(s).

We begin by proving the converse implication: f € Dsxp) = &lixp1f € Dgr. As explained both in Section 4.2 and
the proof of Proposition 1, it holds for any xn(s) € An(s) that Lix,y. ) f is an element of Dic”. If we then realise that g =
ZXN(S)EXN(S) &(xN(s))jxyy)» We get that

g]I{xP(s)}f = Z g(xN(S))]I{XPN(s)}f

XN(s) EXN(s)
is a finite strictly positive linear combination of elements of Dgr and thus also an element of Dic”, due to its coherence.

To prove the direct implication, we assume ex absurdo that f ¢ Ds|y,., and show that it implies glx, ) f ¢ Dic", a con-
tradiction. The case f =0 is trivial because gliy, ) f is then equal to zero, which cannot be an element of DI due to its
coherence; see Proposition 5. If f # 0, we start by applying some of the properties of maximal coherent sets of desirable
gambles that were introduced in the text preceding this proof. Due to the first property, we can infer from f ¢ Dsx,, that
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there is at least one maximal set of desirable gambles M:wa 2 Ds)xp, for which f ¢ M;kJXP(s)' Due to the second property

and the fact that f # 0, this in turn implies that —f € M* . We will now denote by Dgr* the set that is obtained by

s]1Xp(s)
Eq. (4) if we replace the local model Ds|y,, by the specific maximal superset M;‘J Xps)” It should be clear that D™ 2 D,
Next, since —f € M;‘JXP(S), it follows from a similar argument as the one used in the proof of the converse implication

that was given above, that glix,(—f) € Dic"*. Hence, due to the coherence of D™, lipe f ¢ Dic”* and therefore, since
D™ > DI, we find that glix, ) f ¢ DI, O

Proof of Corollary 7. Fix s € G, f € G(X;) and xpn(s) € Xpn(s). Since I
derive from Eq. (1) and Proposition 6 that

xn) and 1 are both elements of G(Xn(s))-0, we

f emargs(DngXpN(s)) < Dixpye) f eDgr < [ €Dsjupy € Tipo) f EDgr < f emargS(DngXP(s))’ =

Proof of Theorem 8. We know from Proposition 5 and Corollary 7 that Dgr = posi(AiG”) satisfies requirements G1-G3.
Because of Corollary 2, it is also the smallest set of desirable gambles on X; that does so and therefore, it is the unique set
of desirable gambles on X that satisfies G1-G4. O

Proof of Corollary 9. Fix arbitrary s € G, f € G(X;), Xp(s) € Xp(s) and any non-empty Anc) S Xns). Since Iay,, and 1 are
both elements of G(Xn(s))>0, we derive from Eq. (1) and Proposition 6 that

f emargs(DiGrrJ{Xp(s)} X AN(S)) < ]IAN(S)H{XP(S)}f EDgr < f eDSJXP(s)

& Tip) f € D' & fe margs(DngxP(s)). ]
Lemma 19. Consider any K C G and any k € K. Then Pg (k) = P(k)y N K = P(k) \ P(K) and P (k) \ Pg (k) = P(k) N P(K).

Proof. We start by proving that Pg(k) = P(k) N K. An element q € Pk (k) is by definition a parent of k according to the
sub-DAG that corresponds to K, therefore q is also a parent of k in the original DAG: q € P (k). Since q is an element of
the sub-DAG, we have q € K and therefore q € P(k) N K. Conversely, if g € P(k) N K, then q is clearly a parent of k in the
sub-DAG that corresponds to K and therefore q € Pg (k).

Next we show that P(k) N K = P(k) \ P(K). By definition of P(K) and since k € K, we know that q € P(k) implies
q € P(K) UK and we therefore have that P(k) € P(K) U K. Since P(K) and K are disjoint by definition, we infer that
P(kyNK = Pk)\ P(K).

The final property is a direct consequence of the previous equality:

P(k)\ Px(k)=P(k)\ (P(k) \ P(K)) = P(k) N P(K). |

Lemma 20. Consider any closed'® K € G,k € K, s € G and t € PN(s). Then the following statements hold:

(i) P(K)ND(K) =0;

(ii) P(K), N(K), K and D(K) constitute a partition'® of G;
(iii) PN(K) and D(K) are closed subsets of G;
(iv) P(t) € PN(s);

(v) P(PN(K)) = ;
(vi) PN(D(K)) = PN(K) UK;

(vii) N(K) = Ngex N(@);

(viii) N(K) € N(k);

(ix) P(K) S PN(k);
(x) PN(K) € PN(k);
(xi) P(K)\ P(k) S N(k).

Proof. (i). Assume ex absurdo that q € P(K) and q € D(K). Then q € D(K) implies the existence of some r; € K such that
r1 C q and q € P(K) implies the existence of some r; € K such that g C r,. We find that r; C q C 1y, with r1, 72 € K. Since K
is closed, this implies that q € K, contradicting both q € P(K) and q € D(K).

18 Statements (vii) and (viii) are true for general—not necessarily closed—sets K € G as well.
19 We use the term ‘partition’ in a somewhat looser sense than is usual, as we do not exclude that some of its elements may be empty.
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(ii). Direct consequence of (i) and the definition of P(K), D(K) and N(K).

(iii). To prove that PN(K) is closed, consider qi,q> € PN(K) and r € G such that g T r C gy and assume ex absurdo
that r ¢ PN(K), implying, due to (ii), that r € K U D(K). This in turn implies that there is some u € K such that u C r and
therefore u C g, which implies that q; € K U D(K), contradicting g2 € PN(K) due to (ii).

To prove that D(K) is closed, consider q1,q € D(K) and r € G such that g; Er C g, and assume ex absurdo that r ¢ D(K).
g1 € D(K) implies that there is some u € K such that u C q; and therefore u C r, implying that r € K U D(K) and, since
r ¢ D(K), that r € K. We thus find that u © gqq C r, with u,r € K. Because K is closed, this tells us that q; € K, contradicting
q1 € D(K).

(iv). Consider any q € P(t). By the definition of PN(s), it suffices to show that g ¢ {s} U D(s). Assume ex absurdo that
s C g, then we derive from q C t (since q € P(t)) that s C t, meaning that t € D(s), contradicting t € PN(s).

(v). Assume ex absurdo that g € P(PN(K)), so there is some r € PN(K) such that q € P(r). By definition of P(PN(K)),
this implies that g ¢ PN(K), which in turn implies, due to (ii), that ¢ € K U D(K). By definition of D(K), this implies that
there is some u € K such that u C q. Since q C r (because q € P(r)), we find that u C r, implying that r € K U D(K). Due
to (ii), this contradicts r € PN(K).

(vi). First notice that it suffices to show that D(D(K)) = @. Indeed, this implies PN(D(K)) =G \ D(K) = PN(K) U K by
applying (ii) once for the closed D(K) and once for the closed K. So assume ex absurdo that q € D(D(K)), implying that
there is some r € D(K) such that r C q. Since r € D(K) in turn implies that there is some u € K such that u C r, we find that
u C q, implying that g € K U D(K). But q ¢ D(K) because we know that q € D(D(K)), and therefore q € K. Since u,q € K
and u Cr C q, we derive from K being closed that r € K, contradicting r € D(K).

(vii). This follows at once from:

N(K):=G\ (P(K)UKUD(K)) =G\ (U P@UKU( D(q))

qekK qekK

=G\ (U(P(q) Ufgtu D(q))) =G\ (P@U{gtuD(@))=(N@.

qek qek qek

(viii). Direct consequence of (vii).

(ix). Choose g € P(K) and assume, ex absurdo, that q ¢ PN (k). This implies that q € {k} U D(k), or equivalently k C g, and
therefore that g € K U D(K), contradicting q € P(K) because of (ii).

(x). Direct consequence of (viii) and (ix).

(xi). Choose q € P(K) \ P(k) and assume ex absurdo that q ¢ N(k), implying that q € P(k) U {k} U D(k) or, since q ¢ P(k),
that q € {k} U D(k) and therefore k C g. This in turn implies that g € K U D(K), contradicting g € P(K) because of (ii). O

Lemma 21. Consider any closed K C G, and any k € K, s € G\ K and t € PN(s) N K. Then the following statements hold:

(i) Dx(k)y=Dk) NK;
(ii) Nx(k)=N&k)NK;
(iii) PNg(k)=PN(k) NK;
(iv) N(K), P(K) \ P(k) and Nk (k) are disjoint subsets of N(k);
(v) Pg(t) S PN(s)NK;
(vi) P(&)\ Pk(t) € PN(s) N P(K).

