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1. Introduction

In Ref. [3], De Cooman and Hermans made a first attempt at laying the foundations for a theory of discrete-event (and
discrete-time) stochastic processes that are governed by sets of, rather than single, probability measures. They showed
how this can be done by connecting Walley’s [23] theory of coherent lower previsions with ideas and results from Shafer
and Vovk’s [17] game-theoretic approach to probability theory. In later papers, De Cooman et al. [7] applied these ideas
to finite-state discrete-time Markov chains, inspired by the work of Hartfiel [11]. They showed how to perform efficient
inferences in, and proved a Perron-Frobenius-like theorem for, so-called imprecise Markov chains, which are finite-state
discrete-time Markov chains whose transition probabilities are imprecise, in the sense that they are only known to belong
to a convex closed set of probability measures—typically due to partial assessments involving probabilistic inequalities. This
work was later refined and extended by Hermans and De Cooman [12] and Skulj and Hable [22].

The Perron-Frobenius-like theorems in these papers give equivalent necessary and sufficient conditions for the un-
certainty model—a set of probabilities—about the state X, to converge, for n — 400, to an uncertainty model that is
independent of the uncertainty model for the initial state Xj.

In Markov chains with ‘precise’ transition probabilities, this convergence behaviour is sufficient for a point-wise ergodic
theorem to hold, namely that:
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,1 n
lim o Z f(Xy) = Eso(f) almost surely (1)

n—+o00
k=1

for all real functions f on the finite state set 2", where E, is the limit expectation operator that the expectation opera-
tors E, for the state X, at time n converge to point-wise, independently of the initial model E; for X;, according to the
classical Perron-Frobenius Theorem.'

One of the aims of the present paper is to extend this result to a version for imprecise Markov chains; see Theorem 32
further on. In contradistinction with the so-called Markov set-chains more commonly encountered in the literature [10,9,11],
our imprecise Markov chains are not merely collections of (precise) Markov chains—incidentally, for such Markov set-chains,
proving an ergodic theorem would be a fairly trivial affair, as it would amount to applying the classical point-wise ergodic
theorem to each of the Markov chains in the collection. Rather, as we will explain in Section 6, our imprecise Markov chains
correspond to a collection of stochastic processes that need not satisfy the Markov property. They are only ‘superficially
Markov’, in the sense that their sets of transition probabilities satisfy a Markov condition, whereas the individual members
of those sets need not. In other words, imprecise Markov chains are not simply collections of precise Markov chains, but
rather correspond to collections of general stochastic processes whose transition models belong to sets that satisfy a Markov
condition.

We are aware of one other ergodicity result for imprecise probability models, which is the subject of a very recent paper
by Cerreia-Vioglio et al. [8]. It is at once more general and more restricted than our result: the context is not restricted to
shift invariance in Markov chains, but extends to invariance under arbitrary transformations on arbitrary sample spaces. But,
on the other hand, the (continuity) conditions imposed on the imprecise probability models are much more stringent than
what we will require here. In summary, then, our results cannot be obtained as a special case of theirs.

How do we mean to go about proving our ergodicity result? In Section 2, we explain what we mean by imprecise
probability models: we extend the notion of an expectation operator to so-called lower (and upper) expectation operators,
and explain how these can be associated with (convex and closed) sets of expectation operators.

In Section 3, we explain how these generalised uncertainty models can be combined with event trees to form so-called
imprecise probability trees, to produce a simple theory of discrete-time stochastic processes. We show in particular how to
combine local uncertainty models associated with the nodes in the tree into global uncertainty models (global conditional
lower expectations) about the paths in the tree, and how this procedure is related to sub- and supermartingales. We also
indicate how it extends and subsumes the (precise-)probabilistic approach.

In Section 4 we prove a very general strong law of large numbers for submartingale differences in our imprecise proba-
bility trees. Our point-wise ergodic theorem will turn out to be a consequence of this in the particular context of imprecise
Markov chains. Section 5 is more technical, and is devoted to extending the joint lower and upper expectations to extended
real variables, and to proving a number of important properties for them, such as generalisations of well-known coherence
properties, and a version of the law of iterated (lower) expectations.

We explain what imprecise Markov chains are in Section 6: how they are special cases of imprecise probability trees,
how to do efficient inference for them, and how to define Perron-Frobenius-like behaviour. We generalise existing re-
sults [7] about global lower expectations in such imprecise Markov trees from a finite to an infinite time horizon, and from
bounded real argument functions to extended real-valued ones. We also explore the influence of time shifts on the global
(conditional) lower expectations, investigate their Markov properties, prove various corollaries of the law of iterated lower
expectations, and discuss stationarity and its relation with Perron-Frobenius-like behaviour. As an illustration of the power
of our approach, we derive in Section 7 a system of non-linear equations for lower and upper expected transition and return
times, and solve it in special case.

In Section 8 we show that there is an interesting identity between the time averages that appear in our strong law of
large numbers, and the ones that appear in the point-wise ergodic theorem. The discussion in Section 9 first focusses on a
number of terms in this identity, and investigates their convergence for Perron-Frobenius-like imprecise Markov chains. This
allows us to use the identity to prove two versions of the point-wise ergodic theorem: one for functions of a single state
(Theorem 32) and its extension (Corollary 34) to functions of a finite number of states. We briefly discuss their significance
in Section 10.

Some of the results in this paper have already been discussed—without proofs—in an earlier conference version [6]. This
paper significantly extends the earlier version.

2. Basic notions from imprecise probabilities

Let us begin with a brief sketch of a few basic definitions and results about imprecise probabilities. For more details, we
refer to Walley’s [23] seminal book, as well as more recent textbooks [1,20].

Suppose a subject is uncertain about the value that a variable Y assumes in a non-empty set of possible values %'. He
is therefore also uncertain about the value f(Y) a so-called gamble—a bounded real-valued function— f: ° — R on the set

1 Actually, much more general results can be proved, for functions f that do not depend on a single state only, but on the entire sequence of states; see
for instance Ref. [13, Chapter 20]. In this paper, we will focus on the simpler version, but we will show that it can be extended to functions on a finite
number of states.
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2% assumes in R. We will also call such an f a gamble on Y when we want to make explicit what variable Y the gamble f
is intended to depend on. The subject’s uncertainty is modelled by a lower expectation® E, which is a real functional defined
on the set ¢ (%) of all gambles on the set ¢/, satisfying the following basic so-called coherence axioms:

LE1. E(f) >inff for all f € 9(¥); [bounds]
LE2. E(f +8) > E(f) +E(g) for all f,ge ¥ (#); [superadditivity]
LE3. E(Lf) =AE(f) for all f € 9(¥') and real A > 0. [non-negative homogeneity]

One—but by no means the only>—way to interpret E(f) is as a lower bound on the expectation E(f) of the gamble f(Y).
The corresponding upper bounds are given by the conjugate upper expectation E, defined by E(f) := —E(—f) for all f €
94 (%). It follows from the coherence axioms LE1-LE3 that

LE4. E(f) <E(g) and E(f) <E(g) for all f,g e ¥ (¥) with f <g;

LE5. inf f < E(f) <E(f) <sup f for all f e 4(#);

LE6. E(f+g) <E(f)+E(g) forall f,ge¥(%); [subadditivity]
LE7. E(Lf) =AE(f) for all f € 9(#) and real A > 0. [non-negative homogeneity]
LES. E(f+m)=E(f)+p and E(f + ) =E(f) + p for all f € 4(#) and real p.

Lower and upper expectations will be the basic uncertainty models we consider in this paper.

The indicator T4 of an event A—a subset of % —is the gamble on Y that assumes the value 1 on A and 0 outside A. It
allows us to introduce the lower and upper probabilities of the event A as P(A) := E(I4) and P(A) := E(I), respectively. They
can be seen as lower and upper bounds on the probability P(A) of A, and satisfy the conjugacy relation P(A) =1—P (% \ A).

When the lower bound E coincides with the upper bound E, the resulting functional E := E = E satisfies the defining
axioms of an expectation:

El. E(f) >inf f for all f € 9(¥); [bounds]
E2. E(f+8) =E(f) +E(g) forall f,ge¥(¥); [additivity]
E3. E(Lf) =AE(f) for all f € 4(#) and real A. [homogeneity]

When & is finite, E is trivially the expectation associated with a (probability) mass function p defined by p(y) := P({y}) =
P({y)) for all y € #, because it follows from the expectation axioms that then E(f) = Zyeg] f)p(y); see for instance
also the detailed discussion in Ref. [20].

With any lower expectation E, we can always associate the following convex and closed* set of compatible expectations:

IM(E) := {E expectation: (Vf € 4(¥)E(f) <E(f) <E(f)}, (2)

and the properties LE1-LE3 then guarantee that

E(f)=min{E(f): E€9(E)}and E(f) = max{E(f): E e M(E)} forall f e 4(#¥). 3)

In this sense, an imprecise probability model E can always be identified with a closed convex set 9t(E) of compatible
‘precise’ probability models E.

3. Discrete-time finite-state imprecise stochastic processes

We consider a discrete-time process as a sequence of variables, henceforth called states, X1, X3, ..., Xu, ..., where the
state X at time k is assumed to take values in a non-empty finite set 2.

3.1. Event trees, situations, paths and cuts

We will use, for any natural k < ¢, the notation X, for the tuple (X, ..., X¢), which can be seen as a variable assumed
to take values in the Cartesian product set Zy.; := xf:k%. We denote the set of all natural numbers (without 0) by N, and
let Ng := N U {0}.

We call any X1, € 23.n for n € Ny a situation and we denote the set of all situations by £°. So any situation is a finite
string of possible values for the consecutive states, and if we denote the empty string by [J, then in particular, 27.0 = {{J}.
[ is called the initial situation. We also use the generic notations s, t or u for situations.

2 In the literature [23,1,20], other names, such as coherent lower expectation, or coherent lower prevision, have also been given to this concept.
3 See Refs. [23,16,20] for other interpretations.
4 The ‘closedness’ is associated with the weak* topology of point-wise convergence [23, Section 3.6].
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23 - (a,a,a) - (a,a,b) - (a,b,a) - (a,b,b) - (b,a,a) - (b,a,b) - (b,b,a) - (b,b,b) -

Fig. 1. The (initial part of the) event tree for a process whose states can assume two values, a and b, and can change at time instants n=1,2,3,.... Each
node in the tree corresponds to a situation. Also depicted are the respective sets of situations (cuts) 27.1, Z1.2 and 27.3 where the states at times 1, 2
and 3 are revealed.

An infinite sequence of state values is called a path, and we denote the set of all paths—also called the sample
space—by 2. Hence

Q%= ) Zinand Q:= x2, 2;.

neNp

We will denote generic paths by w. For any path w € €, the initial sequence that consists of its first n elements is a
situation in 27., that is denoted by w". Its n-th element belongs to 2, and is denoted by wy. As a convention, we let its
0-th element be the initial situation w® = wy = 0. The possible realisations @ of a process can be represented graphically
as paths in a so-called event tree, where each node is a situation; see Fig. 1.

We write that s C t, and say that s precedes t or that t follows s, when every path that goes through t also goes through s.
The binary relation C is a partial order, and we write s C t whenever s C t but not s =t. We say that s and ¢ are incompa-
rable when neither sC t nor t C s.

A (partial) cut U is a collection of mutually incomparable situations, and represents a stopping time. For any two cuts U
and V, we define the following sets of situations:

[U, V] ::{seQO: FAuel)@veVi)ucscvy}, [U,V):= {seQO: FAuel)@veV)usc v},
u, V] :={se§2<>: AuelU)@veVi)ucscv), (U,V):= {seQO: AuelU)@veV)ucsc vy

When a cut U consists of a single element u, then we will identify U = {u} and u. This slight abuse of notation will for
instance allow us to write [u, v]={s € Q%: uCsC v} and also (U, v) ={s € Q°: (Ju e U)u T s T v}. We also write U C V
if (Vv € V)(3u € U)u C v. Observe that in that case U NV =@. In particular, s 3 U when there is some u € U such that
s Ju, or in other words if [U,s) # @.

3.2. Processes

A process .% is a map defined on Q. A real process is a real-valued process: it associates a real number .% (x1,) € R
with any situation xq.,. It is called bounded below if there is some real B such that .7 (s) > B for all situations s € Q°, and
bounded above if —% is bounded below.

A gamble process & is a process that associates with any situation x1.; a gamble Z(x1.5) € 9(Zn+1) on Xpy1. It is called
uniformly bounded if there is some real B such that |2(s)| < B for all situations s € Q. With any real process .#, we
can always associate a gamble process A.%, called the process difference. For every situation Xx;.;, the gamble A.Z (x1,) €
G (Zny1) is defined by

AZF (x1:0) Xn41) = F (X1n4+1) — F (x1:n) for all xpyq € Znyq.

