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Credal networks: basic setup
A finite
@ \ number of
S x,€X,

variables

@ Every variable X, takes values x,
in some finite non-empty set X,
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e Graphical structure:
Directed Acyclic Network (DAG)

G={1,2,3,4,5,6,7}
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@ Graphical structure:
Directed Acyclic Network (DAG)

G={1,2,3,4,5,6,7}




Credal networks: local uncertainty models
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K (X xP(S)) credal set

@ P ( xP(s)) lower prevision
@S set of desirable gambles

JXP(S)



Credal networks: epistemic irrelevance

K(X; xP(s)) = K(X; ‘xP UN(S))
(%, P(-lxps)) = Ps(-[xps)un(s)
@SJXP(s) ~ '@SJXP (S)UN(s)



Credal networks: a joint model
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Credal networks: a joint model
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Credal networks: a joint model
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Independent natural extension

for two binary variables

Kirr ( XG)

K(X1)
2

= {h1.1}

K(X;)={pecZy :ph) e ph),ph)]} iﬁiﬁ;iziig(hi)

= K(X1) R K(X>)

K(X>)
-

= {ha2,12}

p(t1)p(h1,h2) — p(h1)p(t1,h2) > 0
—p(t1)p(h1,h2) +p(h1)p(t1,h2) >0
p(t1)p(h1,t2) — p(h1)p(t1,12) > 0
—p(t1)p(h1,12) + p(h1)p(t1,22) > 0
p(t2)p(h1,h2) — p(ha)p(h1,12) > 0
—p(t2)p(h1,h2) +p(h2)p(h1,12) > 0
p(t2)p(t1,h2) — p(h2)p(t1,12) > 0
—p(t2)p(t1,h2) + p(h2)p(t1,22) > 0



Independent natural extension
for two binary variables

Analytical expressions for the extreme points

p(h1,h2) ¥ p(h1,12) ¥ p(ti,h2) ¥ p(t1i,) L >

p(h1)p(h2) p(h)p(r2) p(t1)p(h2) p(1)p(r2) 1

p(h)p(hy) p(hy)p(t2) p(t1)p(h2) p(t)p(%2) 1

p(h1)p(h2) p(h1)p(t2) p(t)p(h2) p(t1)p(n2) 1

p(h1)p(h2) p(h1)p(t2) p(t)p(h2) p(t1)p(n) 1

p(h1)p(h1)p(h2) p(h1)p(h1)p(22) p(t1)p(h1)p(h2) p(h1)p(t1)p(12) p(h1)p(t2) + p(h1) p(h2)
p(h1)p(h1)p(h2) p(h1)p(h1)p(22) p(h1)p(t1)p(h2) p(t1)p(h1)p(12) p(h1)p(h2) +p(h1)p(t2)
p(h1)p(11)p(h2) p(t1)p(h)p(t2) p(t1)p(t1)p(h2) p(t1)p(n)p(22) p(t1)p(r2) +p(t1)p(h2)
p(t1)p(h1)p(h2) p(h1)p(t1)p(t2) p(t1)p(t1)p(h2) p(t1)p(n)p(22) p(t1)p(h2) +p(t1)p(t2)
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P(h2)p(t2) p(h1) p(t2)p(r2) p(h1) p(t2)p(h2)p(11) p(t2)P(82)P(t1) p(t2)p(t) +p(t2)p(h1)
p(h2)p(h2)p(h1) p(h2)p(t2)p(h1) p(h2)p(h2)p(t1) p(t2)p(h2)p(t1) p(h2)p(h1)+p(h2)p(t1)
p(r2)p(h2)p(h1) p(t2)p(22)P(h1) p(h2)p(t2)p(t1) p(t2)p(t2)p(t1) p(t2)p(h1) +p(r2)p(t1)




Independent natural extension
for two binary variables

Analytical expressions for the extreme points
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Credal networks under epistemic irrelevance using
sets of desirable gambles  sasper be Bock and ert de cooman

{Jasper.DeBock, Gert .deCocman} §UGent .be ‘/xw\
Abstract of the paper

SYSTeMS, Ghent University, Belgium
WOMIMWIOCM‘IM which are graphical models that

gereraise B: Instead of applyrg he
commanly LSed notion of SIENG independence, we repiace it by the waakar noton of
episiemic imelevance (1| ). We show haw assessments of episternic Freievance allow
us %o construct a global model out of given local uncertainty medels (| ), leading %o an
imuiive axpression for the so-called irrelevant ratural extension (11 of a retwork, i
contrast with Cozman (2000) who introcuced this nction in terms of credal sets, our
main resuls are presented using the language of sets of deskable gambles (SDG ),
This has allowed us to derive a number of Lsedsl properties of the irrelevant natural
xiension. i1 has powerul properties (IV) anc satistes all 5
properies but symmetry, both in their drect and reverse forms | & V1L