Proof. (i). An element q € Dk (k) is by definition a descendant of k according to the sub-DAG that corresponds to K, there-
fore q is also a descendant of k in the original DAG: q € D(k). Since q is an element of the sub-DAG, we have q € K and
therefore g € D(k) N K.

Conversely, if ¢ € D(k) N K, then q € D(k) implies the existence of a directed sequence of nodes k=rq,...,Iy=q,n>1,
in G. Since k € K and q € K, we can derive from K being closed that for all i € {1,...,n}, r; € K, implying that in the
sub-DAG that corresponds to K, q is also a descendant of k: q € D (k).

(ii). This follows at once from the definitions of Nk (k) and N(k):

Nk (k) =K\ (Px(k) Uk} UDg (k) =K\ ((P(k) NK)U{k}U (D(k) NK)) =K\ (P(k)U{k}UD(k)) =Nk,

where the second equality is due to Lemma 19 and (i).
(iii). This follows at once from the definitions of PNy (k) and PN(k):

PNg (k) = P (k) UNg (k) = (P(k)y NK) U (N(k) N K) = (P(k) UN()) N K =:PN(k) N K,

where the second equality is due to Lemma 19 and (ii).
(iv). N(K), P(K) and K are disjoint subsets of G because of Lemma 20(ii). Since P(K)\ P(k) € P(K) and Nk (k) C K, this
implies that N(K), P(K)\ P(k) and Ng (k) are disjoint as well. It only remains to show that N(K), P(K) \ P(k) and Nk (k)
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are subsets of N(k). For N(K), this is due to Lemma 20(viii). For P(K) \ P(k), this is due to Lemma 20(ix) and for N (k),
this follows from (ii).

(v). By definition, Pk (t) € K. To show that Pk (t) C PN(s), use Lemma 19 to find that Pk (t) C P(t), and use Lemma 20(iv)
to infer that P(t) € PN(s).

(vi). Due to Lemma 19, P(t) \ Px(t) € P(t) N P(K). Due to Lemma 20(iv), we have P(t) € PN(s) and therefore
P(t)NP(K) S PN(s) N P(K). Combining them yields P(t) \ Px(t) C PN(s) N P(K). O

Lemma 22. Consider any closed K € G and s € PN(K) and let P1(K) and P,(K) be an arbitrary partition of P(K).2° Let K5 :=
KN D(Py(K))and Ky := K \ Kz = K \ D(P,(K)) and choose any k1 € K1 and ky € K. The following statements hold:

(i) Ky is a closed subset of G;
(il) P(K1) € P1(K);
(iii) P2(K) € P(K2);
(iv) K1 € PN(ky);

(v) P(ky) NK =P(k1) NKy;

(vi) P(k1) N P(K) = P(ky) N P(Ky);

(vii) PN(s) N K1 =K\ D((P(K)\ PN(s)) U(PN(s) N P(K))).

Proof. (i). Consider q1,q2 € KND(P3(K)) and r € G such that g Cr C q;. Since K is closed, we have that r € K, and we are
left to show that r € D(P,(K)). That q1 € D(P(K)) implies the existence of some u € P,(K) such that u C g1 and therefore
u C r, implying that r € P,(K) U D(P3(K)). Since r € K, we know that r ¢ P(K) and therefore r ¢ P,(K). We infer that
indeed r € D(P,(K)).

(ii). Consider any q € P(K7), implying the existence of some r € Ky such that g € P(r) and q ¢ K;. We are first going to
show that q ¢ P>(K) U K,. Assume ex absurdo that q € P,(K) U K3, implying that q € P,(K) U D(P3(K)), which means that
there is some u € P(K) for which u C q and, since q € P(r), that u C r. From this we infer that r € P,(K) U D(P3(K)) and
therefore that r € D(P,(K)), since r € K1 € K implies that r ¢ P(K), which in turn implies that r ¢ P,(K). We have thus
found that r € K N D(P3(K)) = K3, contradicting r € K. Hence indeed q ¢ P»(K) U K3, implying q ¢ P,(K) and q ¢ K». Since
also q ¢ Ky, we find that g ¢ K, which implies that g € P(K), since g € P(r) with r € K; C K. Since P1(K) and P»(K) form
a partition of P(K) and q ¢ P(K), we conclude that indeed q € P1(K).

(iii). Consider any q € P(K) € P(K), implying the existence of some r € K such that g € P(r). From this we infer that
q C r and therefore r € P2(K) U D(P2(K)). Since r € K, we see that r ¢ P(K) and therefore r ¢ P, (K), whence r € D(P2(K)).
Together with r € K, this implies that r € K;. Since q € P(K) implies q ¢ K and therefore q ¢ K,, we can infer from q € P(r)
that g € P(K3).

(iv). Consider any q € K;. Assume ex absurdo that q ¢ PN(ky), implying that q € {ky} U D(ky) and therefore that k; C q.
Since k; € K3, we infer that ko € D(P,(K)), implying the existence of some r € P,(K) such that r C k; and therefore r C q,
which in turn implies that g € P,(K) U D(P,(K)). Since q € K1 C K, we have that g ¢ P(K) and therefore that q ¢ P2 (K).
Hence q € D(P2(K)) and therefore also q € K3, since q € K. This contradicts q € K1, since Ky and K, form a partition of K.

(v). Since it trivially holds that P (k1) N K 2 P(k1) N K7, we only need to prove that P(ky) N K € P (k1) N Ky. So consider
any q € P(k;) N K. By definition of P(K;), we derive from q € P(kq) that either q € P(K1) or q € K. Assume ex absurdo that
q € P(Ky), then due to (ii), g € P1(K). Since q € K implies q ¢ P(K) and therefore q ¢ P1(K), we have a contradiction. We
have thus found that g € K1 and, since q € P(k1), that g € P(k1) N Kj.

(vi). Since due to (ii), P(K1) € P1(K), we find that P(Ky) € P(K) and therefore P(k1) N P(K) 2 P(k1) N P(K7). To prove
that P(kq) N P(K) € P(ky) N P(K7), consider any q € P(ky) N P(K). By definition of P(K7), we derive from q € P (k1) that
either q € P(K1) or q € Ky. Since q € P(K), we have that q ¢ K and therefore also that q ¢ K;. Hence q € P(Ky) and
therefore, since q € P(k1), also q € P(k1) N P(Ky).

(vii). First, notice that by subtracting both sides of the expression from K, we obtain the equivalent statement

K2 U (K1 \ PN(s)) =K ND(P(K)\ PN(s)) U (PN(s) N P2(K)).
Since we have that (P(K)\ PN(s)) U (PN(s) N P2(K)) = P2(K) U (P(K) \ PN(s)) and K U (K1 \ PN(s)) = K3 U (K \ PN(s)),
this is in turn equivalent to:

K2 U (K \ PN(s)) = K N D(P2(K) U (P(K) \ PN(s))).

We will prove this statement instead of the original one.

We start by proving that Ko U (K \ PN(s)) € K N D(P2(K)U (P(K)\ PN(s))). Consider any q € K2 U (K \ PN(s)). On the
one hand, if g € Ky, then q € D(P,(K)). Since q ¢ P,(K) U (P(K)\ PN(s)), because K and P(K)U (P(K)\ PN(s)) € P(K) are
disjoint, we can infer that indeed q € K N D(P(K) U (P(K) \ PN(s))). On the other hand, if g € K \ PN(s), then q ¢ PN(s)
and therefore q € {s} U D(s). Since s € PN(K) and therefore due to Lemma 20(ii), s ¢ K, we know from q € K that q #s. We

20 Here too, we allow that one of the sets P;(K) or P»(K) may be empty.
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can therefore infer that g € D(s), implying the existence of a directed path s=ry,...,m =q, n > 1. Now let j be the first
index in {1, ...,n} for which r;j € K. Since q € K, such an index exists, and since s ¢ K, j > 1, and therefore we can consider
the node r;_;. Since rj_q € P(rj), rj € K and rj_q ¢ K, we infer that rj_; € P(K). Since s Erj_q, we have rj_1 € {s} U D(s)
and therefore rj_1 ¢ PN(s), whence rj_1 € P(K)\ PN(s) € P2(K)U(P(K)\ PN(s)). Since q ¢ P>(K) U (P(K)\ PN(s)) because
q € K, and since rj_1 E q, we obtain that g € K N D(P2(K) U (P(K) \ PN(s))).