We will denote this more succinctly by A.% (x1.n) = % (X1:n+) — % (X1.n), Where the ‘-’ represents the generic value of the
next state X;1.
Conversely, with a gamble process 2, we can associate a real process .#Z, defined by

n—1
I?(x1n) =Y _ Z(x11)(Xks1)  foralln € No and Xy € 2.
k=0

Clearly, A.¥? = 9 and .F = Z([O) + 727 .

5 QOur assumption that Zn+1 is finite is crucial here because it guarantees that A.% (x1.;) is bounded, which in turn implies that it is indeed a gamble.
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Fig. 2. The (initial part of the) imprecise probability tree for a process whose states can assume two values, a and b, and can change at time instants
n=1,2,3,....

Also, with any real process .# we can associate the path-averaged process [.%#], which is the real process defined by:

0 ifn=0

[Z1(x1:n) == z:é AF (X14) Kks1) " 0 foralln € Ng and x1., € 21:n.
= ifn>

n

We can generalise this notion of path-averaging even further as follows. Consider any real process . that only assumes
values in {0, 1}. Then the .#-averaged process [.%#] o is the real process defined by:

0 if Y p_g 7 (X1) =0
[F] o Xin) i= § Shco < (X140 AT (X140) Kk 1)
lrcl;(l) y(xl:k)

foralln € Ng and x1., € 27:.

if Yh_g 7 (x14) > 0

Of course, if .7 is identically equal to 1 in all situations, then [.#] o, = [.#]. In order to unburden our formulas somewhat,
we will permit ourselves the slight abuse of notation yed (X1:n) := Z;S S (x1.) for all n e Ng and x1., € Z7:n.

3.3. Imprecise probability trees, submartingales and supermartingales

The standard way to turn an event tree into a probability tree is to attach to each of its nodes, or situations xy.;, a local
probability model Q (-|x1.;) for what will happen immediately afterwards, i.e. for the value that the next state X, will
assume in Zp41. This local model Q (-|x1;,) is then an expectation operator on the set ¥(Z2p+1) of all gambles g(Xpt1)
on the next state X,11, conditional on observing Xi., = X1.;. For fixed x1.;, it has all the usual properties of an expectation
operator.

In a completely similar way, we can turn an event tree into an imprecise probability tree by attaching to each of its
situations x1., a local imprecise probability model Q (-|x1.;) for what will happen immediately afterwards, i.e. for the value
that the next state Xp4q will assume in Zp1. This local model Q (-]x1:n) is then a lower expectation operator on the set
4 (Zn+1) of all gambles g(X,4+1) on the next state X,;1, conditional on observing Xi., = X1.5. For fixed x1.;, it has all the
usual properties of a lower expectation operator. This is represented graphically in Fig. 2.

In a given imprecise probability tree, a submartingale .# is a real process for which it holds that Q (A.# (X1.n)|X1:n) =0
for all n € Ny and X1, € 27.: all submartingale differences have non-negative lower expectation. A real process ./ is a
supermartingale if —.# is a submartingale, meaning that Q (A.# (x1.n)|X1:n) < 0 for all n € Ny and x1.;, € Z7.: all super-
martingale differences have non-positive upper expectation. We denote the set of all submartingales for a given imprecise
probability tree by M—whether a real process is a submartingale depends of course on the local uncertainty models. The set
of all submartingales that are bounded above is denoted by M. Similarly, the set M := —M is the set of all supermartin-
gales, and M, := —M,, the set of all supermartingales that are bounded below.

In the present context of probability trees, we will also call variable any function defined on the so-called sample
space—the set Q of all paths. When this variable is real-valued and bounded, we will also call it a gamble on Q. When
it is extended real-valued, meaning that it assumes values in the set R* := R U {—o0, 400}, we call in an extended real
variable. An event A in this context is a subset of €2, and its indicator I4 is a gamble on  assuming the value 1 on A and
0 elsewhere. With any situation x;.;, we can associate the so-called exact event I'(x1.;) that Xi., = X1., which is the set of
all paths w € @ that go through x1.,:

I'(x1:0) = {Cl) eQ: " =x1:n}-

We will also use the generic notation ‘xq., e’ for all such paths in I'(xy.;). For a given n € Nog, we call a variable &
n-measurable if it is constant on the exact events I'(xy.;) for all x1.,, € 27.4, or in other words, if it only depends on
the values of the first n states Xi.,. We then use the obvious notation &£(xy.;) for its constant value &£(w) on all paths w in
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I'(x1.n). In particular, this means that we can—and will—identify an n-measurable gamble g on  with a gamble on 27,
and write that g € 4(%271.n).

We will also use a convenient notational device often encountered in texts on stochastic processes: when we want
to indicate which states a process or variable depends on, we indicate them explicitly in the notation. Thus, we use for
instance the notation .% (X1.;) to indicate the ‘uncertain’ value of the process .% after the first n time steps, write f(X;)
for a variable that only depends on the value of the n-th state, and similarly g(Xi.;) for a variable that only depends on the
values of the first n states.

With a real process .%, we can associate in particular the following extended real variables liminf.% and limsup.Z,
defined for all w € Q by:

liminf.Z (w) :=liminf.% (0") and limsup .# (w) := limsup .Z (™).
n—oo n—oo
If liminf.#(w) = limsup.%#(w) on some path w, then we also denote the common value there by lim.%(w) =
limy_s 00 Z (@").

The following useful result is a variation on a result proved in Ref. [18, Lemma 1], and is similar in spirit to a result

proved earlier in Ref. [3, Lemma 2].

Lemma 1. Consider any submartingale ./ and any situation s € Q©, then:

A(s) < sup liminf.#(w) < sup limsup .Z(w).
wel'(s) wel'(s)

Proof. Consider any real «, and assume that .Z(s) > «. Assume that s = x1.; with n € Ny. Since .# is a submartingale, we
know that Q (.# (X1:n-) — . (X1:n)|X1:n) = 0, and therefore, by coherence [LE5 and LE8] and the assumption, that

max.Z (X1:n-) > Q (A (X1:n -)1X1:n) > M (X1:0) > ¢,

implying that there is some xp4+1 € Zn+1 such that .# (x1.,4+1) > . Repeating the same argument over and over again, this
leads to the conclusion that there is some w € I'(x1.;) such that .Z(0"t*) > « for all k € Ny, whence liminf.#Z (w) > «,
and therefore also sup,er(x,.,) liminf.# (w) > «. The rest of the proof is now immediate. O

3.4. Going from local to global belief models

So far, we have associated local uncertainty models with an imprecise probability tree. These represent, in any situa-
tion x1.;, beliefs about what will happen immediately afterwards, or in other words about the step from x1.; to X1.3 Xp+1.

We now want to turn these local models into global ones: uncertainty models about which entire path w is taken in the
event tree, rather than which local steps are taken from one situation to the next. We will use the following expression for
the global lower expectation conditional on the situation s:

E(gls) :=sup{#(s): .# € M and limsup .# (w) < g(w) forall w € T'(s)}, (4)
and for the conjugate global upper expectation conditional on the situation s:
E(gls) :=inf{#(s): .# € M and liminf.# (w) > g(w) for all w € I'(s)} (5)
=—E(-gls),

where g is any gamble on €2, and s € Q¢ any situation. We use the simplified notations E = E(-|0) and E = E(-|0) for the
(unconditional) global models, associated with the initial situation C.

Our reasons for using these so-called Shafer-Vovk-Ville formulae® are fourfold.

First of all, they are formally very closely related to the expressions for lower and upper prices in Shafer and Vovk’s
game-theoretic approach to probabilities, see for instance Refs. [17, Chapter 8.3] and [21, Section 6.3]. This allows us to
import and adapt, with the necessary care, quite a number of powerful convergence results from that theory, as we will see
in Section 4. Moreover, Shafer and Vovk (see for instance Refs. [17, Proposition 8.8] and [21, Section 6.3]) have shown that
they satisfy our defining properties for lower and upper expectations in Section 2, which is why we are calling them lower
and upper expectations; see also Proposition 14 further on.

Secondly, as we gather from the following proposition and corollary, the expressions (4) and (5) coincide for
n-measurable gambles on Q with the formulae derived in Ref. [3] as the most conservative’ global lower and upper expec-
tations that extend the local models.®

6 We give this name to these formulae because Glenn Shafer and Vladimir Vovk first suggested them, based on the ideas of Jean Ville; see the discussion
of Ville’s Theorem in Ref. [17, Appendix 8.5].

7 By more conservative, we mean associated with a larger set of precise models, so point-wise smaller for lower expectations, and point-wise larger for
upper expectations.

8 We have also shown in recent, still unpublished work that in a more general context—where X takes values in a possibly infinite set 2 —for arbitrary
gambles on Q they are the most conservative global models that extend the local ones and satisfy additional conglomerability and continuity properties.



24 G. de Cooman et al. / International Journal of Approximate Reasoning 76 (2016) 18-46

Proposition 2. For any situation X1.m; € Q° and any n-measurable gamble g on Q, with n,m € Ny such that n > m:

E(glX1.m) = sup{A# (x1.m): A € M and VXmr1:n € Zmt1:0) A X1:n) < &(X1:0)}
E(g|X1:m) = Inf{t (X1:m): 4 € M and (Yxmi1:n € Zins1:0) A (X1:n0) > g(X1:n) -

Proof. This is an immediate consequence of Proposition 11 in Section 5. O

Corollary 3. Consider any n € Ny, any situation x1., € Q, and any (n + 1)-measurable gamble g on Q. Then
E(glxX1:n) = Q (g(X1:n ) [X1:n) and E(g|X1:n) = Q (§(X1:n -) [X1:n)-

Proof. We give the proof for the lower expectation; the proof for the upper expectation is completely similar.
First, consider any .# € M such that .#Z (x1.n-) < g(X1.n-), then it follows from coherence [LE4 and LE8] and the sub-
martingale character of ./ that

Q (g(x1:n )1x1:0) = Q (A (X1:0 ) |X1:0) = A (X1:0)s

so Proposition 2 guarantees that E(g|X1:n) < Q (8(X1:n -)1X1:n).
To show that the inequality is actually an equality, consider any submartingale ./ such that .Z (x1.n) = Q (2(X1:n *)1X1:n)
and . (X1:n-) =gX1n ). O

Thirdly, it is (essentially) the expressions in Proposition 2 that we have used in Ref. [7,12,22] for our studies of imprecise
Markov chains, which we report in Section 6. The main result of the present paper, Theorem 32 in Section 9, will build on
the Perron-Frobenius-like results proved in those papers.

Fourthly, it was also shown in Ref. [3] that the expressions in Proposition 2 have an interesting interpretation in terms
of (precise) probability trees. Indeed, we can associate with an imprecise probability tree a (usually infinite) collection
of (so-called compatible) precise probability trees with the same event tree, by associating with each situation s in the
event tree some arbitrarily chosen precise local expectation Q (-|s) that belongs to the convex closed set 2t(Q (-|s)) of
expectations that are compatible with the local lower expectation Q (-|s). For any n-measurable gamble f on €, the global
precise expectations in the compatible precise probability trees will then range over a closed interval whose lower and
upper bounds are given by the expressions in Proposition 2.

And finally, Shafer and Vovk have shown [17, Chapter 8] that when the local models are precise probability models,
these formulae (4) and (5) lead to global models that coincide with the ones found in measure-theoretic probability theory.
This implies that the results we will prove below, subsume, as special cases, the classical results of measure-theoretic probability theory.

4. A strong law of large numbers for submartingale differences

We now discuss and prove two powerful convergence results for the processes we have defined in the previous section.
We call an event A null if P(A) = E(I4) =0, and strictly null if there is some test supermartingale .7 that converges to
+00 on A, meaning that:

lim 7 (w) = +o0 forallw € A.
Here, a test supermartingale is a supermartingale with .7 (0J) = 1 that is moreover non-negative in the sense that 7 (s) >0
for all situations s € €. Any strictly null event is null, but null events need not be strictly null [21].

Proposition 4. Any strictly null event is null, but not vice versa.’