Sets of desirable gambles (SDG)

We wil model 8 subject’s beliets about the vaiue that a
variable X, assumes in some set ¥, by means of his be-
haviour: which gambles {real-valued maps) f o0 2°0oes. .
he sirictly prefer to the siatus quo. This results in a set X mmx..
of desirable gambles @ C #(2), where #(.2) 8 the sa1 Xl P (n). anmrn(‘)n-mwmnmh
cf all gambles on #. & s caled Y Xy - P{s}UN(s), then requirements (a) and (1) &6 equiva-
coherent if & satisfes the rati- 01 =0 f€F / muwwmhm(amxmclmh
nality requitements D1—D4 for D2 f>0=fe@ g _ F ) = 9,
all £ fifs e #(Z) and Al real D3 fe@oife? S “’”J il
A>0 D4 ffic @
Alhough they are not as well =>fi+he®
known as other (imprecise) prob- Consicer a global set of desirable gambles
abilty models, sa1s of desirable gambies have definite P (SDG) on 23 (1) and disjoint subsets
advantages. To gve 2 fow examples: they are cper- Sand K of G. Then the marginal modal for
asondl, are easly able to deal with conditioning on X, conditional cn the information that X5
events with probabillity zero, aliow for intuitve geomet- assumes a vake x € 75, 8 given by
rically Havoured proots and are more expressive than Ty
both credal sels and lower previsions (866 our papers. margy( Fgus) = { f € ¥ Zx): 1y, f € o).
cr the second poster far crodal netwarks under epstemic Coralder now tres subssts C.1.0 € G.
"l use. with 1€ and 0\ € digcint. We say that
Xei opistomically irrelevant 10 Xo CONGH-
tianal cn X, deroted as IR(£,0C), £ anc
only i for &l xo e € 2.y we have

-

We cefing the Irrelevant natural extension % ofa
cro0a) network 88 18 o5l consanative (smalkest)

marginalises to the given local uncertainty mod-

wmnmmummm
clements in s

= {Viny 1 5 € G Fow € Tty S € Py b

Marginalisation
For ary K € G, we construct a sub-DAG of the
original DAG by eliminating e noces s € G\ K
and their asscciated edges. The parents of a node
sex.mwwwnm.tomww

S maegeyc{ Folrc.) = ot (o). Pr(s) = P{s) VK. We derive local models , ,,

7 A Our peper also considers spistemical this mmeanbﬂmnﬁ:},},“
With every node s of a finite direcied acyclic graph subseltirrelevance, which athough inter- by foxing x,y,, . W do this consistently for all s ¢ K
(DA, we associa a variable X, taking values in some esing, is not Giscussad on this poster. 810008 by 1IN 7 ), Where PLK) = (Ucy M)} \ K

finite, ncr-empty set %, The set of all nodes is dencted For any xpc) € Ziyx), w0 usa the resulting local mod-
by G. For évery subset S C G, he joint variable X takes ﬂm:mlmlmmm;ﬁrﬂmﬂnm
VAUeS 1 Fs i 5. FOr overy 1 ¢ G, we donate by the sub-DAG ard denote itby 75,

P(=) e 21 corsisting of the parent nodes of = Simiar 1o AD(I O] C) Suppecse now that X s closed subset of G, mearing
what is done in classical Bayesian networks, we aliach 4 that F{K)ND(K) = &, wher® D(K} := (Uyuc Dis)) \ K
local uncertainty models to the nodes of the network L4 ) ) and for all s ¢ , D{s) are e descendars of 1. Then
conditional on the value of theér parents, For all s € G IR( I, Q] C) . i8 reiated 1o 75 as olows: for &l L, N(K),
and every instantiation x..,, ¢ #jy,) of X, we require 2 VUKD = Nyce N(s), 800100 81 1pps 1 € Zoye
coherent st &, of desiradie gambles (SDG) on 27 « — -

- ke (P o) = Fle,

We refer to our paper for marginalisation properties
that are even stronger than 1he ane given abave,

anu

mmmnﬂmmmmmm

0 nec;

U2 therpissome | < i< msuchthaty sy and 5 € C)
053 there is some 1 < i < n such that 5y - & 4 %1,

[ €Cand Dix)nC=8;
B el Graphoid properties (V1)