We now prove that K; U (K \ PN(s)) 2 KN D(P2(K)U (P(K) \ PN(s))). Consider any q € K N D(P(K) U (P(K) \ PN(s))).
Then there is some r € P2 (K) U (P(K)\ PN(s)) such that r C q. On the one hand, if r € P»(K), then g € D(P2(K)) because q €
K and therefore q ¢ P(K), whence indeed g € KN D(P3(K)) = K2 € K U(K \ PN(s)). On the other hand, if r € P(K)\ PN(s),
then since r ¢ PN(s), r € {s} U D(s) and therefore s C r, implying that s C q. We thus find that q € {s} U D(s), or equivalently,
that g ¢ PN(s). Combined with q € K, we obtain that g € K\ PN(s) S K; U(K \ PN(s)). O

Proof of Theorem 10. Fix any closed set K C G, xp) € Xpk), & € G(Xnk))>0 and [ € G(Xk). Clearly, without loss of
generality, we can assume f to be non-zero. ' ,
We first prove the converse implication: glix,,)f € D¢' < f € Dy

Kixpk)*
Due to the coherence of D{" and the definition of D;{EXP(K) and G(Xn(k))=0, we can assume, without loss of generality,
that f e %me and g = lizy ), With znk) € Xn)- Since f e Ay, . f= Iizpn, o) f' for some s € K, f’ € Ds)zp,, and

ZpNg(s) € XPNK(S) with Zp(s)nP(K) = XP(s)NP(K)- We need to prove that H{ZN(K>}]I{XP(K)}]I{ZPNK(S))f, € Dicrr. Due to Lemma 19,

H{me} = H{ZP(K)mP(s)}H{ZPK(sﬂ = H{XP(I()OP(S)}H{ZPK(S)}’

and therefore

H{ZN(K)}H{XP(K)}]I{ZPNK(S)}f/ = ]I{ZN(K)}]I{XP(K)}H{ZPK(S)}H{ZNK(S)}f/ = H{ZN(I()}H{XP(K)\P(S)}H{XP(K)QP(S)}H{ZPK(S)}H{ZNK(S)}f/

= H{ZN(K)}H{XP(K)\P(S)}H{ZP(S)}H{ZNK )} f/
/

= H{ZN(I()}H{XP(K)\P(s)}H{ZNK (s)}H{ZP(s)} f/ = g/H{ZP(s)}f

in which g’ := Lz Dixpcion pisy Hlizng )} SO We are left to prove that gTizpey f' € D};”. We have already explained, both in
Section 4.2 and the proof of Proposition 1, that since f’ € Dyjzp . Lyyelizpe) S € DaT for any yns) € Xns). Therefore,

the proof follows from the coherence of Dic”, since due to N(K), P(K)\ P(s) and N(s) being disjoint subsets of N(s) by
Lemma 21(iv), g’ is a finite (and non-empty) sum of indicators Iy}, YN(s) € AN(s)-

We now turn to the proof of the direct implication: gllix,,)f € D¢ = f € D}gjxpm.

The proof is rather involved and uses ideas similar to the proof of Proposition 5. First of all, by assumption, f” :=
glixp ) S € DE" and therefore also, due to Proposition 3

= Z Z Tizpni) fs.zonsy o (A1)

SEG ZpN(s) EXPN(s)

where every fs z,y, is an element of Ds,, U {0} and at least one of them is non-zero.

Now assume ex absurdo that f ¢ D}gjxpm. We will show that this allows us to construct a probability mass function pg¢
on X¢ such that the corresponding expectation operator Eg on G(X;) yields both E¢(f”) >0 and E¢(f"”) < 0. Since this
is a contradiction, we find that f e Di,gjxp(l(), which concludes the proof.

As shown in the proof of Proposition 5, it is possible to find, for all s € G and all zp() € Xp(s), a local mass func-
tion ps(-|zps)) on Xs with expectation operator Es(-|zpis)) on G(Xs), such that ps(zs|zpi)) > 0 for all zg € A, and
Es(fs.zpne 12P(s)) > 0 for all zn(s) € X for which fs 7,y # 0. We will now use these local mass functions to create, for
specific closed subsets S of G, Bayesian networks that have a graphical structure corresponding to this closed subset S. By an
argument similar to the one for local sets of desirable gambles in Section 5, we see that in order to do so, all that is needed
is for us to instantiate the value of Xp(s). Every choice of yp(s) € Xp(s) then yields, for all s € S and zp(s) € Xpy(s), a condi-
tional local mass function ps(-|zpg(s)) and expectation operator Es(-|zpg(s)) obtained by identifying them with ps(-|zp(s))
and Es(-|zp(s)), where we let zp(s)\ps(s) = YpP(s)\Ps(s)- We denote the mass function of the resulting Bayesian network
by ps(:lyps)) and its corresponding expectation operator by Es(-|yp(s)). In order to explicitly recall the specific choice
of yp(s) € Aps) also in the notation used for the local models, we will also write ps(-|zps(s), Yp(s)) := Ps(-|zps(s)) and
Es(-1zpg(s), Ypcs)) '= Es(-|zpg(s)). For every fixed yp(s) € Xp(s), this expectation operator has a number of useful properties.

A first and trivial property is that Es(1]|yp(s)) = 1.

Secondly, consider any s € S. S is a closed subset of G and therefore, due to Lemma 20(ix), P(S) € PN(s). It then holds
for all ZpN(s) € XPN(s) such that fsquN(s) #0 and Zp(s) = YP(S)» that ES(H(ZPN(s)ﬁs}fS»ZPN(s)|yP(S)) > 0. To see why, first notice
that because S is closed, PNs(s) = PN(s) NS due to Lemma 21(iii). It then follows from the conditional independence
properties of Bayesian networks that indeed
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EsWizpnsns) fs.zonis 1Y P($)) = EsUzpyg ) Fs.zons 1Y P(5)) = Ps(ZpNs() 1Y P($)) Es (fs.zonis) [2PNs(5)» Y P(S)
= ps(ZpNs(s)1YP(s) Es(fs.zpn 12Ps(5)» Y P(S))
= ps(zpNs(s)|YP($)) Es(fs,zpns) 12P(5)) > 0,

where the inequality holds because Es(fs zpy, 12p(s)) and ps(zpng(s)|yp(s)) are strictly positive. For Es(fs zpy, 12p(s)), this is
true by construction, and for ps(zpng(s)|yp(s)), this holds because all local probabilities are by construction strictly positive
and therefore the global ones are too.