Proof. Consider any event A. Recall the following expression for P(A):
P(A) =E() =inf{#(O): .# cM and liminf.# > 14}. (6)

Also, consider any supermartingale .# such that liminf.# > I, then it follows from Lemma 1 and the fact that —.# is a
submartingale that

() > inf liminf.# (w) > inf T4(w) > 0. (7)
we we

Combined with Equation (6), this implies that P(A) > 0.1°

9 We infer from the proof that for the null and strictly null events to be the same, it is necessary to consider supermartingales that may assume extended
real values, as is done in Refs. [21,18]. We see no need for doing so in the context of the present paper.
10 This will also follow from LE*5 further on.
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We are now ready for the proof. Assume that A is strictly null, so there is some test supermartingale .7 that converges
to +o0o on A. Then for any « > 0, «.7 is a supermartingale such that liminf(o.7") > I4, and therefore we infer that
0<P(A) <aZ (0) =a, where the second inequality follows from Equation (6). Since this holds for all & > 0, we find that
P(A)=0.

To show that not every null event is strictly null, we show that while an exact event may be null, it can never be strictly
null.

First, we show that exact events may be null. Consider any situation xq.,+1, with n € Np, such that Q(H{XH 1X1m) =0,
then we show that P(I'(X;;,,1)) = 0. Indeed, consider the real process .# that assumes the value 1 in all situations that
follow (or coincide with) x1.,41, and 0 elsewhere. Then clearly ./ (0) =0, liminf.# =Ir(,,,,,) and .# is a supermartingale
because Q (& (X1:n-)|X1:n) = Q (x4} 1X1:0) = 0 = .4 (x1.1). Equation (6) now implies that P(I"(X1:n4+1)) <0 and therefore—
since we already know that P(I"(X{.n41)) = O—that P(I'(x{.n41)) = 0.

Next, if I'(s) were strictly null, there would be a test supermartingale .# that converges to +oo on I'(s), and there-
fore Lemma 1 and the fact that —.# is a submartingale would imply that .Z(s) > infycr(s) liminf .# (w) = +o0, which is
impossible for the real process .. 0O

In this paper, we will use the ‘strict’ approach, and prove that events are strictly null—and therefore also null—by actually
showing that there is a test supermartingale that converges to +oo there.

As usual, an inequality or equality between two variables is said to hold (strictly) almost surely when the event that it does
not hold is (strictly) null. Shafer and Vovk [17,21] have proved the following interesting result, which we will have occasion
to use a few times further on. It can be seen as a generalisation of Doob’s supermartingale convergence theorem |26,
Sections 11.5-7] to imprecise probability trees. We provide its proof, adapted from Ref. [18] to our specific definitions and
assumptions, with corrections for a few tiny glitches, for the sake of completeness.

Theorem 5 (/21, Section 6.5], Supermartingale convergence theorem). Let .# be a supermartingale that is bounded below. Then .#
converges strictly almost surely to a real variable.

Proof. Because .# is bounded below, we may assume without loss of generality that .# is non-negative and that
#(0) =1, as adding real constants to .#, or multiplying it with positive real constants, does not affect its convergence
properties nor—by coherence [LE3 and LE8] of the local models—the fact that it is a supermartingale. Hence, .# is a test
supermartingale. Also, because .# is bounded below, it cannot converge to —oco on any path. Let A be the event where
./ converges to +oo, and let B be the event where it diverges. We have to show that there is a test supermartingale that
converges to +oco on AU B.

Associate with any couple of rational numbers 0 < a < b the following recursively defined sequences of cuts U,‘j‘b and

V,‘j’b. Let Vg"b := {0}, and for k e N:

UMt i={s 3V . #(s) > band (Ve € (V) 5).4(t) <b) (8)

VP (s UM () <aand (Vt € (UL, $).(t) = a). 9)

Consider the real process 7% with the following recursive definition:

TOS) + AM () ifs € U [V UED)

T () :=1and 7%b(s.) :=
(0):=1an (s) Fab(s) otherwise.

(10)

We now show that .79 is a test supermartingale that converges to +oco on any path w for which liminf.# (w) <a <b <
limsup .Z (w).

In what follows, for any situation s and for any k € N, when s 3 yab

k
in U,‘{“b such that u}, T s. Similarly, for any k € No, when s 3 V,‘j’b, we denote by v;, the (necessarily unique) situation in V,f‘b
such that v} Cs; observe that v = [J. Recall from Equations (8) and (9) that, for all ke N, .# (u}) > b and .Z(v}) <a.

Since it follows from Equation (10) that A.Z%P(s) is zero or equal to A.#(s), it follows from coherence [LE5] and
Q (A (s)|s) <0 that Q (AZ%b(s)|s) <0 for all situations s, so .Z%P is indeed a supermartingale.

To prove that Z%® is non-negative, we recall from Equation (10) that 7P can only change in situations s € [V,‘j;b], U,‘j’b),
with k € N. Since .Z%5(0) = 1, taking into account Lemma 6, this means that we only have to prove that .Z7%?(c) > 0 for
the children c of the situations s € [V,‘:‘_b1, U,‘:‘b), with k € N. There are two possible cases to consider: The first case (a) is

that s € [, U‘f’b). Since .Z7%b(0) = .#(0) = 1, we gather from Equation (10) for k =1 that then Z7%%(c) = .#(c) > 0 for all

children c of s. The second case (b) is that s € [V,‘j’b, U,‘j‘f_’l) for some k € N. We then gather from Equation (10) and Lemma 6
that for all children c of s

we denote by uj, the (necessarily unique) situation
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k
TP () = 7P O) + [ A W) — MO+ Y [ W) — A (V§_))+ [ () — 4 (V)]
(=2
>b+ (k—1)(b—a)+.#(c)— #(v}) = k(b—a)+ .#(c) = k(b—a) = 0.

We conclude that 7P is indeed non-negative.

It remains to prove that .7%P converges to +oco on all paths @ where liminf.# (w) < a < b < limsup.# (w). By Lemma 6,
any such path w goes through the entire chain of cuts Vg’b C U‘l’"J C Vf’b C...C U cv® ... meaning that for any
situation s on this path w, one of the following cases obtains. The first case is that s € [[J, Uﬁ"b]. We gather from the
discussion of case (a) above that then .Z%b(s) = .#(s). The second case is that s € (U,‘j’b, V,‘j’b] for some k € N. Then we
gather from Equation (10) and Lemma 6 that

k
T (s)= 7 O) + LA W) — MO+ ) LA W) - AW;_]=b+ (k—T1)b—a).
=2

And the third possible case is that s € (Vlf'b, Ulff1] for some k € N. Then we gather from the discussion of case (b) above

that Z%b(s) > k(b — a). Since b > a, we conclude that indeed lim .Z (®) = +oo.
To finish, use the countable set of rational couples K := {(a,b) € Q?: 0 <a <b} to define the process .7 by letting
Z(@):=1 and, for all s e Q%, AT (s) := Z(u,b)eK wab A Feb(s) a countable convex combination of the real numbers

AT (s), with coefficients w®? > 0 that sum to 1. Observe that

AT =Y wPAT™()=y()AL(s)€R,
(a,byeK

where y (s) € [0, 1], because it follows from Equation (10) that for any (a, b) € K, AT%b(s) is equal to A#Z(s) or zero. As
an immediate consequence, .7 is a real process and J = Z(a’b)ek wab 7ab Clearly, 7 has .7 () =1, is non-negative
and converges to +o0o on B. Moreover, since A7 (s) = y(s)A.#(s), it follows from coherence [LE7] that Q (A.7 (s)|s) =
y(S)Q (A.#(s)|s) <0 for all s e Q0,50 7 is a test supermartingale.

Since coherence [LE6 and LE7] implies that a convex combination of two test supermartingales is again a test super-
martingale, we conclude from all these considerations that the process %(// + .7) is a test supermartingale that converges
to +ooon AUB. O

Lemma 6. V,‘j;b] C Uz’b C V,f’bfor allk e N;
Proof. The statement follows immediately from Equations (8) and (9). The case V,‘:f’l =} presents no problem, because

Equation (8) tells us that then U,‘Z‘b =) as well. Neither does the case U;:‘b = ¢}, because Equation (9) tells us that then
V,‘j’b =@aswell. O

We now turn to a very general version of the strong law of large numbers. Weak (as well as less general) versions of
this law were proved by one of us in Refs. [4,3]. It is this law that will, in Section 9, be used to derive our version of
the point-wise ergodic theorem. Its proof is based on a tried-and-tested method for constructing test supermartingales that
goes back to an idea in Ref. [17, Lemma 3.3].

Theorem 7. Let .# be a submartingale such that A/ is uniformly bounded and let . be a real process that only assumes values in
{0, 1}. Then strictly almost surely:

lim.#” = 400 = liminf [.#] , > 0.
If . is equal to 1 in all situations, then lim.#~” = +o0 on all paths, so the following special case is immediate.

Corollary 8 (Strong law of large numbers for submartingale differences). Let .# be a submartingale such that A is uniformly
bounded. Then liminf [.# > 0 strictly almost surely.

Proof of Theorem 7. Consider the events A :={w € Q: liminf [.#] o, (w) <0} and D :={w e Q: lim I () = +o0}. We
have to show that there is some test supermartingale .7 that converges to +o0o on the set D N A. Let B > 0 be any uniform
real bound on A.#, meaning that |A.# (s)| < B for all situations s € Q. We can always assume that B > 1.
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For any r e N, let A; :={w € Q: liminf [.#] o (w) < —%}, then A =|J,cyAr. So fix any r € N and consider any o €
DN A, then

1
.. ny_ L
ngl)lgof[[///]]y(w ) < o

and therefore

(Ym e N)@np > m) [ A] o (™) < —% =—¢,

with ¢ := % > 0. Consider now the positive supermartingale of Lemma 9, with in particular & := # = 2,3—132.” Denote
this test supermartingale by 92 It follows from Lemma 9 that
2
&
ﬂ‘;{)(wnm) > exp(,ﬂﬁ’(wnm)m> = exp(ﬂf’(wnm)m> forallm e N. (11)

Consider any real R > 0 and m € N. Since w € D, we know that limp_ 4 f‘y(w”) = 400, so there is some natural number
m’ > m such that exp(,ﬂy(wm )zzrj—sz) > R. Hence it follows from the statement in (11) that there is some n, >m’ >

m—whence . (@) > .7 (w™)—such that

1 / 1
79 (@) > exp(ff’«o"m’)m) > exp(ff”wm )W> > R,

which implies that limsup ﬂ;}(a)) +00. Observe that for this test supermartingale, .# 5‘(” K1) < ( )" for all n € Ny and
X1:n € Z1n.

Now define the process .7z =",y w %72 as a countable convex combination of the .7, constructed above, with
positive weights w™ > 0 that sum to one. This is a real process, because each term in the series 57//[ (x1:n) is non-negative,
and moreover

3\" 3\"
T (X1m) < E W(r)ffi;l)s E W(r)(i) =(§) foralln e Ng and x1., € Z71.n.
reN reN

This process is also positive, has .%_,(0) =1, and, for any w € D N A, it follows from the argumentation above that there
is some r € N such that w € D N A; and therefore

g™

limsup.Z_ 4 (w) > w® limsup 92(60) =400

so limsup .%_y (w) = +oo.
We now prove that .%_, is a supermartingale. Consider any n € Ny and any x1.; € £7.n, then we have to prove that
Q(—=AZ _y(x1:0)1x1:n) = 0. Since it follows from the argumentation in the proof of Lemma 9 that

—Aﬂ(r)(xlzn) = (r)(xln)A///()q 2) forallreN,

1
2r+132

we see that

~AZ g ==Y WOAFY = At 1) Y s A T

reN reN

or+1pg2

=:c(X1:n)

where c(x1.;) > 0 must be a real number, because, using a similar argument as before

i) =) 5oz v FQ0am =LY wOFYam <1(3)’
1n) = Jr+1p2 1mn 1: 2

reN reN
for some real L > 0. Therefore indeed, using the non-negative homogeneity of lower expectations [LE3]:

Q(—AZ g X1n)|X1:0) = Q(C(X1:n) At (X1:0)1X1:0) = C(X1:0) Q (AA (X1:0) [X1:0) = O,

because .# is a submartingale.

Since we now know that .%_, is a supermartingale that is furthermore bounded below (by 0) it follows from the
supermartingale convergence theorem (Theorem 5) that there is some test supermartingale .7 " that converges to +oco on
all paths where .#_, does not converge to a real number, and therefore in particular on all paths in D N A. Hence DN A is
indeed strictly null. O

11 One of the requirements in Lemma 9 is that 0 < & < B, and this is satisfied because we made sure that B > 1.
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Lemma 9. Consider any real B> 0and any 0 < £ < %. Let . be any submartingale such that |A.#| < B. Let . be any real process
that only assumes values in {0, 1}. Then the process .%_, defined by:

n—1
F. X1n) = ]_[[1 — &S (1) Al (X1:6) (K1) | foralln € No and X1 € 21
k=0

is a positive supermartingale with .%_;(0J) = 1, and therefore in particular a test supermartingale. Moreover, for & := with

0 < & < B, we have that

_£_
2B2’

2
[ 4] o (xX1n) < —& = Fy(X1:0) = exp<f5”(xhn)4%> foralln e Ng and x1., € Z71:n.