Now conzider (nat necessarily disjort) subsets J, 0 and € In & crecal metwork under oolmmic tvdwano' Y

Xal

of G. We say hat O i
as AD(1,0C), !
ancdsic (080006 0E 0,

e from 1 by C, dseoned
=.--.de = 0,82 1, fOM ond e rmuuaccow
blocked by C. mmto’c)nmmuam 0] (nmmommuonuw
Thi version of D- i 0, yet
difierert from both Moral's (2008) version of AD-separation
and the notion of L-separation, as introduced by Van- properties etr,
taggl (2002). Our reason for not using ore of these ex- o w.mummwmumm
i8ng concapts is thal our version of AD-s0paralion has B results (IV)
Atmwmmumwmmmmmvmm
MMINX' s
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gereraise B: Instead of applyrg he
mmwnmnmmlm we repiace it by the waakar noton of
epistonic imelevance (|| 1. We show how assessments of episternic relevance aliow
us %0 construct a global model out of given local uncertainty models (|
imuiive axpression for the so-called irrelevant ratural extension (11 of a retwork, i
contrast with Cozman (2000) who ntrocuced this notion in terms of credal sets, our N

\ loadng %0 an

main res.ts are pressnied using the languags of sets of desvable gambles { SOG ).
Triz has allowed us to darive a number cof Lsed propertios of the irrlovant natural

xiension. i1 has powerul L ies (IV) anc

anummmnmrmmmm VawVI).

Sets of desirable gambles (SDG)

We wil model 8 subject’s beliets about the vaiue that a
variable X, assumes in some set ¥, by means of his be-
haviour: which gambles {realvaluec mags) f o0 2°oes
he sirictly prefer to the siatus quo. This results in a set
of desirable gambles @ C #(2), where #(.2) 8 the st
cof all gambles on 7. & s caled
coherent if # satistes the rati- O SS0=f€2
nality requirements D1—D4 for D2 f>0=>fe@
al ffufped(Z)andalireal 03 feg=ife?
A0 D4 ffic @
Amough they are not as well 2 fi+hHeR
knawn as oher (Imprecise) prot-
abilty models, sa1s of desirable gambies have definite
advantages. To gve a fow examples: they are cper.
asondl, are easly able to deal with conditioning on
events with probability zero, allow for intuitve geomet-
rically flavoured proots and are more expressive than
both credal sets and lower previsions (see our papers.
cr the second poster for credal netwarks under epstemic
"t use

Wit every node s of a fnite direcied acyclic graph
(DA, we associate a variable X, 1akng values in some
finite, nca-empty set 2, The set of all nodes is dencted
by G. For every subsel 5 C G, 1e joint variabie X takes
ValLes i Z5 i %, 5%, For every s ¢ G, we denate by
#(x) 1he a1 coesisting of the parent nodes of = Simiar 1o
mumnm Bayesian netaorks, w0 olach
0 the nodes of the network,
ForallseG
of X, we require a

5 I0 G, with 5 > 1. We say that

ocked by a set of nedes C C G whenever at
mo«noﬂn-vommmmmmm
0 nec;

U2 therpissome | < i< msuchthaty sy and 5 € C)
B3 there is some 1 < i < n such that 5,y <> & 4 %o,
RECand Dix)nC=8;
B4 s,cC.
hbwmndm<mnmanpmm:l oadC
1ated from ! by €, Genoned
cite=0,m 21, ¥om
oyC.
This asymenerical version of D-separation is simiar 1o, yet
ditleren from both Moral's {2008) version of AD-separation
and the notion of L-separation, as introduced by Van-
taggl (2002). Our reason for not using ore of these ex-
ummmmaanmnd eparation has
nmwwwms tsatls o

try: It satisfies redundancy

L = P
x & e
Epistemic irrelevance (1)

Consicer a global sot of desirable gambles
P (S0G) on Z5; (1) and disjoin subsats
S and K of G. Then the marginal modl for
Xx. conditional cn the information that X
assUMes & vakue xy € 75, 18 given by
marg (S as) = (£ € #(Zi): 1y f € Fo).
Consicer now three subsets C,1.0 C G,
with € and 0 € cigoint. We say that
Xrig opistemically irmelevant 10 Xo CONGi-
tianal cn X, denoted as IR(1,0C), # anc
only if for &l xo ¢ € 0.y we have
mange | Fo|xcs) = watgy (e lxc).

Our paper also considers oolslomicy
subset-irrelevance, which alhough inter-
@s1ng, is not giscussad on this poster.