Thirdly, fix s € G\ 'S and zpns) € Xpn(s) such that zps)npn(s) = Yp(s)npn(s)- By applying the factorisation and conditional
independence properties of the resulting Bayesian network, we find that

Es(izpnnsi Y P(s)) = Z ps(Wslyps)) = Z nPk(Wklwps(k), Yp(s)
wseXs wseXs kesS
WPN(s)nS=ZPN(s)NS WPN(s)nS=ZPN(s)NS
= l_[ Pr(Zklzps k), YP(S)) Z H Pe(Wi|Wpsaey, YP(S))
kePN(s)NS wseXs keS\PN(s)

WPN(s)NS=ZPN(s)NS

= l—[ Pr(Zk|Zps k), YP(S)) = l_[ Pr(ZklZpk))-
kePN(s)NS kePN(s)NS

To understand the third equality, notice that since S is closed, Lemma 21(v) implies, for all k € PN(s) N S, that Ps(k) C
PN(s) N S. For the fifth equality, it suffices to apply Lemma 21(vi) to find that for all k€ PN(s) NS, P(k) \ Ps(k) S PN(s)N
P(S). The fourth equality is a bit more complicated. It is trivial if S\ PN(s) =, so suppose that S\ PN(s) # @. Pick any leaf
£ from the sub-DAG that corresponds to the nodes in S\ PN(s); this is possible because S\ PN(s) # @ and a DAG always
has at least one leaf. We then find that

Z l_[ P(WiIWpg k), YP(s))

Ws€eXs keS\PN(s)
WPN(s)NS=ZPN(s)NS

Z Z 1_[ Pk(WklWpg(ky, Y P(S))

WS\(“EXS\{“ W(EX/Z kE(S\PN(S))
WPN(s)nS=ZPN(s)NS

Z l_[ P(WilWps iy, YP(s)) Z Pe(We|Wpsoy, YP(S))

Ws\()€Xs\(ey  ke(S\PN()\{¢} weeX;
WPN(s)nS=ZPN(s)NS

Z 1_[ Pk(WilWps iy, YP(S))-

Ws\()€Xs\(ey  ke(S\PN())\{¢}
WPN(s)NS=ZPN(s)NS

The first equality holds because ¢ ¢ PN(s) N S, and the second one because ¢ ¢ Ps(k) for k € (S\ PN(s)) \ {¢}, since £
was assumed to be a leaf of S\ PN(s). By repeating this argument for the sub-DAG that corresponds to the nodes in
(S\ PN(s)) \ {¢}, we can remove yet another node, and if we go on in this way until no node remains, we eventually obtain
that indeed

Z 1_[ P(Wi|Wpsaey, Yp(s)) = 1.

WsEeXs keS\PN(s)
WPN(s)NS=ZPN(s)NS

Hence, for any s € G\ S and zpns) € Xpn(s) such that zpsynpn) = Yp(s)nPNs):

Es(Mizpnionst Y Pes)) = l_[ Pi(Zk|Zp 1))
kePN(s)NS

We can derive two additional things from this result. First of all, Es(liz,y~s3|YP(s)) is strictly positive because all local
probabilities are strictly positive by construction. And secondly, Es(I{z,y.s}1YP(s)) does not depend on the particular value
of yp(s)\pn(s) because for all ke PN(s)N'S, P(k) € PN(s) due to Lemma 20(iv).

If we now no longer consider a fixed value of yp(s) € Xp(s), then the results mentioned above have a number of imme-
diate consequences. First of all, the gamble Es(1|Xp(s)) is constant and equal to 1. Secondly, for all s € S and zpn(s) € Xpn(s)
such that fs zpy, 7# 0, Es(Uzpynst fs.zons 12P(s)) > 0. And thirdly, for all s€ G\ S and zpn(s) € Xpn(s) the gamble

Es(izpynstZP(s)nPN(s)> XP($)\PN(s))

is constant and strictly positive: it is equal to erPN(s)ﬁS Pi(Zk|zZp1))-



200 J. De Bock, G. de Cooman / International Journal of Approximate Reasoning 56 (2015) 178-207

We start, in a first stage, with the Bayesian networks that correspond with the subset S := D(K) of G, closed due to
Lemma 20(iii). Every yppk)) € Xp(p(k)) yields a Bayesian network, and thus a mass function pp)(-|yp(k)) on Xp)
and an associated expectation operator Epx)(:|yp(p(k)y)) on G(Xpk)). If we do not fix the value of ypp(k)) € Xp(p(k)), then
Ep)(-|Xpp(ky)) satisfies a number of properties, which have already been proven above for general closed subsets S of G.
First of all, the gamble Ep)(1|Xp(p(k))) is constant and equal to 1. Secondly, for all s € D(K) and zpn(s) € Xpn(s) such that
Fs.zpne 7 05 Epaoy Uizpnnnao ) fs.zons 12PD(x))) > 0. And thirdly, for all s € G\ D(K) and zpn(s) € Xpn(s) the gamble

Ep o) Wizpy s} 12P (D K)NPNGs)» XP(DK)\PN(s))

is constant and strictly positive: it is equal to nkePN(S)ﬂD(K) Pr(zklzpk))-

Next, in the second stage, we consider the (single) Bayesian network that corresponds with the subset S := PN(K) of G,
closed due to Lemma 20(iii). Since K is closed, we infer from Lemma 20(v) that P(PN(K)) = . Therefore, we do not need
to instantiate Xppn(k)) since it is deterministic. We thus obtain an unconditional mass function ppy) on Xpn) and
a corresponding expectation operator Epn) on G(Xpn(k)). Again, we derive a number of properties that will be needed
further on in this proof.

First of all, since all local probabilities are strictly positive, we find that, for all zpn) € Xpn(K), PPNK) (ZPN(K)) > 0.

Secondly, for all s € PN(K) and zpn(s) € Xpn(s) such that fs 7,y # 0, we have Epn)[izpyenpnao} fs.zoni) > 0- To see
why, first recall that, due to Lemma 20(iii), PN(K) is closed. Therefore PNpn)(s) = PN(s) N PN(K) due to Lemma 21(iii),
and Ppnk)(s) = P(s) because of Lemma 19 and P(PN(K)) = . It then follows from the conditional independence proper-
ties of Bayesian networks that

Epno) Wzpnsnenao} fs.zones) = EPNGO Wizpnpy 01 F5.2on9) = PPN (ZPNpwey (1) EPN GO (s 20wes) [ZPNpwisey )
= pPN(K) (ZPNPN(K)(S))ES(fS,ZpN(S) IZPPN(K)(S))
= PPNK) (ZPNpy iy () Es(fs.zpns) 12P(5)) > 0,

where the inequality holds because Es(fs.zpy 12p(s)) and ppn) (ZPNpy,(s)) are strictly positive. For Es(fszpye 12p(s)), this
is true by construction, and for ppnk)(ZpNpy(s)), this holds because all local probabilities are by construction strictly
positive and therefore the global ones are too.

Thirdly, we have Epn)(&lixp,)) > 0. Indeed, since gliy, 1 € G(Xpn(k).,), We can derive that Epnk)(glixpy,)) is @
positive linear combination of probabilities ppnk)(zpn(k)), With zpnk) € Xpn(k), for which we have already shown that
they are strictly positive.

For the third stage, we start by associating with the gamble f the following collection of gambles on Xk:

f . .
Al jxpii) = Tizenonk, Hs.zone S € Ky ZPNGs) € XpN(s)s ZP(s)\Pr(s) = XP)\Pk(5)» P() NK S K1 S K, fszpy( # 0},

which is a finite subset of Dilgjxpm = posi(Ailgij(K)). To see why, first notice that because PNg(s) = PN(s) N K
due to Lemma 21(iii), Lizpyy,) 1S clearly the (finite) sum of all indicators Ijy,y ) such that ypn, (s € Xpny(s) and

YPN(s)nk; = ZPN(s)nk;- By definition of the posi operator, we are now left to show that for any ypn, () € Xpny(s) such
that ypnenk, =2pNesnk,. We have Ly o) fs zong € Ak, - BY construction of A Ixpiky® ZPO\PK(s) = XP(s)\Pg (), and it
therefore suffices to show that yp, () = zp,(s). To see why this last equality holds, first notice that Px(s) = P(s) N K due
to Lemma 19. Also, P(s) N K € PN(s) N Ky because P(s) N K C Ky by construction of .Aijx”m and P(s) N K € PN(s) by
definition of PN(s). Therefore, we find that Py (s) € PN(s) N Ky, implying that yp, () = zZp,(s) is a direct consequence of

YPN(s)NK; = ZPN(s)NK1 -

Due to the coherence of D}HXP(K) and the assumption that the non-zero f ¢ Dilgjxpm, 0 ¢ posi({—f} UD}HXP(K)). To
see why this holds, assume ex absurdo that 0 € posi({—f} U Dilgjxp(m), then it follows from the coherence of D}{EXP(K) that

we can find A1, 42 > 0 and h € DIl such that Aq(—f) + A2h = 0 and therefore f = (Ay/A1)h € DI contradicting

: Klxpi) Kixpuey’
irr
fé¢ DKJXP(K)'

Since Alf(Jxmo and G(Xy)-o are both subsets of Dilgjxp“o, we can infer from 0 ¢ posi({—f} U Di,gjxmo) that 0 ¢
posi({—f} U.AiJXP(K) U G(Xk)=0) =:5({—f}UA£JXP(K)). We also know that {—f} UA};JXP(K) is a finite subset of G(Xk)

and therefore, we can apply Lemma 18. This provides us with a mass function pg|x,,, on Xk with expectation operator
Exjxp, ON G(Xxk) for which pgjxp, (zx) > 0 for all zg € Xk, Ex|xp, (h) > 0 for all h € Aijxm() and Egjxp, (f) <O.