Proof. .%_,(0J) =1 trivially. To prove that .%_, is positive, consider any n € N and any x1.; € Z7.1. Since it follows from
0<é&B<1, |A#|<B and .¥ € {0,1} that 1 — £/ (x10) A (X1:%) (Xk+1) > 1 —EB >0 for all 0 <k <n — 1, we see that
indeed:

n—1
FuX1n) = ]_[[1 — £ (X10) A (X1:4) (K1) ] > 0.
k=0
Consider any n € Ng and any x1., € £1:n. For any xp41 € Zn+1:

n—1
—AZ gy X1:n) (nt1) = F o K1) — F o KR1n1) = §F (X1:0) Al (X1:0) (Xn41) ]_[ [1— 67 X1a) Al (X120 (k1) ]
k=0
=&F 4 (X1:0)S (X1:0) A (X1:0) (Xn41),

implying that —A.Z 4 (X1:m) = .7 (X1:0). Ty (X1:0) A (X1:0). Since F y(x1q) > 0, £ > 0 and # (x1) € {0, 1}, it fol-
lows directly from Q (A.# (x1.n)|X1:n) > 0 and the non-negative homogeneity property [LE3] of a lower expectation that
Q (—AZ_y(X1:n)|%1:n) > 0—implying that .%_, is a supermartingale.
" For the second statement, consider any 0 <& < B and let & :=
[.#] o (X1:1) < —¢, we have for all real K:

_£_

TR Then for any n € Ng and x1., € 27, such that

n—1

T (xin) = exp(K) & [ [[1 — €7 1) A (x12) (Re41)] = exp(K)
k=0
n—1

& Y In[1 = £7 (1) Al (X1:4) (Key1)] = K. (12)
k=0

Since |A#| < B, ¥ €{0,1} and 0 < ¢ < B, we know that

1
—£.5 (X10) A (X14) > —EB = —% >3 for0s<ks=n-—1.

As In(1 +x) > x — x2 for x > —%, this allows us to infer that

n—1

> In[1 = £.7 (1) A (1) Ke) ]
k=0

n—1
> Y [—£S *1a) Al (X140) Kic1) — E2.7 (120 (DA (X120) (Xie1))? ]
k=0

n—1
=—£57 ) [ A] 5 (xan) =82S ) (A (X12) Ke41))
k=0
2
>e77 (x1n)e — E297 (x10)B* = 77 (X1n)E(e — EB?) = ﬂf’(xnn)j?,

where the first equality holds because .%2 = .. Now choose K := .7 (x1.1) ’

48? in Equation (12). O
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5. Properties of the global models

In this section, we first consider the extension to extended real variables of the global lower and upper expectations
introduced in Section 3.4, and then prove a number of very general and useful results for these extensions. Indeed, for a
number of results and applications, it will be useful to extend the global models, introduced in formulae (4) and (5), from
bounded real variables (gambles on 2) to extended ones; see for example the discussion in Section 7, where we discuss
transition and return times, which are unbounded and may even become infinite.

Nevertheless, it should be stressed here that most of the discussion in this paper deals only with bounded real variables.
In particular, our results on ergodic theorems in Sections 8 and 9 do not rely on this extension.

We begin by proving alternative expressions for the global models for gambles.

Proposition 10. For any gamble g on 2, and any situation s € Q°:
E(gls) =sup{A#(s): 4 € My and limsup.Z (w) < g(w) forallw € I'(s)} (13)
E(gls) =inf{.#(s): .# € My, and liminf.# (@) > g(w) for all w € T'(s)}. (14)

Proof. We only give the proof for the lower expectations, as the proof for the upper expectations is completely similar. If
we denote the right-hand side in Equation (13) by F(gls), then it follows trivially from M, € M that E(g|s) > F(gls), so we
concentrate on proving the converse inequality E(g|s) < F(g|s).

If E(g|s) = —oo then this inequality is trivially satisfied,’> so we may assume without loss of generality that there is
some .# € M such that limsup.Z (se) < g(se). Consider any such submartingale .# for which also .# (t) = .# (s) in any
situation t that does not follow s [to see that such a submartingale exists, simply consider that if we change the values
A (t) of any submartingale .#’ to .#’(s) in such situations t, the result is still a submartingale]. It then follows from
Lemma 1 that

A (v) < sup limsup.Z(w) < sup g(w)<supg

wel(s) wel'(s)

for all situations v that follow s, and, in particular, that .# (s) < sup g. For any situation that does not follow s, this implies
that .# (v) = .#(s) < supg. Hence, .#(v) <supg for all v € Q°. Since supg € R because g is a gamble and therefore
bounded, this implies that .# € M, and the proof is complete. O

If we now simply replace the gambles ‘g’ in Equations (4) and (13) by extended real variables ‘f’, we get two obvious
candidate definitions for the conditional lower expectation E(f|s) of such f. The following example shows that the first
candidate, which seems to be the one suggested by Shafer and Vovk in their earlier work [17, Chapter 8.3], may have a
rather undesirable property.

Example 1. Consider the precise probability tree that corresponds to repeatedly flipping a fair coin, where all coin flips are
independent. That is, let 2} :={0, 1} for all k € N and let

_ 1 1
Q (h|x1:0) = Q (hlx1:n) := Eh(O) + Eh(l) foralln € No, h € 9(Zn+1) and x1.q € 27 (15)

For any real « > 0, we consider a corresponding real process .#y, defined by .#y(0) := o, Aty (O) := 20 (Ijoy — Ij1y) and,
for all n € N and x1.n € Z1in:
30[2"71(}1{0} —]I{]}) ifxy,=0forallke{1,...,n}
Aty (X1:n) = a2 (L) — L1y)  ifxe=1forallke({l,...,n}
0 otherwise.

It follows trivially from Equation (15) that this real process is both a sub- and a supermartingale, and therefore also a
martingale. For any given natural n > 2 and x1., € Z7.,, We now set out to find a closed-form expression for .#, (x1.n). We

consider two cases: x; =0 and x; = 1. If x; =0, then there is at least one i € {1,...,n} such that x, =0 for all ke {1, ..., i}.
Let imax be the largest such i € {1,...,n}, and let i* := min{imax, n — 1}. Then
n—1
Moy (X10) = Mo (D) + Y Aty (X1:0) K1)
k=0
i*—1
= M) + At (D)(0) + Y Al (x12) K1) + Al (K1) (X 11)
k=1

12 Note, by the way, that it will follow from LE*1 in Proposition 14 that this cannot actually happen.
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i*—1
=o+2a+ Z 32k 1 + 3271 (H{O} Xix+1) — H{1}(Xi*+l))
k=1

=302 1 430201 (]I{o} (X 4+1) — L1y (X 41 )) = 30{2i*]l{0} (Xi*11).

If x; =1, then there is at least one j € {1,...,n} such that x, =1 for all k € {1,...,j}. Let jmax be the largest such

je{l,...,n}, and let j* := min{jmax, n — 1}. Then, using an argument similar to the one for the case x; =0, we find that
j-1
My (X1n) = — 200 — Z a2k 4 o201 (]I{o}(Xj*+1) - H{]}(Xj*+1))
k=1

= —a2" 7 @2 T Loy (ke 1) — [y (Kjegn)) = —a29 Ty (Kjeg).

Since ;=41 =0 if and only if imax =n, and similarly, xj=,1 =1 if and only if jmax =n, we can combine the two cases above
to find that, for all natural n > 2 and x1., € Z71:n:

302" 1 ifx,=0forallke{1,...,n}
My(X1m) = { —2" 1 ifx,=1forallke{1,...,n}
0 otherwise.

Now let f be the extended real variable that is defined by

+o0o if w=000000...
fw):=4-00 ifw=111111... forall w € Q.
0 otherwise

Then clearly liminf.#, = limsup.#y =lim.#, = f.
We conclude from all of the above that, for any o > 0, we can construct a submartingale .#, € M such that .Z, () =«
and limsup.#y < f. Therefore, if we were to apply Equations (4) and (5) to f, with s =[J, we would find that

E(f)=sup{.#(0): .# e Mand limsup.# < f} =400

and that E(f) = —E (—f) = —E (f) = —oo, where the first equality follows from conjugacy and the second equality follows
from a symmetry argument: E (— f) is equal to E (f) because exchanging zeroes and ones in the tree (a) turns f into —f,
and (b) leaves the probability tree unchanged. We conclude that if we were to apply Equations (4) and (5) to the extended
real variable f, we would find that 400 = E (f) > E(f) = —oo. We consider this to be undesirable: any reasonable def-
inition of lower and upper expectation should at the very least guarantee that a lower expectation can never exceed the
corresponding upper expectation. O

This leaves us with the second candidate formula for extension, which is the one we will use in this paper, and which is
related to the one used in more recent work by Shafer and Vovk [18, Section 2]:

E(fls) :=sup{#(s): # €M}, and limsup .Z(w) < f(w) for all w € I'(s)} (16)
E(f|s) :=inf{.#(s): .# € M} and liminf.# () > f () for all w € I'(s)} (17)
=—E(-fls),

where f is any extended real variable, and s € Q¢ any situation. We will see further on in Proposition 14 [in particular LE*5]
that this definition does not lead to the undesirable behaviour that Example 1 warns us about.

To investigate the properties of these extended global models, we first look at their behaviour on n-measurable extended
real variables.

Proposition 11. For any situation x1.;; € Q° and any n-measurable extended real variable f, with n,m € Ny such thatn > m'?

E(f1x1:m) = sup {A# (x1.m): .4 € M and (VX 11:n € Zint1:0) A X1:n) < f X1:0)}
E(f|x1:m) = inf{# (x1:m): A4 € M and (YXmy1:0 € Zing1n) A (X1:n) > f(X1)}-

13 In these expressions, M may be replaced by M, and M by M, the proof remains essentially the same.
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Proof. We sketch the idea of the proof of the equality for the lower expectations; the proof for the upper expectations is
completely similar. Denote, for simplicity of notation, the right-hand side of the first equality by R.

First, consider any submartingale .# such that .# (x1.n) < f(X1.n) for all Xpm41:n € Zm+1.n. Consider the submartingale
' derived from .# by keeping it constant as soon as any situation in {X1.m} X Zmy1:n is reached and letting .Z’(t) = .# (s)
for any situation t that does not follow s, then clearly .#’ is bounded above, limsup .#’(w) < f(w) for all w € I"(x1.m), and
M (X1:m) = M (X1.m). Hence it follows from Equation (16) that .# (x1.m) < E(f|X1.m), whence also R < E(f|X1.;m).

For the converse inequality, consider any bounded above submartingale .# for which it holds that limsup .Z (w) < f(w)
for all w € I'(x1.;y). FiX any Xp;41., then it follows from the n-measurability of f that limsup.Z (w) < f(x1.n) for all w €
I'(x1.n), whence

M(X1:p) < sup  limsup.Z(w) < f(X1:n),

el (X1:n)
where the first inequality follows from Lemma 1 with s := xq,,. This implies that .#(x;.m) < R, and therefore also
E(flxim) <R. O

Corollary 12. For any situation x1.m € Q¢ and any n-measurable extended real variable f, withn,m € Ny such that n > m:

E(f1x1:m) = sup{E(g|x1:m): & € Y (Z1:n) and (VXm41:n € Zm+1:0)8X1:n) < f(X1:0)}

E(ﬂxl:m) = inf{F(gb(]:m): g €9(Z1n) and (YXm41n € Zm+1:n)8X1:n) = f(X1:)}
Proof. We give the proof for the lower expectations; the proof for the upper expectations is completely similar. De-
note the right-hand side of the first equality by R, for notational simplicity. It follows at once from Proposition 11 that
E(glx1:m) < E(f|x1:m) for all g € 9(Z71:n) such that g(x1:m, Xm+1:n) < f(X1:m, Xm+1:n) for all Xmi1:n € Ziny1:, and there-
fore also R < E(f|x1.m). Conversely, consider any submartingale .# such that .Z (X1.m, Xm+1:n) < f(X1:m, Xm+1:n) for all
Xm+1:n € Zmy1n. If we define the n-measurable gamble g on Q by letting g(x1.n) := .# (x1.n) for all x1., € 27, then it

follows from Proposition 11 that .# (x1.m) < E(g|X1:m), and since by assumption g(X1:m,Xm+1:n) < f(X1:m, Xm+1.n) for all
Xm+1:n € Zm+1n, that E(g|x1.m) < R. Hence .# (x1.m) < R, and therefore, by Proposition 11, E(f|x1.m) <R. O

The following result extends Corollary 3.