%  AD(L0(C
IR(I,0|C
|
Xz

Ina M nwml unoov ovlﬂomic irrelgvance, ¢

po d eplstemic irrelevar
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1. # we use PN{s)
P{s} UN(s), then requi
lent o requiring that for

3 € Tty S € Rupe b

Marginalisation properties (IV)

For any K © G, we construct a sub-DAG of the
original DAG by eliminating e noces s € G\ X
and their asscciated edges. The parents of a node
5 € K, with respect 10 this sub-DAG, .omodbv
Prls) == P{s) K. We derive lccal models %, ,
this sub-BAG from the original local medels '3',,,'
by foing £, - We do this consistently for all s ¢ X
810008 By 1160 ), Wheee PLK) = Uy Pis))\ K.
For &y xpyc) € T, W USS the resulting locsl mod-
els to construct an Irrelevant natural extension of
the 5ub-DAG and denote it by 57,
Suppecse now that X s closed subset of G, mearing
that F{K}ND(K) = O, where D(K) := (U Dis)) \ K
and for all s ¢ X, D{s) are e descendams of +. Then
P45, 18 relaed 10 75 as Yolows: lor al L€ N(K),
wilh N {K) = (e Nis), and Soe 8l xp o ( € gy
(P ) = Py,
We refer to our paper for marginalisation properties
that are even stronger than 1he ane given adove.
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epistonic imelevance (|| 1. We show how assessments of episternic relevance aliow
us %o construct a global model out of given local uncertainty medels (| ), leading %o an
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contrast with Cozman (2000) who introcuced this nction in terms of credal sets, our
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This has allowed us to derive a number of Lsedsl properties of the irrelevant natural
xiension. i1 has powerul £ properties (IV) anc satistes all 5
properies but symmetry, both in their drect and reverse forms | & V1L

Sets of desirable gambles (SDG) 7

We wil model 8 subjects beliefs about the value that a L
variable X, assumes in some set ¥, by means of his be-

haviour: which gambles {real-values mags) f on 2'0oes

he sirictly prefer to the siatus quo. This results in a set X
of desirable gambles @ C#(2), wheee #(2) s the et &
cof all gambles on 7. & s caled
coherent if # satistes the rati- O SS0=f€2
nality requirements D1—D4 for D2 f>0=>fe@
al fifocd(Z)andalireal D3 je@=ifed
A0 D4 ffic @
Amough they are not as well SfishHeR
knawn as oher (Imprecise) prot-

abilty models, sets of desiradle gambles have definite
advantages. To gve a fow examples: they are cper.
asondl, are easly able to deal with conditioning on
events with probability zero, allow for intuitve geomet-
rically Havoured proots and are more expressive than
both credal sets and lower previsions (see our papers.
cr the second poster for credal netwarks under epstemic

Xei8 opistomic

Local uncertainty models

Wit every node s of a fnite direcied acyclic graph
(DA, we assocat a variable X, 1aking values in some
finite, ncr-empty set ¥, The set of all nodes is denoted
by G. For every subset S © G, te joint variable X takes
values in ¥ ie x5 ¥, For every s ¢ G, we dancte by
#(s) e a1 consisting of the parent nodes of s Simiar 1o -
what is done n ciassical Bayesian networks, <o 1ol Xy
local uncertainty modeis to the nodes of the network, - /
tional on the value of their parents, Forall s € G

wm-mmnm:,, © &3y, of Xy, we roquire a

cohereen 6t 2, of desiratie gambies (S0 ) on ;.

Consicer any pamh 5.5, In G, with s > |, We say that
this path i blocked by a set of nodes € C G whenever at
least 0@ of the following four condtions hokds.

81 neC:

62 therp is some 1 < i < m such that 5, -+ 41 and 5 € C;
02 there is some 1 < i < n such that sy - & ¢ 8o,
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Now consider (not necessarily disjort) subsets J, 0 and €
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variable X, assumes in some set ¥, by means of his be-
haviour: which gambles {realvaluec mags) f o0 2°oes
he sirictly prefer to the siatus quo. This results in a set
of desirable gambles @ C #(2), where #(.2) 8 the st
cof all gambles on 7. & s caled
coherent if # satistes the rati- O SS0=f€2
nality requirements D1—D4 for D2 f>0=>fe@
al ffufped(Z)andalireal 03 feg=ife?
A0 D4 ffic @
Amough they are not as well 2 fi+hHeR
knawn as oher (Imprecise) prot-
abilty models, sa1s of desirable gambies have definite
advantages. To gve a fow examples: they are cper.
asondl, are easly able to deal with conditioning on
events with probability zero, allow for intuitve geomet-
rically flavoured proots and are more expressive than
both credal sets and lower previsions (see our papers.
cr the second poster for credal netwarks under epstemic
"t use