Using the mass function pgjx,, on Xk and the local mass functions, we will now construct, for every instantiation
Yp(k) € Xp(k), a conditional mass function pk(-|yp)) on Xk. So consider any yp) € Xpk). If ypk) = xp(k), we define
prClXpy) := Pk jxp,- If Yp(y is such that yy # x for all k € P(K), then px(-|ypx)) is constructed in the same way as
we have done several times before: we use the local mass functions and the instantiation yp) of the parent variables
Xp(k) to construct a Bayesian network that has a graphical structure corresponding to the subset K of G. Unlike the one
in the preceding paragraphs, this construction does not take into account the gamble f. In all other cases, we need a more
complex construction that includes the previous two as a special case.
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Let us denote by P1(K) the largest subset of P(K) such that y, = x; for all k € P1(K) and let Py(K) := P(K) \ P1(K).
We also let K := K N D(P»(K)) and K1 := K\ D(P2(K)). These sets depend on yp), but we have not reflected this in the
notation to avoid cluttering up the formulas and because yp, is fixed in this part of the proof.

It should be clear by now that for any zp,) € Xp(k,), We can construct a strictly positive mass function pg, (-|zp(k,))
on Xk, and an associated expectation operator Eg,(:|zpk,)) on G(Xk,), by using the local mass functions to con-
struct a Bayesian network that has a graphical structure corresponding to the subset K, of G. Since we know that
K3 is a closed subset of G due to Lemma 22(i), we have for all s € G and zpn(s) € Xpn(sy such that fs 7,y # 0 that
Ex, (H{ZPN(S)QKZ}fS-ZPN(S) |ZpKy)) >0 if s € K5 and that the gamble Ek, (H{ZPN(S)HKZ]|ZP(K2)OPN(5)’ Xp(](z)\pN(s)) is constant, strictly
positive and equal to erPN(s)ﬁKz Pr(zklzp)) if s ¢ Ky. The proof for both these properties follows from the discussion
above for general closed subsets S, by taking S = K».

Next, we define the mass function pg, (-|xp,x)) on Xk, as the marginalisation of pg x,, to Xk, : for all zk, € Xk, we
let

DKy @Ky %P ) == D PiJxp (W)

wgeXk
WKy =2ZKy

Since all the terms in this sum are strictly positive by construction, we have that p, (z, |xp,x)) > 0 for all zgx, € Xk,.

For the corresponding expectation operator E, (-|Xp,x)) on G(Xk,), we get that Ex, (h|xp,(k)) = Exxp, (h) for all h e
G(Xk,).

We can now construct the mass function pk (-|yp(k)) by defining, for all zx € Xx:

PrZk|yp)) = Pk, (Zk 1Y Py (1) P K, (ZKy | Y P(K2)NP(K) > ZP(K2)\P(K))
= Dk (Zk 1XP1 () DKo (ZKo |V P(K2)NP(K) s ZP(K2)\P(K))
which makes sense because P(K>) \ P(K) € Kj. It should be clear that for all zx € Xk, we have that px(zx|yp)) > 0.
For the corresponding expectation operator Ex (-|yp(k)), the law of iterated expectation yields for all h € G(X)) that
Ex (hlypk)) = Ex, (Ek, (WY pky)np (k) s XPRa)\P(K)IXP () )- (A.2)

This expectation operator has two useful properties that we will need further on in this proof.

For the first property of Ex (:|yp(k)), consider any s € K, implying that P(K) € PN(s) due to Lemma 20(ix). It then holds
for all zpn(s) € Apn(sy such that fs 7,y # 0 and zp) = Yp), that Ex (Lzpye k) fs.zone 12Pa)) > 0. To see why, consider
two distinct cases: s € K, and s € Kj.

If s € K3, then because K1 € PN(s) due to Lemma 22(iv), we get, using Eq. (A.2):

Ex Uizpniorict fs.2one 1Y P00 = Ecy (Eit, Tz iz, } fs.zonee |V PP XP ()P (KO IXP ()
= Exy (Tizi, 1 Eit, Wzpniory 1 5. 2one0 1Y PURINP () s ZP(K)\P(O) 1XPy (1))
= Exe; Tz ) 1Xpy 1)) Ey (Wzpisyiey ) f5. 20w [V PCRRINP (K) » 2P (Ko)\P(K))
= pi, i, Xy (1) Exta Qizpn sy} fs.zons 12P(K2)) > 0,

where the final expression is strictly positive because both factors have been proved above to be strictly positive.
If s € Ky, then because P(K) C PN(s), we get, using Eq. (A.2):

Ex Wizpsnict fs.zonie 1Y PY) = Exy (Exy Mizpniok, 1 f5.2on00 Lizenisiy HZP(K2) PN () s XP(K)\PN ()P (K))
= Exy (Lizpneoriey fs.zonc Ek2 Wizonioriey HZP (Ka)NPN () s XP(Ko)\PN ()X ()
= Ext, Mizpnisynuy ) fs.zenis 1XP1 (0 Eky (Uzpyyk,y 11 2P (K2)NPN(s)» XP(K2)\PN(s) > 0.

The_ third equality holds because_ EKz.(H{ZPN-(SmKZ}|Zp(!(2.)mpN(-5),Xp(](z)\pN(s)) has_begn shown to be a constan_t.gamble
earlier on and the final expression is strictly positive since the two constituting factors are strictly positive. For
EKZ (H{ZPN(S)OKZ}lZP(KZ)mPN(S)’ Xp([(z)\pN(s)), this has already been pI'OVEd. For EK] (H{ZPN(s)OKl}quZPN(s) |Xp1(1()), this follows from

Ex, (H{ZPN(S)F\I(I }fSVZPN(s) 1Xpy (k) = EKJXP(K) (H{ZPN(S)OKl}vaZPN(s)) >0,

where the final inequality is due to Lizpy, ) fs.zpy) being an element of A{QJXP(K), which is in turn true because P(s) NK =

P(s) N K1 € K1 € K due to Lemma 22(v), and because P(s) N P(K) = P(s) N P(Ky) € P(Ky) € P1(K) due to Lemma 22(vi)
and (ii) and therefore Zp(s)NP(K) = XP(s)NP(K)» implying that Zp(s)\Pk (s) = XP(s)\ Pk (s) due to Lemma 19.

The second property of Ex(:|ypk)) is that for all s € PN(K) and zpn(s) € Xpnes) such that zpionpni) = YP)NPN(s).
Ex (Uzpyni} 1Y Py) is strictly positive and does not depend on the particular value of yp)\pn(s). To prove this,
we start by recalling from the discussion above that, because s ¢ Kz, Ex,(Lizpyeni, }|1ZP(k)nPNGs)> XP(kp)\PN(s)) 1S 2
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constant, strictly positive gamble that is furthermore equal to ]_[kep,\,(s)m(2 Pk(zklzp@)). Hence, we also have that
Ex, (I[{ZPN(s)nKZ}|yP(K2)ﬂP(K)7Z(P(Kz)\P(K))ﬂPN(s)»X(P(Kz)\P(K))\PN(s)) is a constant, strictly positive gamble that is equal to
[Tkepnes)nk, Pr(zklZp@)) because

(Y P(KNP(K)» Z(P(K)\P(K)NPN(s)» X(P(K2)\P(K)\PN(s))
= (Y(P(K)NPKN\PN()» Y P(K)NP(K)NPN(s)» Z(P(K)\P(K)NNPN(s)» X(P(K2)\P(K)\PN(s))
= (Y(P(K)NP(KN\PN(s)» ZP(K2)NP(K)NPN(s)» Z(P(K2)\P(KNNPN(s)> X(P(K2)\P(K))\PN(s))
= (Y(P(K)NP(K)\PN(s)» ZP(K2)NPN(s)» X(P(K2)\P(K))\PN(s))
= (Y (P(K2)\PN(s)NP(K)> ZP(K3)NPN(s)» X(P(K2)\PN()\P(K))-
We therefore get that, using Eq. (A.2),

Ex Wizpn it 1Y P0) = Eky (Ext, Tizpwisini  izonniey 1Y PRINP ) XP(k)\P(K)IXP ()
= Exy (Lizpweiey ) E2 Wizoneoriey Y PIINPE) s Z(P R\ PHDNPN(S)s X(P(K)\P(KN\PN(s) %Py (K) )

= Ex; Tizpn o, }1XP1 (6) 1_[ Pi(Zk|zp(k)),
kePN(s)NK,

where the second equality is a consequence of P(K3) \ P(K) C Kj.