Corollary 13. Consider any n € Ny, any situation x,., € Q° and any (n + 1)-measurable extended real variable f. Then
E(fIx1:n) =sup{Q (hlx1:n): he 9 (Z) and h < f(x1:n-)}
E(f|x1:) =inf{Q (h|x1:n): h € 9(2) and h = f(X1:n-)}.

Proof. We give the proof for the lower expectation; the proof for the upper expectation is completely similar. We infer from
Proposition 11, the argumentation above and the definition of a submartingale that, indeed,

E(flx1:n) =sup{a € R: o +h < f(x1:n-) for some h € 4(27) such that Q (h|x1:n) > 0}
=sup{a eR: h < f(x1;n-) for some h € 9(Z) such that & < Q (h|x1:n)}
=sup{Q (hlx1:n): he 9(2) and h < f(x1:n-)},
where the second equality follows from coherence [LE8]. O
We end this section by proving three interesting and very useful results about the global models. The first summarises
and extends properties first proved by Shafer and Vovk (see for instance Refs. [17, Chapter 8.3], [18, Section 2] and [21,
Section 6.3]), in showing that these global models satisfy properties that extend the basic coherence axioms/properties

LE1-LE8 for lower and upper expectations from gambles to extended real maps. We provide, for the sake of completeness,
proofs that are very close to the ones given by Shafer and Vovk [18, Section 2].'4

Proposition 14. Consider any situation s, any extended real variables f and g, and any real numbers A > 0 and 4. Then

LE*1. E(fls) = inf{f(w): w € T (s)};
LE*2. E(f + gls) = E(fIs) + E(gls);
LE*3. E(Afls) =AE(fls);

14 Our proof of LE*5 corrects a small glitch in theirs. Our monotonicity property LE*4 is stronger, because it only requires strictly almost sure, rather than
point-wise, dominance.



32 G. de Cooman et al. / International Journal of Approximate Reasoning 76 (2016) 18-46

LE*4. if f < g on ['(s) strictly almost surely, then E(f|s) < E(g|s) and E(f|s) < E(g|s); as a consequence, if f = g on I'(s) strictly
almost surely, then E(f|s) = E(gls) and E(f|s) = E(g|s);

LE*5. inf{f(w): w € T'(s)} < E(f]s) <E(fls) <sup{f(w): w e T(s)};

LE*6. E(f + uls) = E(fIs) + w and E(f + puls) = E(fs) + p.

In these expressions, as well as further on, we use the convention that co 4+ co = 00, —00 + (—00) = —00, —00 + 00 =
00 + (—00) = —00, a4+ 00 = 00 +a = 00, d + (—00) = —0c0 +a = —oo for all real a, and 0 +00 = +00-0=0."

Proof. LE*1. If inf{f(w): w € '(s)} = —oo, then the inequality is trivially satisfied. Consider therefore any real L <
inf{f(w): w € T(s)}, and the submartingale .# that assumes the constant value L everywhere. Then surely .# is bounded
above, limsup.Z (se) =L < f(se) and .# (s) = L, so Equation (16) guarantees that indeed L < E(f|s).

LE*2. When E(f|s) or E(gl|s) are equal to —oo, so is their sum, and the inequality holds trivially. Assume there-
fore that both E(f|s) > —oo and E(gl|s) > —oo. This implies that there are bounded above submartingales .#; and .,
such that limsup.#;(se) < f(se) and limsup.Z>(se) < g(se). Consider any such submartingales .#; and .#>, then
it follows from the coherence [LE2] of the local models that .# := .#1 + .#> is a bounded above submartingale as
well. Since limsup.# (se) < limsup.#;(se) + limsup.#>(se) < f(se) + g(se),'5 we infer from Equation (16) that indeed
E(f +gls) = E(fls) + E(gls).

LE*3. For A > 0, it suffices to observe that if .# is a bounded above submartingale such that limsup.Z (se) < f(se),
then the process A.# is also a bounded above submartingale such that limsup[A.Z (se)] < Af(se), and vice versa. For 1 =0,
we infer on the one hand from LE*1 and Lemma 1 that E(Af|s) = E(0|s) =0, and on the other hand we also know that
0-E(fls)=0.

LE*4. Due to conjugacy, it suffices to prove the first inequality. It is trivially satisfied if E(f|s) = —oco. Assume therefore
that E(f|s) > —oo, meaning that there is some bounded above submartingale .# such that limsup.# (se) < f(se). Consider
any such submartingale .# and any real ¢ > 0. It follows from the assumption and Theorem 5 that there is some test
supermartingale .7 > 0 with 7 (0J) = 1 that converges to +oo on all paths w € I'(s) for which f(w) > g(w). If we let
M =M —¢eT,then .4 is a bounded above submartingale, .#’' < .# and .#'(s) = .# (s) — &7 (s). Moreover, for any w €
I'(s), limsup.Z'(w) = —0 < g(w) if g(w) < f(w), and limsup .Z'(w) < limsup .4 (w) < f(w) < g(w) otherwise. Hence
limsup.#’(se) < g(se), so we infer from Equation (16) that .#Z (s) — .7 (s) < E(g|s), and therefore also E(f|s) — .7 (s) <
E(g|s). Since this inequality holds for all £ > 0, we find that indeed E(f|s) < E(g|s).

LE*5. Suppose ex absurdo that E(f|s) > E(f|s) = —E(— f|s). This implies that also E(f|s) + E(—f]s) > 0, but then LE*2
tells us that also E(f + (—f)|s) > 0. Now the extended real map f+ (—f) assumes only the values 0 and —oo, and therefore
f+(—f) =<0, so we infer from LE*4 that E(f + (—f)|s) < E(0|s) = 0, where the last equality follows from LE*3. This is a
contradiction. The remaining inequalities are now trivial.

LE*6. Due to conjugacy, it suffices to prove the first equality. If .# is a bounded above submartingale such that
limsup.Z(se) < f(se) + u, then .# — p is a bounded above submartingale such that limsup[.Z (se) — u] < f(se), and
vice versa. O

Our second result follows immediately from the definition of the global lower expectations in Equation (16).

Proposition 15. Consider any extended real variable f and any n € Ng. Then
E(f(X1X2..)1x1n) = E(f %1:n Xn+1 Xn+2 - - ) [X1:0)-

Our third result can be seen as a generalisation of the law of iterated expectations—or the law of total probability in ex-
pectation form—in classical probability theory. Our formulation generalises a result by Shafer and Vovk [17, Proposition 8.7],
whose proof can only be guaranteed to work for bounded real variables; we provide a proof that is better suited for deal-
ing with extended real variables. In accordance with the notational convention introduced in Section 3.3, we denote by
E(f|X1.n) the extended real variable that assumes the same value E(f|x1.;) on all paths w = x1.; @ that go through xy.;. It
is clearly n-measurable, and therefore only depends on the values of the first n states Xj.;.

Theorem 16 (Law of iterated lower expectations). Consider any extended real variable f and any n, m € Ng such thatn > m. Then
E(ﬂxl:m) ZE(E(f|X1:n)|X1:m)~

Proof. Fix any z1.;, € #71.m. We prove that E(f|z1.m) = E(E(f|X1:n)|21:m), Or equivalently, by Proposition 15, that E(f|z1.m) =
EE(flztmXms+1:0)121:m)-

15 This is the extended addition that is convenient for working with lower expectations; for the dual upper expectations, we need to introduce a dual
operator, defined by a +* b := —[(—a) + (—b)] for all extended real a and b.

16 The first inequality holds for bounded above submartingales, but may fail for more general ones. Indeed, assume that on some path w, ./ (") = 2n
and #,(w") = —n. Then limsup .#1 (w) = 400, limsup .#> (w) = —oo, and limsup[.#1 (w) + 4> (w)] = +0o0, so the inequality is violated.
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Fig. 3. The (initial part of the) imprecise probability tree for an imprecise Markov process whose states can assume two values, a and b, and can change at
time instants n=1,2,3,....

First, consider any bounded above submartingale .# such that limsup.#(zi.me) < f(zi.ne). Then also, for any
Xm+1n € Zmt1n, UMSUP A (Z1:mXm+1:n®) < &(Z1:mXm+1:n®), Which implies that, by Equation (16) for s := zy:mXm+1m,
A (Z1:mXm+1:n) < E(f|Z1:mXm+1:n). Hence 4 (z1:mXm11:n) < E(f121:mXm+1:n), and therefore we can now infer from Propo-
sition 14 [LE*4 for s := z1.;m] that E(Z (z1:mXm+1:n)121:m) < E(E(f|z1:mXm+1:n)|21:m). Since it follows almost trivially from
Proposition 11 that .Z (z1.m) < E(A (z1:mXm+1n)|21:m), this also allows us to infer that .# (z1.;m) < E(E(f|z1:mXm+1:n)121:m)-
If we now use Equation (16) for s := z1.;;, we find that E(f|z1.m) < E(E(f|z1:mXm+1:0)121:m)-

For the converse inequality, consider any h € 4(%27.n) such that h(z.mXm+1:n) < E(f|z1:mXm+1:n) for all Xmy1:n € Zm+1n-
Fix any € > 0. It then follows from Equation (16) [with s := z1.;Xm+1:n] that, for any x,1:0 € Zm+1:n, there is some bounded
above submartingale .#,_ ., such that

& .
Mxps1nZ1:mXm1:n) = W(Z1nXma1:n) — 5 and limsup .#,,, ;.. (Zt:mXm+1:n ®) < f(Z1:mXmy1n ®).

Now consider any n-measurable real variable g such that

&
gZ1mXm+1:n) = M1 (Z1:m¥m+1m) = h(z1.mXm+1:n) — 5 for all Xm 1.0 € Zms1:ns

then it follows from Proposition 11 that there is a submartingale .#’ such that .#'(z1.m) > E(glz1m) — % and
M (Z1:mXm+1n) < &(Z1:mXm+1:n) for all Xmy1.n € Zm+1:n. Now consider a submartingale .# that assumes the constant value
' (z1-m) in all situations t that do not strictly follow zj.n—so . (t) = .#'(z1.m) for all t € QO such that zi., 7 t and, in
particular, .# (z1.m) = .#'(z1.m)—and such that moreover

A (Z1:mXm41:k) ifk<n

. forall k > m and X1k € Zm+1:k-
Ay 10 (Z1mXme1k)  ifk>n

A///(lemxm-&-]:k) = {

It then follows that ./ (z1.mXm+1:) < My (Z1:mXme1:) for all k >n and xpi1:x € Zmy1x and, therefore, we find that
 is bounded above and that limsup.Z (zi.mXm+1ne®) < f(Zi:mXm+1ne) for all Xpi1:n € Zmt1:n, Which implies that
limsup .# (z1.m ®) < f(z1.m®), and therefore also that E(f|z1.m) > .# (z1.m), by applying Equation (16) for s = zq.,. Since
also .4 (z1:m) = M'(z1:m) > E(g|z1:m) — §, we find that E(f|z1.m) > E(glz1.m) — §. Furthermore, because g(z1.mXm11:n) >
h(zimXm+1:n) — %v Proposition 15 and LE*4 imply that E(g|z1:m) = E(€(Z1:mXm+1:n)121:m) = E(h(Z1:mXm+1:n) — %|lem) =
E(h— §|z1.m), which, due to LE*6, in turn implies that E(g|zi.m) > E(h|z1.m) — §. Hence, we find that E(f|zim) >
E(h|z1.m) — €. Since this holds for any & > 0, we find that E(f|z1.m) > E(h|z1.m). Since this holds for any h € 4(%21:n)
such that h(zi.mXm+1:n) < E(f|z1:mXm+1:n) for all xXpmy1n € Zm+1:n, We can now infer from Corollary 12 that E(f|z1.m) >
EE(flzimXm+1n)|z1m). O

6. Imprecise Markov chains

We are now ready to apply what we have learned in the previous sections to the special case of (time-homogeneous)
imprecise Markov chains. These are imprecise probability trees where (i) all states Xj assume values in the same finite
set 2y = 4, called the state space, and (ii) all local uncertainty models satisfy the so-called (time-homogeneous) Markov
condition:

Q (-|x1:n) = Q(-|xy) for all situations x1., € Q0 \ {J}, (18)

meaning that these local models only depend on the last observed state; see Fig. 3.

We refer to Refs. [7,12,22] for detailed studies of the behaviour of these processes. We restrict ourselves here in Sec-
tion 6.1 to a summary of the existing material in the literature that is relevant for the discussion of ergodicity in later
sections. As far as we can tell, all of the current discussions and results about imprecise Markov chains deal with a finite
time horizon, and consider only bounded real variables (gambles). For this reason, we devote some effort in Section 6.2
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to broadening the discussion to an infinite time horizon, using the expressions for the global conditional lower expecta-
tions that we introduced in Section 3.4 and extended to extended real variables in Section 5. In Section 6.3, we discuss
the relationship between time shifts and lower expectation operators in imprecise Markov chains and use these results to
characterise their potential stationarity.