Local uncertainty models

Wi every node s of a fnite o acyclic graph
(DA5), we assocate a variable X, taking values in some
finite, ncn-empy set %, The set of all nodes is denoted
by G. For every subsel 5 C G, 1e joint variabie X takes
values in ¥ ie x5 ¥, For every s ¢ G, we dancte by
#(s) the et corsisting of the parent nodes of «. Simlar 1o

Bayesian natworks, «o aliach

inty models to the nodes of the network,

coherent set 2, , dmwomo(soc)onr.

Consicer any pamh s;.....5 In G, with s > |, We say that
this path & L oo ko by a set of nodes € C G whenever at
least 0@ of the following four condtions hokds.

81 neC;

U2 therpissome | < i< msuchthaty sy and 5 € C)
B3 there is some 1 < i < n such that 5,y <> & 4 %o,

»ECand Dix)nC=8;
B4 s,cC.
Now consider (not necessarily disjort) subsets J, 0 and €

of G, We say hat 018 st Trom £ by €, Senoned
as AD(1,0(C), If every path i = ,....5 = 0,22 1, fom
ancdeiEl08n0080E 0,1 Liockud by C.

This asymenerical version of D-separation is simiar 1o, yet
ditleren from both Moral's {2008) version of AD-separation
and the notion of L-separation, as introduced by Van-
taggl (2002). Our reason for not using ore of these ex-
ummmmaanmnd

L = P
x & e
Epistemic irrelevance (1)

Consicer a global sot of desirable gambles
P (S0G) on Z5; (1) and disjoin subsats
S and K of G. Then the marginal modl for
Xx. conditional cn the information that X
assUMes & vakue xy € 75, 18 given by
marg (S as) = (£ € #(Zi): 1y f € Fo).
Consicer now three subsets C,1.0 C G,
with € and 0 € cigoint. We say that
Xrig opistemically irmelevant 10 Xo CONGi-
tianal cn X, denoted as IR(1,0C), # anc
only if for &l xo ¢ € 0.y we have
mange | Fo|xcs) = watgy (e lxc).

Our paper also considers oolslomicy
subset: vance, which alhough inter-
@s1ng, is not giscussad on this poster.

AD(I,0|C)
IR(I,0 C)

Xn

X

\Xu_ i Y

Graphoid properties (V1)

Ina M nwml unoov ovlﬂomic irrelgvance, ¢

emic Irrelevan

SYSTeMS, Ghent University, Belgium s

v

‘We cefing the irrelevant natural e
cracal network 8s 1 1 (smaliest)
coherent set of desirable gambes on ¥ that (a)

P(nJVts) then recuirements (a) and (b) &e equiva-
Mumnlrvmhil:ramﬂx,, € yuy

e
Y 1o pesi A7), where the ‘posi'
operalor generates e se1of all fnite positve Inear
combinations of elements in its argument set

A= Ny 17 5€ G X € T S € Ry b

Marginali properties (IV)

For any K © G, we construct a sub-DAG of the
original DAG by eliminating e noces s € G\ X
and their asscciated edges. The parents of a node
5 € K, with respect 10 this sub-DAG, .omodbv
Prls) == P{s) K. We derive lccal models %, ,
this sub-BAG from the original local medels '3',,,'
by foing £, - We do this consistently for all s ¢ X
810008 By 1160 ), Wheee PLK) = Uy Pis))\ K.
For &y xpyc) € T, W USS the resulting locsl mod-
els to construct an Irrelevant natural extension of
the 5ub-DAG and denote it by 57,
Suppecse now that X s closed subset of G, mearing
that F{K} ND(K) = 0, where D(K) = (U, D{s))\ K
and for all s ¢ X, D{s) are e descendams of +. Then
i, 18 elaned 1o 7 as folows: or all 1< N(K),
Micx Vi), 800 %0 88 20 1 € Xy
(P ) = Py,
We refer to our paper for marginalisation properties
that are even stronger than 1he ane given adove.
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results (V)
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Advantages of
sets of desirable
gambles

Marginalisation
properties

AD-separation
satisfies every
graphoid property
except symmetry

AD-separation
implies epistemic
irrelevance



Credal networks: useful properties ¢

Conditional

V marginalisation

properties | AD-separated |
evidence is

gr id %@ V not relevant
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Barren nodes
Credal networks under
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can be removed
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