The property that we are trying to prove will therefore follow if we can show that both E, (]I{ZPN(S)QI(l}'XPl(K)) and
[ Tkepnes)nk, Pr(2klzp(k)) are strictly positive and do not depend on the particular value of ypi)\pn(s) € Xpk)\PN(s)-

We start with Ex, (Iizpynk, 1 1% (k). 1t is Dy definition equal to Ex jxp ) (Lizpnnk, ) and therefore strictly positive be-
cause pixp, 1S a strictly positive mass function. Since s € PN(K), we can use Lemma 22(vii) to infer that PN(s) N Ky =
K\ D((P(K)\ PN(s)) U(PN(s) N Py(K))). We therefore find that PN(s) N K; does not depend on the particular value of
YP(K)\PN(s) in Xp([()\pN(s) because PN(s) N Py(K) is fully determined by YPK)nPN(s)- Hence, EKJXP(K) (H[ZPN(s)mkl}) does not
depend on yp(k)\pn(s) either.

For ]_[kel[,,\,(s)m(2 Pr(zk|zp()), we start by noticing that PN(s) N K3 does not depend on the particular choice of ypy\ pn(s)
in Xp()\pn(s) because, as we have shown in the previous paragraph, PN(s) N K1 does not and because PN(s) N Ky =
(PN(s) N K) \ (PN(s) N K7). Next, for all k € PN(s) N K3, the factor py(zx|zpw)) will not depend on the particular value of
YP(\PN(s) I Xp(ky\PN(s) because P(k) € PN(s) due to Lemma 20(iv) and we therefore find that [[pepys)nk, Pk(Zkl1Zp@k)
does not depend on the particular value of yp)\pn(s) in Xpoy\pns)-

If we now no longer consider a fixed value of yp) € Xp(k), then the results mentioned above have two immediate
consequences. First, for all s € K and zpn(s) € Xpnes) such that fs zoy 7# 0, Ex (Uzpyeni) fs.zpne 12P(k)) > 0. And second, for
all s € PN(K) and zpns) € Xpngs), the gamble Ex (Lizy )~k HZPK)NPN(s)> XP(K)\PN(s)) IS constant and strictly positive.

We are now ready to define the mass function p; on A that we have been after all along. For all z¢ € X, we let

Pc(zc) == PrN)(ZpN) PK (Zk1Zp k) PD (k) (ZD (1) 1ZP(D(K)))

where all three factors (mass functions) have been defined in earlier parts of this proof. Since PN(K), K and D(K) constitute
a partition of G due to Lemma 20(ii), and since P(K) € PN(K) and P(D(K)) € PN(K)UK, we see that p¢ is indeed a mass
function on X;. For the corresponding expectation operator E¢, we know from the law of iterated expectation, and, again,
P(K) € PN(K) and P(D(K)) € PN(K) UK, that for all h € G(X;):

Ec(h) = Epney (Ex (Epy (MIXp k)1 XP(K)))-
Taking the expectation of the gamble f” = 8lixpk)) f, and recalling that g € G(Xn(k))=-o0 and f € G(Xk), we find that

Ec(f") = Epnao (Ex (Epao (f"[Xpioy)| Xp)))
= Epn() (gﬂ{xp(,O}EK(fED(K)(l IXpDK))|XP(K)))
= Epnei) (&lixpu ) E (F1%p(k))) = Ex (f1Xp () EPN(K) (8lixp i) < O,

where the last inequality holds because Ex (flxpk)) <0 and Epnk)(&lixp,}) > 0. For Ex (f|xp(x)), this is true by construc-
tion since Ex (fIxpk)) = Exxpq, (f) <0 and for Epn(k)(8lixp,}), this has been shown earlier on in this proof.

All that is now left to do, is to show that also E¢(f”) > 0. Since fs.zpn 7 0 for at least one s € G and zpn(s) € XpN(s),
Eq. (A1) tells us that it suffices to show that E¢(Iizpy )} fs.zpni)) > 0 for all s € G and zpn(s) € Xpn(s) such that fs 7,y # 0.
So let us fix any such s € G and zpn(s) € Xpn(s) and show that Eg (Lizpye1 fs.zpne)) > 0- We consider three exhaustive and
mutually exclusive cases: s € D(K), s € K and s € PN(K). The fact that these cases are indeed exhaustive and mutually
exclusive follows from D(K), K and PN(K) constituting a partition of G, due to Lemma 20(ii).

If s € D(K), then, because D(K) is closed due to Lemma 20(iii) and because PN(D(K)) = PN(K) U K due to
Lemma 20(vi), we can use Lemma 20(x) to infer that PN(K) U K € PN(s) and therefore
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Eg (H{ZpN(S)]fS,ZpN<S)) = EG(HKZPN(K)}H{ZK}H{ZPN(st(K)}fSJPN(s))
= prni) (2N Pi (Zk 12 ) Ep oy Wizpnonp o} fs.zons 12P D 10)) > 0,

where the inequality holds because all three constituting factors have been shown to be strictly positive earlier on.
If s € K, then since PN(K) C PN(s) due to Lemma 20(x), we get

EG (H{ZPN(S)}fS,ZPN<S))
=Eg (H{ZPN(I()}H{ZPN(S)HK}H{ZPN(s)ﬂD(K) } szZPN(s))
= pen) @en i) Ek (Lzpnenk) Fs.zon ED IO Wizpnsinn o} [ ZPDE)APN(s)» XPDK)\PN($))|ZP(K))
= PN @PN ) Ek Wizpy okt Fo.zons 12P 1)) ED (16 Wizpnsynpao H 2P (D (k)NPN(s)» XP(D(K))\PN(s)) > 0.

The third equality holds because E p k) (Lizpyenp} 1ZP(DK)NPN(s)> XP(D(K)\PN(s)) has been shown to be a constant gamble
earlier on (observe that s ¢ D(K) because s € K), and the final expression is strictly positive since all three constituting
factors have been shown to be strictly positive earlier on as well.

Finally, if s € PN(K), then

Eg (H{ZPN(S)]fSwZPN(s))
=E¢ (H{ZPN(S)HPN(K) }H{ZPN(S)HK }H{ZPN(S)HD(K) } fS,ZPN(s))
=Epn) (H[ZPN(S)HPN(K)}vaZPN(s)
Ex (Tizon o) ED GO Mizpnsyniao 2P (DADNPN () XP(D(KN\PN($)|ZP)NPN(s)» XP(KN\PN(s)))
= EPN(K)(H{ZPN(s)nPNa()}fS,ZPN(s))
Ex (Wizpy sk} 12P 0PN Gs)» XP)\PN(s)) ED(K) Wizpnoyniiey} 2P (DK )NPN(s)» XP(D(k))\PN(s)) > O,

where the third equality is a consequence of the earlier proven fact that both Ex (Ijzpyny}l2PaonpPN(s)s Xpo\pN(s)) and
Ep ) Wizpnesynpir} 2P0 k)NPNGs)» XP(D(K)\PN(s)) are constant gambles. The inequality is again due to the three constituting
factors being strictly positive, which was also shown earlier on in this proof. O

Proof of Corollary 11. Fix any closed K C G, xpx) € Xp(k), non-empty Ank) € Xnk) and f € G(Xk). Since Ty, is an
element of G(Xn(k))s0, we know from Eq. (1) and Theorem 10 that

femarg,((D'C"J{xP(K)}XAN(K)) < Tayao Txpao) feD‘" < fe ;gjxmo' =

Proof of Corollary 12. Fix any closed K € G, and xp(k) € Xp(k) and any non-empty An(k) € Xn(k). Then due to Corollary 11,
margK ('Dng {Xp([()} X AN(K)) = ,D}gij(K)' The Special case AN(K) = XN(K) yields

margyg ('DngXp(K)) margg (DlrrJ {Xp(]()} X XN(K)) = ,DiI?J.Xp(K) . O

Proof of Proposition 13. Consider any partition Gi,...,G, of G such that P(G;) =¢ for all i € {1,...,n}. Then, clearly,
the sets G; are disconnected from one another. Indeed, assume ex absurdo that there is an arrow from a node s; € G; to
a node sj € Gj, with i,je{1,...,n} and i # j. Then s; is an element of P(G;), which contradicts our assumption that
P(Gj) =¥. Consequently, for any i € {1,...,n} and all s € G;, we have that Pg,(s) = P(s) € G;, D(s) € G; and therefore also
G\ Gi € N(s) and PN(s) = PNg,(s) U (G \ Gj).