We believe it is important to explain at this point how our imprecise Markov chains are related to their precise counter-
parts. Recall from the discussion in Section 3.4 that the expressions for the lower and upper expectations in Proposition 2
have an interesting interpretation in terms of (precise) probability trees [3]: (i) the imprecise probability tree for an impre-
cise Markov chain corresponds to a collection of compatible precise probability trees with the same event tree, by associating
with each situation xq., in the event tree some arbitrarily chosen precise local expectation Q (-|x1.;) in the convex closed
set M(Q (-|xn)) of expectations that are compatible with the local lower expectation Q (:|x;); and (ii) for any n-measurable
gamble f on €, the global precise expectations in the compatible precise probability trees will then range over a closed
interval whose lower and upper bounds are given by the expressions in Proposition 11. It should be clear that the local precise
models Q (-|x1.n) need not satisfy the Markov condition,'” in contradistinction with the collections IM(Q (-|xn)) of precise models they
are chosen from. In other words, imprecise Markov chains are not simply collections of precise Markov chains, but rather cor-
respond to collections of general stochastic processes whose local models belong to sets whose lower and upper envelopes
satisfy a Markov condition.

6.1. Lower transition operators and Perron-Frobenius-like behaviour

We can use the local uncertainty models to introduce a (generally non-linear) transformation T of the set ¥(2") of all
gambles on the state space 2. The so-called lower transition operator of the imprecise Markov chain is given by:

T:9(2)—>9(2): f—TFf,
where T f is the gamble on 2" defined by
Tf):=Q(flx) forallxe 2.

The conjugate upper transition operator T is defined by T f := —T(—f) for all f € 4(2"). In particular, TI{y;(x) is the lower
probability to go from state value x to state value y in one time step, and T]I{y) (x) the conjugate upper probability. This
seems to suggest that the lower/upper transition operators T are generalisations of the concept of a Markov transition
matrix for ordinary Markov chains. This is confirmed by the following result, proved in Ref. [7, Corollary 3.3] as a special
case of the law of iterated (lower) expectations [3,17]; see also Corollary 22 further on for a more general formulation. If,
for any n e N and any f € 4(Z"), we denote by E ,(f) the value of the (global) lower expectation E (f(Xy)) of the real
variable f(X,) that only depends on the state X, at time n, then

E,(f)=E(@"7'f), with T" ' f:=TT---T f,
N e’
n—1 times

and where, of course, E; = Q (-|0J) is the marginal local model for the state X; at time 1. In a similar vein, for any n € Ny,

T"™(x) is the lower probability to go from state value x to state value y in n time steps, and T”]I{y}(x) the conjugate
upper probability.

We can formally call lower transition operator any transformation T of ¢ (.2") such that for any x € 27, the real functional
Tx on 4(Z), defined by Tx(f) :=T f(x) for all f € 4 (Z"), is a lower expectation—satisfies the coherence axioms LE1-LE3.
The composition of any two lower transition operators is again a lower transition operator. See Ref. [7] for more details on
the definition and properties of such lower transition operators, and Ref. [5] for a mathematical discussion of the general
role of these operators in imprecise probabilities.

We call a lower transition operator T Perron-Frobenius-like if for all f € 4(%Z"), the sequence of gambles T" f converges
point-wise to a real constant, which we will then denote by E pp(f). An imprecise Markov chain is said to be Perron-
Frobenius-like if its lower transition operator is.

The following result was proved in Ref. [7, Theorem 5.1], together with a simple sufficient (and quite weak) condition
on T for a Markov chain to be Perron-Frobenius-like: there is some n € N such that minT"[{y) > 0 for all y € 2/, or in
other words, all state values can be reached from any state value with positive upper probability in (precisely) n time steps.
More involved necessary and sufficient conditions were given later in Refs. [12,22]; see also Theorem 29(iv) further on.

Proposition 17 ([7]). A lower transition operator T is Perron-Frobenius-like if and only if there is some real functional E ., on 9 (Z")
such that for any initial model E ; and any f € 9(Z"), it holds that E 4 (T 1f) > E .. (f). Moreover, in that case the functional E
is a lower expectation on ¢4 (Z"), called the stationary lower expectation, it coincides with E pg, and it is the only lower expectation
that is T -invariant in the sense that E . ,oT =E .

17" .. in either its time-homogeneous or time-inhomogeneous form.
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For any imprecise Markov chain with a Perron-Frobenius-like lower transition operator T, we will henceforth call the
functional E , = E p its stationary lower expectation.

6.2. Properties of the global lower expectations

The global lower and upper expectations introduced in Section 3.4 and extended in Section 5 have special properties
when we restrict ourselves to imprecise Markov chains. We explore them in this section.

We begin with a few preliminary remarks. In this context, we can identify Q@ with 2N and paths @ with elements
of Z’N. We will do so freely from now on. Similarly, any situation s # O can be identified with some sequence of states
X1:n € Z1.n for some n € N,

Recalling that 27.,, = 2™ allows us to concatenate situations s with other situations t into new situations st; the initial
situation [J works as the neutral element for this operation.

We can also concatenate situations s and paths w into new paths sw. This allows us to use a situation s to construct a
new variable g := f(se) from a variable f by letting

g(w):= f(sw) forallwe
We say that a variable g does not depend on the first n states X1.,—with n € Ny if
g(se)=g(te) foralls,te 27,

which of course implies that there is some variable f such that g(se) = f for all s € 27..

We assume that we have an imprecise Markov chain with marginal model Q (-|0J) and transition models Q (-|x), xe 27,
or equivalently, a lower transition operator T.

We first extend these local transition models from bounded to extended real maps. In accordance with what we have
found in Corollary 13, we extend the local models Q (-|x) and the corresponding lower transition operator T to extended
real maps g: 2" — R* on 2 by letting o

Tgx):=Q(glx):=sup{Q(hlx): he¥(Z)andh < g}forallxe 2. (19)

That this is indeed an extension follows from the monotonicity [LE4] of Q (-|x).

Similarly to what we did in the previous section, for any n € N and any extended real map g on 2", we denote by E ,(g)
the value of the (global) lower expectation E (g(Xy)) of the extended real variable g(X;) that only depends on the state X,
at time n: E ,(g) := E (g(Xn)) = E(g(Xy)|0). Recall as a special case of Corollary 13 [for n = 0] that for any extended real
map g on 2:

E (&) =E(gX)ID) =sup{Q(h|l): he¥(2)andh < g}. (20)

Also, when the lower transition operator T is Perron-Frobenius-like, and therefore has a unique stationary lower expec-
tation E ,, on ¥ (%), we can extend this lower expectation to extended real maps g on 2" by similarly letting

Eo(8) :=sup{E o (h): he #(2) and h < g}. (21)

This extended functional then satisfies a similar invariance property:
Proposition 18. Assume that T is Perron-Frobenius-like. Then E  (g) = E ., (T g) for any extended real map g on 2.

Proof. Observe that
E (@ =sup{E (h):he¥(Z)andh < g} <sup{E (h): he¥(Z)andTh<Tg}
=sup{E (Th): he¥(Z)andTh <Tg}
<sup{E (h):h"e¥(2)andh' <Tg}=E (Tg),

where the first inequality follows because h < g implies that Th < Tg [use Equation (19)], the second equality because
E . (h)=E . (Th) [use Proposition 17], and the last inequality because Th € ¥(Z") [LE5].

For the converse inequality E (Tg) < E ,(g), fix any & > 0. We may assume without loss of generality that there is
some h € 4(Z") such that h <Tg: otherwise E . (Tg) = —oo by Equation (21), and the converse inequality holds trivially.
So consider any such h. Since 2" is finite, it follows from Equation (19) and the monotonicity of T [which follows easily from
Equation (19)] that there is some hy € 4(%") such that hy < g and h <Th, + €. The monotonicity and constant additivity
of E ., [which follow easily from Equation (21)] then imply that E . (h) <E . (The)+¢ and E ,(he) < E ,,(g), whence, since
E (The) = E (hg) [use Proposition 17] also E . (h) < E ,(g) + €. Since this inequality holds for any h € 4(Z") such that
h <Tg, it follows from Equation (21) that E . (Tg) < E ,,(g) + ¢. Since this inequality holds for all £ > 0, we are done. O

We are now ready to start our analysis. Our first, basic result is a Markov property for the global models. It states that
all global conditional models are completely determined by the global conditional models E(-|x), x € Z":
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Proposition 19 (Markov property for global models). Consider any extended real variable f, any situation s € Q° and any x € 2,
then

E(flsx) =E(f(s®)|x).
A perhaps more familiar way of writing this is E(f(X1X2...)|sx) = E(f(sX1X2...)|x).

Proof. Consider, for ease of notation, the extended real variable g := f(se). Consider any bounded above submartingale .#
such that limsup.# (sxe) < f(sxe), and let .#’ be the real process defined by .#'(u) := .# (su) for all u € Q. .# is clearly
a bounded above submartingale because .# is, and moreover .#’(x) = .# (sx) and limsup.Z’'(xe) = limsup.# (sxe) <
f(sxe) = g(xe), whence, by Equation (16)

E(fl|sx) =sup{.#(sx): .# € M, and limsup.# (sxe) < f(sxe)}
<sup{#'(x): .#' €M, and limsup.#'(xe) < g(xe)} = E(g|x).

Conversely, consider any bounded above submartingale .# such that limsup.# (xe) < g(xe), and let .#’ be the real process
defined by letting .’ (sxu) := .# (xu) for all u € Q°, and letting .#’(t) := .# (sx) in all situations t that do not follow sx.
Then .#’ is clearly a bounded above submartingale because .# is, and moreover .#’(sx) = .# (x) and limsup.#’(sxe) =
limsup.Z (xe) < g(xe) = f(sxe), whence, again by Equation (16)

E(glx) =sup {4 (x): # € M and limsup .# (xe) < g(xe)}
<sup{.#'(sx): .#' € My and limsup.#’(sxe) < f(sxe)} = E(f|sx). O

This allows us to introduce a new notation E ,(g|x) for conditional lower expectations of extended real variables g that
do not depend on the first n — 1 states Xi.,—1, with n € N:

E | (glx) := E(g|sx) = E(g(s ®)|x),

where s is any situation of length n — 1. Obviously, E ,,(g|) is an extended real-valued map on Z.
We can now prove a number of related corollaries to our general law of iterated lower expectations, formulated in
Theorem 16.

Corollary 20. Let n € N and k € Ny, and consider any extended real variable g that does not depend on the first n + k — 1 states. Then
E n(8l) =T E | i (8]).

Proof. It clearly suffices to give the proof for k = 1. So consider any extended real variable g that does not depend on the
first n states, and any x € 2". We prove that E |, (g]x) = Q (E ;1 (g])%).
Consider any x1.,_1 € Z1:n_1, then it follows from Theorem 16 and Proposition 15 that

E(glx1:n—1%) = E(E(g|X1:n4+1D) |X1:0—1X%) = E(E(g]X1:n—1XXn41)[X1:0-1X). (22)

Because g in particular does not depend on the first n — 1 states, we see that for the left-hand side of this equality:
E(glx1:n-1X) = E ,(g]x). We now look at the right-hand side. Consider the extended real map h := E(g|x1:n—1x-) on Z and
the n + 1-measurable extended real variable h(Xp+1) = E(g|X1:n—1XXn+1), then we see that

E(E(g|X1:0-1XXn41)X1:n-1%) = E(h(Xn31)1X1:0-1X) = sup{Q (h|X1:n—1%): K € 9(2) and h’ < h}
=sup{Q(W'|x): K" e 9(2Z)and h’ <h}= Q (h|x),

where the second equality follows from Corollary 13, the third from the Markov property (18) of the local models, and
the last from Equation (19). To complete the proof, consider that, since g does not depend on the first n states, h =
E(glxim-1x) =E,4(gl)). O

Corollary 21. Let ¢ € N and consider any extended real variable g that does not depend on the first ¢ — 1 states. Then:

E(2)=E (T "E (gl

Proof. It follows from Corollary 20 with n=1 and k= ¢ — 1 that E ;(gl-) =Ie*1£|l(g|~). Furthermore, by applying The-
orem 16 [for m:=0 and n:= 1], we find that E (g) = E (E(g|X1)). This establishes the proof because it follows from the
definition of E ; and E |, (g|-) that E (E(g|X1)) = E4(E;(gl). O

Corollary 22. Consider any n € N and any extended real map f on 2. Then E ,(f) = Ek(I”*"f) = El(I”*] f)forany 1 <k <n.
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Proof. We use Corollary 21 with £:=n and g := f(Xy), leading to

E,(f)=E@=ET"'E (gl

since the extended real variable g only depends on the n-the state Xj, and therefore does not depend on the first n — 1
states. For the same reason, we see that for any x € 2", E n(glx) = E(glsx) = E(g(sxXn+1...)IsX) = E(f (x)|sx) = f(x), where
s is any situation of length n — 1, and where the second equality follows from Proposition 15, and the last from coherence
property LE*5. Hence E ,(f) =E (T"™1f). Now consider any natural k < n, then we find in a similar manner that E. ()=
E(T*1f) and therefore also

E.@" ' =E,@a T =E @™ *f). o
6.3. Shift invariance

We introduce the shift operator 6 on N by letting 6(n) :=n+ 1 for all n € N. This induces a shift operator on Q: 6w is
the path with (Bw)n := wem) = wn41 for all n € N. And this also induces a shift operation on variables f: 6 f is the variable
defined by (6 f)(w) := f(Bw) for all w € Q2.

Proposition 23. Let n € Ny. If the variable g does not depend on the first n states, then 6 g does not depend on the first n + 1 states.

Proof. Assume g does not depend on the first n states, so there is some variable f such that g(se) = f for all s € 27,
where of course 27, = 2™ Then for all xe 2", s 2™ and all w € Q:

(08)(xsw) = g0 (xsw)) = g(sw) = f(w),

which concludes the proof. O

We call a variable f shift invariant if 6 f = f, meaning that

f(w)= f(Ow) forallw e Q.
Proposition 24. A shift invariant variable f does not depend on the first n states X1.,, for alln € N.
Proof. Immediate consequence of Proposition 23. O

Another way to understand that a variable f does not depend on the first n states, is that then f(w) = f(s8"w) for all
se€ Z1n and w € 2, which we also write as f = f(s8" o) for all s € Z7.n.
The following propositions tell us that the global lower expectations satisfy a shift invariance property.

Proposition 25. Let n € N and consider any extended real variable g that does not depend on the first n — 1 states. Then for all k € Ny:
En(8l) =E o (0% gl).

Proof. It clearly suffices to prove the statement for k = 1. So consider any s € 27.,_1 [recall that 27,1 = 2™ '] and
any x,y € 2, then it follows from Proposition 19 that E |, (glx) = E(glsx) = E(g(se)|x) and E  1(0g|x) = E(0glysx) =
E(©g(yse)|x). Now observe that 6g(yse) = g(0(yse)) =g(se). O

Proposition 26. For any extended real variable f and any n € Np:
E (enf) = £n+1 (En (f1).

Proof. Since 0™ f does not depend on the first n states [see Proposition 23], we infer from Corollary 21 [with £ :=n + 1]
and Proposition 25 that indeed

E(enf) =£1(In£\n+1(9nf|')) = £1(In£\1(f|')) =En+1(£|1(f|’)),

where the last equality follows from E, ; =E; o T" [see Corollary 22]. O
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As a generalisation of the case for precise Markov chains, we can call an imprecise Markov chain stationary or time
invariant if

E (f) = E (6 f) for all extended real variables f.

The following proposition gives a simple characterisation of stationarity.

Proposition 27 (Stationarity). Consider an imprecise Markov chain with marginal lower expectation E | and lower transition opera-
tor T that is Perron—Frobenius-like with stationary lower expectation E . Then the imprecise Markov chain is stationary if and only if
Eoo = E 1

Proof. Assume that E_ =E, then E;, =E,;oT =E__oT =E = E,, where the first equality follows from Corollary 22,
and the one but last equality from Proposition 18. Hence it follows from Proposition 26 and Corollary 21 [with £ := 1]
that for any extended real variable f, E (6 f) = E5(E ;(f|) = E;(E1(f])) = E (f). Hence the imprecise Markov chain is
stationary.

Assume, conversely, that the imprecise Markov chain is stationary. Let h be any gamble on 27, and consider the real
variables f :=h(X;) and 6 f = h(X32). Then on the one hand E (f) = E ;(h), and on the other hand E (6 f) = E,(h), so it
follows from Corollary 22 [with n:= 2] and stationarity that E; oT =E, =E . So E; is T-invariant, which implies that
E, =E, [use Proposition 17 to get the equality for gambles, which also implies the equalities for their extensions, via
Equations (20) and (21)]. O

We gather from Proposition 27 that, with any Perron-Frobenius-like lower transition operator T and associated stationary
lower expectation E ., there always corresponds a unique stationary imprecise Markov chain; its initial model is given by
Q(-|O) :=E .. We will denote its corresponding (shift-invariant) global lower expectation operator by E .

7. Transition and return times

Let us now look at lower (and upper) expected transition and return times, as a simple and elegant example of what
can be done using our extensions of the joint lower and upper expectations to an infinite time horizon and extended real
variables, and their properties, discussed in the previous section.

Consider two (possibly identical) state values x and y in 2. Suppose that the imprecise Markov chain starts out at
time n in state value x, then we can ask ourselves how long it will take for it to reach the state value y, and when y = x,
for the imprecise Markov chain to return to the state value x. To study this, we introduce the extended real variables 7., ,
given by:

0 if wp #x

. . (23)
inf{meN: wpem =y} if wp, =x.

Ty (@) =

Observe that 61, y= t,?jg,. Consider the lower expected time E(tj, y15%), where s is any situation of length n — 1. Then,

since r;gy clearly does not depend on the first n — 1 states, we infer from Proposition 19 [the Markov property] that
E(ty, ,Isx) = E(ty, ,(s®)|x) = E |5 (T4, y|x). Moreover, we infer from Proposition 25 that

E n+1 (rgil)/|x) =E n+1 (GT)?ay |X)=E \n(T)?»y 1),

so we conclude that E(t)?_)ylsx) neither depends on the initial segment s, nor on its length n — 1. A similar conclusion holds
for E(t]! y1sX). We therefore define the lower and upper expected transition times from x to y as

—>

oy =E@_,0=E,(t, 0 andT, , , =E(t, Ix) =En(t], %) (24)

When y = x, we talk about return times rather than transition times. It follows from LE*5 that Tyy = Tysy =1
On any path xX; e that starts in x, the following recursion equation is satisfied:
ifXo=y

1
T xX: =
xoy XXz @) 1412, ,(xze) ifXo=z#y

=1+ Y Ig(X)tl,,(xze), (25)
zeZ\{y}

using our convention that 0 - 4+o00 = 0. We know from Theorem 16 and Proposition 15 that

Ty =E(i 10 =EET. ,xX2)[%). (26)
Moreover, for any z € 2"\ {y}, we infer from Equation (25), Proposition 15 [repeatedly] and coherence [LE*6] that

E(ty, Ix2) = E(t,_, ,(xzX3...)Ix2) = EQ + T}, ,(x2X3...)|x2) = 1 + E(},, ,(x2X3 ...)|x2)

=1+E@, x)=1+1,,,
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Similarly, we infer from Equation (25), Proposition 15 and coherence [LE*5] that
E(ty,,lxy) =E(t, ,(xyX3...)Ixy) = E(1]xy) = 1.
Hence

E@l xX)=1+ Y Ty(X)z, .,
zeZ\y}

and if we plug this expression into the local conditional expectation on the right-hand side of Equation (26), and use
coherence [LE*6], Corollary 13 and Equation (19), we are led to the following system of non-linear equations for the lower
transition (and return) times:

zxﬁy:1+1< Z H{Z}Lzay>(x)f0rallx,yeﬂf. (27)
zeZ'\{y}

A completely analogous argument leads to the corresponding system for the upper transition and return times:

oy =1 +T< Z ]I{z}?zﬁy>(x) forallx,y e 2. (28)
ze 2 \{y}

Finding a general solution to these systems is a difficult task, which we will not tackle here; for the special case of imprecise
birth-death chains, see Ref. [14].
We end this section by solving the following simple binary case. Let 2" = {a, b} and let

Th(x)=E (hy=(1 —s)w +éeminh forallhe 9(Z2)andx € 2, (29)

with € € (0,1). It is clear that T"h = E(h) and therefore this imprecise Markov chain is Perron-Frobenius-like, with

E =E,, so it is stationary as well; see Proposition 27. Since the transition model Q (-|x) = E; is the same for all state

values x € 27, this is an imprecise-probabilistic version of a Bernoulli (iid) process,'® with

_ 1 ¢ — — 1 ¢
0,=1—06p :=§1(]I{a})=§—Eand90=1—Qb:=E1(H{a})=§+5.

In this simple binary case, Equation (27) can be significantly simplified. For example, for y =a and any x € {a, b}, we find
that

Tyoa=1+TInT, ) =1+EOnt, ) =1+7, E1p) =147,,.0. (30)

where the second equality follows from Equation (29) and the third one from coherence [LE3] and the following lemma.

Lemma 28. Consider a binary imprecise Markov chain with state space 2 = {a, b} whose local models are given by Equation (29),
withe € (0,1).Then1 <z, <T, , <+oo0.

Proof. Since ¢ € (0, 1), it follows that 6 , > 0. Consider the real process .# defined by .#(0) :=1/s,, A.# (0) := 0 and, for
allneN and X1, € 27t

1-ILiyle, ifxy=>bforallke{l,...,n}

AM (X1.n) =
(*1:n) 0 otherwise.

(31)

Since coherence implies that E;(0) =0 and

E1(1 —LigYe,) =1+ E1(-IigVe,) =1—E;(jg1/6,) =1 —1/8 ,E1 (Lj)) =0,

it follows from Equations (29) and (31) that .# is a supermartingale.

Consider now any n € N and x1., € Z1:0. If X, =b for all k e {1,...,n}, we have that
n—1
M (X1n) =M O) + AM(O) + Y Al (Xrg) =Yo,+0+ N —1) =g, +n—1.
k=1

18 There are various ways to generalise a Bernoulli process to an imprecise probabilities context; see Ref. [2] for discussion.
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Otherwise, we find that

k*—1
M ($1m) = MO)+ DM O+ Y Al (3100 =10, +0+ (K* —1—1o,) =k* — 1,
k=1

where k* is the smallest index k such that x, = a. Hence, we find that the supermartingale .# is bounded below by zero
and therefore belongs to My, and that

if w, = b for all
liminf. 2 (w) = fax =bforallkN (32)
inflk e N: wy=a}—1 otherwise

for all w € Q.
For all w € T'(b), Equations (23) and (32) now imply that liminf.Z (w) = rblﬁa(w). Hence, since .# € M, it follows from
Equation (17) that

Ty q:=E(t)_,Ib) <. #(b)=.4O) + At (D) (b) = 1/, < +c0.

We also already know that 1<z, <7, —see the text after Equation (24). O

Since the lemma tells us that 7,  is real-valued, we can now solve Equation (30) for x=b to find that T, =1/d,.
Equation (30) also implies thatz, =7t Hence, also using the symmetry, we obtain the following expressions for the
lower transition and return times:

a—a

1 2 1 2

=T =—_—= and T =1 === .
a—a — =b—a 0, 1+¢ ~b—b — =a—b 9b 1+¢

z

An analogous argument—simplifying Equation (28) for y = a, solving the resulting system to find 7,_ , and T, and

then invoking symmetry—leads to the following similar expressions for the upper transition and return times:

a—a’

1 2
aabze__l_s'

_ 1
Tasa=Tpsa= 0
Ya

2
=1 andT,  , =T

8. An interesting equality in imprecise Markov chains

We now prove an interesting equality for imprecise Markov chains, which will be instrumental in proving our point-wise
ergodic theorem in the next section.
Consider, for any f € 4(2"), the corresponding gain process #[ f], defined by:

P 11Xin) =1 (X0) = E1 (D14 Y _[f(Xi) =T f(Xe—1)]foranyn e N, (33)

k=2

the corresponding average gain process [#][f], defined by:

1 n
[711f1(X1:n) == - [[f(X1) —E{(N1+ ) _IF (X - If(Xk_1)]] foranyn e N, (34)

k=2

and the ergodic average process <7[ f], defined by:

1 n
A f1Xtn) 1= =3 [ (Xi) = E(f)] forany n e N. (35)
k=1

We define these processes to be 0 in the initial situation OJ. Now observe that, for any n € N and any f € 4(%):

n—1 1 n—1 1 n—1 n
2T X = = 3 [T FXD) = Eq@* H]+ =D > [T°F (X0 =T FXin)], (36)
=0 =0 =0 k=2

and moreover
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n—1 n
DY X -1 F (X))
£=0 k=2
n—1 n n—1 n n—1 n n n—1
=Y DT =Y D T X =Y D T X =Y D T f (X
=0 k=2 =0 k=2 £=0 k=2 =1 k=1
n—1 n—1 n—1
= Zf(xk) + Z(T FXn) + ZT F(Xe) ) =D T (X)) — Z(Ifﬂxl) + Zzlﬁxk))
k= k=1 =1 k=2

- - n—1
= Z FX0) + ZI“f(xn) - ZI”f(Xk) - szf(xl)
—Zf(xk)+ZT f(xn)—ZT FX) - ZT FX),

k=1

and if we substitute this back into Equation (36), we find that, after getting rid of the cancelling terms, recalling that
E{(T'f)=E,,1(f), and reorganising a bit:

n—1

SN F1Xam) = - [ ZE a f)+2f<xk)+ZT f(xn>—ZT f(xk}
£=0

_ ] 19 1T,
= ;[f(xk) —ExD1+ " ;I f(Xn) — - ;I F(Xk)

or in other words:

n—1
1K) =Y [VIT FIKam) + = ZT FX) — —ZT F(Xn). (37)
=0 k 1

This is an important relationship between the ergodic average and the average gain. We now intend to show that under
certain conditions the remaining terms on the right-hand side essentially cancel out for large enough n.