Now let Di" be the irrelevant natural extension of the complete network, as given by Eq. (4), and, for all i € {1,...,n}, let

D‘” be the 1rrelevant natural extension of the network that has the sub-DAG associated with G; as its graphlcal structure,
as glven by Eq. (7). The result then follows from

®DIG” = pOSl H{ZG\Gi}f: ie{l,...,n}, zg\G; € Xg\q;» f € 1rr})

= pOSl({H{ZG\Gi}fZi (S {1, ey n}, ZG\G,- S XG\Gp
fe posi({]I{szGi(s)}f:s € Gi, ZpNg,(s) € XPNg,(5)> f € Dsjzpg, Hh
OSi({H{zG\Gi}H{szGi(s)}fii €{l,....n}, Ze\G; € XG\G;» S € Gis ZPNg,(s) € XPNg,(s)» [ € Dszps })

irr

051 ({I(zpye)) S5 € G, ZpN(s) € XpN(s)s f € Dsjzpy}) =D
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The first equality in this derivation follows from Eq. (9). The second one follows from Eq. (7) and the earlier proven fact that,
for all i € {1,...,n} and every s € G;, Pg,(s) = P(s). The third equality is due to the definition of the posi operator and the
fourth equality holds because G, ..., G, is a partition of G and because we have already shown that, for all i € {1,...,n}
and every s € Gj, PN(s) = PNg,(s) U (G \ G;). The final equality follows from the definition of DT, as given by Eq. (4). O

Proof of Theorem 14. Fix i € {1,...,n} and consider any s € P(K;). Then there is some q € K; such that s € P(q) and s ¢ K;.
Due to our assumption that Py (K;) =@, we find that s ¢ K and therefore s € P(K). Hence, we have for all i € {1, ...,n} that
P(K;) € P(K).

The rest of the proof is now a direct consequence of Proposition 13. It suffices to apply Proposition 13 to a credal
network that has the sub-DAG associated with K as its graphical structure and whose local models are given by Eq. (6). O

Proof of Theorem 15. Direct and reverse redundancy follow from the consideration that every path from I to O is blocked
by I in its first node and by O in its last node.

To prove direct decomposition, notice that every path from I to O is also a path from I to O U S. It is therefore blocked
by C due to AD(I, O U S|C). Reverse decomposition is proved analogously.

To verify direct weak union, consider any path from i € I to o € O. Since this is also a path from I to O U S, we know
from AD(I, O U S|C) that it is blocked by C. Now let s be the first node in the path for which that path is blocked by C
in s. If the path from i to o is blocked by C in s using condition B1, B2 or B4, then s € C C CU S, implying that the path is
blocked by CU S in s and concluding the proof.

So suppose that the path is blocked by C in s using condition B3. We then have that s¢ C and D(s)NC=@.If s¢ S
and D(s)NS =0, thens¢ CUS and D(s) N (CUS) =¢, implying that the path is blocked by CU S in s and concluding the
proof.

So suppose, and this is the only remaining possibility, that there is some node t € {s} U D(s) for which t € S. In that case
there is a directed path from s to t and one can concatenate the section from i to s with this directed path from s to t,
obtaining a path from i €I to t € O U S. This however leads to a contradiction with AD(I, O U S|C) because this path from
i to t is not blocked by C. To see why, first consider all the nodes in the part from i to s, excluding s. The path from i to
t cannot be blocked by C in these nodes, because s was the first node in the original path from i to o for which this path
was blocked by C in s. It also cannot be blocked by C in the nodes in the part from s to t because this part is directed,
s¢ C and D(s) N C =¢. This means that this possibility cannot occur, which concludes the proof of direct weak union.

Reverse weak union has a similar proof. Every path from i € I to 0o € O is also a path from I US to O and is thus blocked
by C. Let s be the last node in the path for which that path is blocked by C in s. If the path from i to o is blocked by C in
s using condition B1, B2 or B4, then s € C € CU S, implying that the path is blocked by CUS in s and concluding the proof.

So suppose that the path is blocked by C in s by condition B3. We then have that s¢ C and D(s)NC=0.1f s¢ S and
D(s)NS=@, then s¢ CUS and D(s) N (CUS) = ¢, implying that the path is blocked by CU S in s and concluding the
proof.

So suppose, and this is the only remaining possibility, that there is some node t € {s} U D(s) for which t € S. In that case
there is a directed path from s to t and one can understand it as a reverse directed path from t to s and concatenate it with
the section from s to o, obtaining a path from t € [US to o € 0. This however leads to a contradiction with AD(IU S, 0|C)
because this path from t to o is not blocked by C. To see why, first consider all the nodes in the part from s to o, excluding s.
The path from ¢t to o cannot be blocked by C in these nodes, because s was the last node in the original path from i to o
for which this path was blocked by C in s. It also cannot be blocked by C in the nodes in the part from t to s because this
part is a reverse directed path, s ¢ C and D(s) N C = . This means that this possibility cannot occur, which concludes the
proof of reverse weak union.

To prove direct contraction, consider any path from i € I to s € O US. We need to show that it is blocked by C. If s € O,
this follows directly from AD(I, O|C), so we can assume that s € S, implying that the path from i to s is blocked by C U O
because of AD(I, S|C U 0). Let t be one of the nodes for which the path from i to s is blocked by CUO in t. If t € C or
t ¢ CU O, then the path from i to s is blocked by C in t, concluding the proof. If t € O, and this is the only remaining
possibility, then AD(I, O|C) implies that the path from i to t must be blocked by C, from which one can also infer that the
path from i to s is blocked by C.

Reverse contraction has a similar proof. Take any path from s€ U S to 0 € 0. We need to show that it is blocked by C.
If s € I, this follows directly from AD(I, O|C), so we can assume that s € S, implying that the path from i to s is blocked by
C U I because of AD(S, O|C U ). Let t be one of the nodes for which the path from s to o is blocked by CUI int. IfteC
or t ¢ CUI, then the path from s to o is blocked by C in t, concluding the proof. If t € I, and this is the only remaining
possibility, then AD(I, O|C) implies that the path from ¢ to o is blocked by C, from which one can also infer that the path
from s to o is blocked by C.

For the verification of direct intersection, consider any path from i € I to s € O US. We need to show that it is blocked
by C. Due to the symmetry of the problem, we can assume without loss of generality that s € S, implying that the path
from i to s is blocked by C U O because of AD(I, S|C U O). Now let t be the first node in the path from i to s for which
this path is blocked by CUO int. If t e C or t ¢ CU O, then the path from i to s is blocked by C in t, concluding the
proof. If t € O, and this is the only remaining possibility, then this implies that t # s, since O NS =@ by assumption. It also
implies that the path from i to ¢ is blocked by C U S because of AD(I, O|C U S). If it is blocked by some q for which q € C
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or q ¢ CUS, then the path from i to s is blocked by C in g, concluding the proof. If g € S, then this implies that q # ¢, since
0 NS =0 by assumption. It also implies that the path from i to q is blocked by C U O because of AD(I, S|C U O). However,
this would in turn imply that the path from i to s is blocked by C U O in some node of the path from i to g, contradicting
the earlier assumption that t is the first node for which this is the case.

Finally, to prove reverse intersection, consider any path from s [US to o € 0. We need to show that it is blocked by C.
Due to the symmetry of the problem, we can assume without loss of generality that s € S, implying that the path from s
to o is blocked by C U I because of AD(S, O|C UI). Now let t be the last node in the path from s to o for which this path
is blocked by CUI in t. If t € C or t ¢ CU I, then the path from s to i is blocked by C in t, concluding the proof. If t € I,
and this is the only remaining possibility, then this implies that t # s, since I NS = @ by assumption. It also implies that
the path from t to o is blocked by C U S because of AD(I, O|C U S). If it is blocked by some q for whichqe C or q¢ CUS,
then the path from s to o is blocked by C in g, concluding the proof. If g € S, then this implies that g #t, since INS =@ by
assumption. It also implies that the path from q to o is blocked by C U I because of AD(S, O|C U O). However, this would
in turn imply that the path from s to o is blocked by C U I in some node of the path from g to o, contradicting the earlier
assumption that t is the last node for which this is the case. O

Our proof for Theorem 16 and Corollary 17 makes use of the following two subsets of G. For all I, C € G, we define

B(I,C) := {k € G:AD(I, {k}|C)}

and

BB(I,C):={reB(,C):(IkeB(U,C)\C)kCr}.

Proposition 23. For all subsets I and C of G, it holds that P(BB(I, C)) < B(I, C) \BB(I,C) < C, B(I,C)\ C €BB(I,C), D(BB(I,C))N
C=@and I\ C < N(BB(,C))\C. Furthermore, BB(I, C) is closed.

Proof. We start by showing that any node r € B(I, C) \ BB(I, C) is also an element of C, thus proving B(I, C) \ BB(I, C) C C.
Indeed, suppose r ¢ C, then k =r is an element of B(I,C) such that k T r and k ¢ C, contradicting the assumption that
r ¢ BB(I, C).

That B(I, C) \ C € BB(I, C), is a direct consequence of the result above. Indeed, B(I, C) \ BB(I, C) € C implies B(I,C)\C C
B(I,C)\ (B(I,C) \ BB(I, C)) = BB(I, C), where the last equality follows from BB(I, C) C B(I, C).

For the proof of P(BB(I, C)) € B(I,C) \ BB(I, C), consider any node p € P(BB(I,C)) and let s be (one of) the child(ren)
of p for which s € BB(I, C) € B(I, C). Since p is by its definition not an element of BB(I, C), we only have to prove that
p € B(I, C). So let us assume ex absurdo that p ¢ B(I, C), implying the existence of a path from some i € I to p that is not
blocked by C. If s ¢ C, then the concatenation of the path from i to p with the node s, yields a path from i eI to s € B(I, C)
that is not blocked by C, a contradiction. If s € C, then s € BB(I, C) implies the existence of some k € B(I, C) such that k_ s
and k ¢ C. Since k C s, we can now construct a directed path from k to s, yielding a reverse directed path from s to k. If we
concatenate the path from i to p with this reverse directed path from s to k, we obtain a path from i €I to k € B(I, C) that
is not blocked by C, a contradiction.

To verify that D(BB(I, C)) N C =, assume ex absurdo that D(BB(I, C)) N C # ¢, and choose any s € D(BB(I, C)) N C. Then
s € C implies that s € B(I, C), because any path from any i € I to s is blocked by s € C. On the other hand, s € D(BB(I, C))
implies the existence of some r € BB(I, C) such that r C s. Since r € BB(I, C) in turn implies the existence of some k € B(I, C)
such that kCrC s and k ¢ C, we obtain from s € B(I, C) that s € BB(I, C), contradicting s € D(BB(I, C)).

I\ C S N(BB(I, C)) \ C follows trivially from I \ C € N(BB(I, C)), so it suffices to prove the latter statement. Consider any
iel\C, implying that i ¢ C. Since i € G = N(BB(I, C)) U P(BB(I, C)) UBB(I, C) U D(BB(I, C)), it suffices to prove that i ¢
P(BB(1,()), i ¢ BB(I,C) and i ¢ D(BB(I, C)). First, i cannot be an element of P(BB(I, C)) because P(BB(I, C)) C C then yields
a contradiction with i ¢ C. Second, i is not an element of BB(I, C) because then i € B(I, C), implying that the trivial path
from i to i should be blocked by C, again yielding a contradiction with i ¢ C. Third, suppose ex absurdo that i € D(BB(I, C)).
We have shown in the proof of D(BB(I, C)) NC = ¢ that this would imply the existence of some k € B(I, C) such that kC i
and k ¢ C. Since k C i, we can now construct a directed path from k to i, yielding a reverse directed path from i to k that is
not blocked by C [because it is a reverse directed path, and because neither i nor k belong to C], contradicting k € B(I, C).

Finally, let us prove that BB(I, C) is a closed subset of G. Fix s,t € BB(I,C) and r € G such that sC r C t and assume
ex absurdo that r ¢ BB(I, C). Since s € BB(I, C), we can infer the existence of some k € B(I, C) such that k¢ C and kCsCr,
implying that r ¢ B(I, C) because r € B(I, C) would imply r € BB(I, C), contradicting r ¢ BB(I, C). So we now know that there
is a path from some i € I to r that is not blocked by C. Since k C r, we also have a directed path from k to r and thus a
reverse directed path from r to k. Concatenating the path both from i to r and the reverse directed path from r to k, we
obtain a path from i € I to k, which should be blocked by C since k € B(I, C). The only way for this to be possible is if r ¢ C
and D(r) N C = @. However, then the path from i € I to t, formed by concatenating the path from i to r and a directed path
from r to t, is not blocked by C, contradicting t € BB(I,C) € B(I,C). O

Proof of Theorem 16. Fix I, 0,C C G such that AD(I, O|C), xc € Xc, g € G(X])=o and f € G(Xp). Since we know from
Proposition 23 that BB(I, C) is closed and that D(BB(I, C)) N C = {, it follows from Lemma 20(ii) that
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C=(CNN(BB(,C)))U(CNP(BB(I,C)))U(CNBB(U,C))=C1UCUCs,

where Cq :=C N N(BB(,C)), C2 :=CnN P(BB(,C)) and C3:=C NBB(,C) are disjoint. Now let g’ := 8¢, xinc)lixc,) and
f = ]I{XC3}f(-,xonc) and notice that C; = P(BB(I, C)) because P(BB(I,C)) € C due to Proposition 23. Then gl f =

8C, x1n0)ixe) f ¢ %0n0) = &'Lixpgaa.c S and Tixey f = Lixe) £ ¢ x0ne) = Lixe, Lixpgsa o) S+ Since, again, BB(I, C) is a closed
subset of G due to Proposition 23, the proof will follow directly from Theorem 10 if we can show that Tjx ) €

G(Xn@B,c)) >0, & € G(XNnB(,c))>0 and f’ € G(App(,c))-

That ]I{xq} € G(Xn@B(,c)))>o is trivial, and g’ € G(Xn@s(.c)))-0 because I\ C C N(BB(I,C)) \ C due to Proposition 23.
Finally, we know that O € B(I, C) due to AD(I, O0|C), implying that O \ C € B(I,C) \ C € BB(lI, C), where the last inclusion
follows from Proposition 23. Therefore, f(-,xon;) and also f’ are elements of G(Agg(,c)). O

Proof of Corollary 17. Fix I, 0, C C G such that AD(I, O|C). As shown in the proof of Theorem 16, O \ C € BB(I, C) and
we know from Proposition 23 that I\ C € N(BB(I, C)). Therefore, I \ C and O \ C are disjoint and the subset-irrelevance
statement SIR(I, O|C) is thus well defined and by definition equivalent to SIR(I \ C, O \ C|C).

To prove that SIR(I\ C, O \ C|C), we choose xc € A¢, non-empty Apc € X\c and f € G(Xo\c). Since Tapnc is an element
of G(Xnc)-0, we know from Eq. (1) and Theorem 16 that

irr

fe margO\C(DG 1{xc} x A]\C) = ]IAI\C]I{XC}f € 'Dgr =4 H{Xc}f IS 'Dgr & fe margo\C(Dngxc),

concluding the proof for the first part of this corollary. The last part is a direct consequence of Theorem 15. O
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