9. Consequences of the Perron-Frobenius-like character

Let us associate with a lower transition operator T the following (weak) coefficient of ergodicity [22,12]:

T):= ma ma Th(x) —Th = ma Th||y,
o) x,ye?ﬁ%he%x ITh(x) —Th(y)| = (X IThily

where 4 (2) :={he¥%(Z): 0 <h <1}, and where for any h € (%), its variation (semi)norm is given by |/h||y := maxh —
minh. If we define the following distance between two lower expectation operators E and F [22]:

d(E.F) = penax |E(h) — E(h)],

then it is not difficult to see [using LE3, LE5 and LE8] that 0 <d(E, F) <1, and that for any f € 4(2):
|E(f) = E(f))I <d(E, B)IIfllv. (38)

Skulj and Hable [22] prove the following results, which will turn out to be crucial to our argument.

Theorem 29 (|22]). Consider lower transition operators S and T, and two lower expectations E , and E , on 9 (Z"). Then the following
statements hold:

BHo=p@=1
(ii) p(ST) < p(S)p(T) and therefore p(T") < p(T)" for alln € N.
(iii) d(E,T, EpT) <d(Eq, Ep)p(D).
(iv) The lower transition operator T is Perron-Frobenius-like if and only if there is some r € N such that p(T") < 1.

Indeed, they allow us to derive useful bounds for the various terms on the right-hand side of Equation (37). For any
non-negative real number a we denote by |a| = max{n € Ng: n <a} the largest natural number that it still dominates—its
integer part.
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Lemma 30. Let T be a Perron-Frobenius-like lower transition operator, with stationary lower expectation E ., and let r be the small-
est natural number such that p := p(T") < 1. Let E , and E , be any two lower expectations on ¢4 (Z"). Then for all f € 9(Z),
01,47 € Ng:

|Eo(TY f) = Ey(T2f)] < | fllupt™ +20. (39)
As a consequence, forall f € G(Z), £, €1,€2 € Ngand k, k1, ky € N:
ITEF (X0 = E o (D] < 1 fvp, (40)
Eo@ ) —E (D] <IIflvplT, (41)
T F (X — Q@ )] <1 fluplr, (42)
T8 F(Xi) = T2 (Xi)| < 1 F ot ™72, (43)

Proof. We may assume without loss of generality that ¢1 < ¢;. Using Equation (38), Theorem 29(iii) and the fact that we
can consider T as a lower transition operator in its own right:

|ET9f) = Ep(@2f)| <d(E T E T fllv <d(E g, E,T2 ) p@)| fllv.

4
Our proof of the first inequality (39) is complete if we realise that 0 < d(E ,, E,T~¢1) <1, and that p(T¢1) < p(T"L7) <
I3
(TN by Theorem 29(i) and (ii).

Denote, for any x € 2, by Ex the expectation operator that assigns all probability mass to x, meaning that Ex(f) := f(x)
for all f €9 (Z"). To prove the second inequality (40), consider any x € 2" and let E, =Ex, E;, =E . and £1 = £ = ¢, then
we infer from (39) that indeed:

£
[T FX) = Eo(P)| = [Ex@ F) = E @ NH] < I flvp' .
To prove the third inequality (41), let E, = E ., and £ = £, = ¢, then we infer from (39) that indeed:

|Eo(Tf) = E ()] = |Eo(T f) — E o (T H)| < I fllvps,

where we used that E . (f) = E . (T*f) for all £ € Ny; see Proposition 17.
To prove the fourth inequality (42), consider any x € 2" and let E ; = Ex and ¢; = {3 = ¢, then we infer from (39) that
indeed:

¢
T f (0 — Ep@“ N =|Ex@“ ) = E,@“ P <lIf o'
To prove the fifth inequality (43), consider any x, y € 2 and let E ; = Ex and E ;, = E,,. Then we infer from (39) that indeed:

in(ll.lz)J

T F (0 —T2f(y)| = |Ex(T ) — Ey (T2 )| < [ fllvpt 7 O

Lemma 31. Consider an imprecise Markov chain with initial—or marginal—model E | and lower transition operator T. Assume that T
is Perron-Frobenius-like, with stationary lower expectation E ., and let r be the smallest natural number such that p := p(T") < 1.
Then the following statements hold for all f € G(Z'):

@) I[Z1TEFIXan) < [ f o7 forall € € No and n € N.
(ii) iMoo 2 Y5 T"f(Xi) = E oo ().
(iii) limpsoo 2 301 T4 f (Xn) = E oo (f).
(iv) limposoo 2 k1 Ex(f) = E o (f).

Proof. Recall from Equation (34) that:
n
n[# NI F1Xn) = [T F X)) = E; @ H]+ D [TFX) =T F(Xemn)].
k=2
If we also invoke Lemma 30, we find that:

|7 T F1Ka)| < TOF ) = Eq@ P+ DT F (i) =T f (X))
k=2

n
3 £ (4
<IF o™ 4D I flvte =nll f vt
k=2
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which proves statement (i). Similarly, by Lemma 30:

1< 1< 1< 2 n
S T — Eo(D]) = = D [T X0 = Ec (D] = = I f et =11 f It

k=1 k=1

which proves statement (ii). Similarly, again by Lemma 30:

1< 1< 1<
S [T X — E(D]] = = ZlI‘f(xn) —E(N = Z 1 £ lvor!

=1
||f||v H_||f|| o~ s Ml T
Zp P =TT,

s=0

which proves statement (iii). Finally, by Lemma 30 and an argumentation similar to our proof for statement (iii):

n

< Y B ~ EnD] = ZIE T = E oo ()

k=1 k

<—Z||f|| IR

1 n
’—Zh(f)—goo(n
n

k=1

which proves statement (iv). O

We can now prove our main result, which comes in two equivalent versions. The first is readily compared to the classical
ergodic theorem we stated in Equation (1). The second version is more directly amenable to a proof using our strong law of
large numbers for submartingale differences (Corollary 8) and Equation (37).

Theorem 32 (Point-wise ergodic theorem). Consider an imprecise Markov chain with lower transition operator T. Assume that T is
Perron-Frobenius-like, with stationary lower expectation E . Then for all f € 9(Z") 19:

liminf — Z f(Xk) = E o (f) strictly almost surely.

n— o0
k 1

Proof. Because of Lemma 31(iv), this is an immediate translation of the equivalent inequality in Lemma 33. O

Lemma 33. Consider an imprecise Markov chain with lower transition operator T. Assume that T is Perron-Frobenius-like, with
stationary lower expectation E . Then forall f € 9(Z"):

liminf.«/[ f] > 0 strictly almost surely.

Proof. We begin with the first inequality. Let r be the smallest natural number such that p := p(T") < 1. Consider any

qeN, and let gg:= Y17 ' T¢f, then it follows from Equation (33) and LE2 that for all n € N:
rqg—1 rqg—1
#18g)(X1n) < Y #[T* f1(X10) and therefore [#][gg1(X1:) < > [#NT* F1(X1n)-
=0 =0

Hence, if we also take into account Equation (37) and Lemma 31, we find that:

n—1

liminfo/[f]=liminf ) [#J[T*f1(X1n)

rq—1 n—1
> liminf ) [#](T° f1(X1n) + liminf Y [#](T F1(X1n)
=0 {=rq

19 The version of the zero-one law in Ref. [19, Theorem 2] guarantees that the shift-invariant event {liminf,HOO % Sreq FX0 zgoc(f)} has lower
probability one or zero. Our theorem is stronger, in that it guarantees that this lower probability is one. Similar comments apply for the shift-invariant
events in Lemma 33 and Corollary 34, even though the shift-invariance of the event in Lemma 33 is not immediate.
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n—1
> liminf [#](gq] — I f I limsup 3 ol
n—oo E:rq
o0 . q
= timinf [#] gg] | fl Y p17! = liminf [#lgq] — £ lr == 5 (44)
t=rq

By combining Equation (33) with the coherence [LE5 and LE8] of the local models of the Markov chain, we see that #/[gq]
is a submartingale for which A%/[g,] is uniformly bounded. It therefore follows from our strong law of large numbers
for submartingale differences [Corollary 8] that liminf[#][gq] > O strictly almost surely, meaning that there is some test
supermartingale .7 @ that converges to +oo on any path w for which liminf [#11gq] < 0. Furthermore, by the argumen-
tation in the proof of Corollary 8, we also know that 0 < 7@ (x1.,) < (%)” for all n € N and X1, € Z7.n. If we now invoke

Equation (44), we see that 7@ converges to +o0o on any path @ where liminf,_ e 27 f1(®w) < —|\f||v%.
Now consider any sequence of positive real numbers w@ such that quN w@ =1, then it follows from the consid-
i

erations above that the sequence of non-negative real numbers a;(x1.p) := Zq:l w® 7@ (xq.), i € N, is non-decreasing

and bounded above by (%)”, and therefore converges to a non-negative real number, for all n € N and x1.;, € Z1:n.

Hence, we can define the real process .7 := ), w@.7@, which clearly converges to +oo on any path w where
liminf,_ o 2Z[f1(w) < 0. Moreover, .7 ((J) =1 and .7 is non-negative. So we are done with the first inequality if we
can prove that 7 is a supermartingale. Consider, therefore, any situation s and any Q (:|s) € M(Q (:|s)), then, if we denote
its (probability) mass function by p(-|s):

QAT =Y pHIHAT (X = Y pxls) Y wPATD(5)(x)

xeZ xeZ qeN
=> w3 pxHATV()(x) =Y w?PQAaTW(s)s) <0,
qeN xeZ qeN

where the inequality follows from Q (AT D (s)|s) < Q(ATD(s)|s) <0; see Equation (2). If we now recall Equation (3), we
see that indeed Q (A7 (s)|s) <0. O

We can fairly easily extend this result to gambles that depend on a finite number of states.

Corollary 34. Consider an imprecise Markov chain with lower transition operator T. Assume that T is Perron-Frobenius-like, with
stationary lower expectation E . Then for all f € 9(Z"), withr € N:

n—oo n

1 n
liminf — Z F Xikr—1) = E (f (X1.r)) strictly almost surely, (45)
k=1

where E  is the stationary joint lower expectation, defined at the very end of Section 6.3.

Proof. We give a proof by induction. We know from Theorem 32 that Equation (45) holds for r = 1. Now consider any q € N,
and assume as our induction hypothesis that Equation (45) holds for r = g, then we prove that it also holds for r =q + 1.
Consider any f € 4 (2 9t1), and define the real process .# by letting .# (X1.¢):=0 for £=0,1,...,q and

n—1

M (X1:g+n) i= Z[f(XkJrl:kJqurl) — E(f (X4 1:k+9+1)| X1:k4g) | foralln € N.
k=0

Then for any n € Ng and any situation Xi.g4n € Z1.q4n, we find that

A///(Xlzq+n)(xq+n+l) = //[(Xlzq+nxq+n+l) - ///(Xlzq+n) = f(xn+1:n+qxq+n+1) - E(f(Xn+l:q+n+1)|X1:n+q)
= f(nt1n+qXqin+1) — g(f(xn+1:n+qxq+n+1)|X1:n+q),

where the last equality follows from Corollary 3, and therefore, coherence [LE8] implies that Q (A.# (X1.q4n)|X1:q+n) = 0.
Similarly, for any £ € {0,1,...,q — 1} and any x;.; € 27.¢, coherence [LE5] implies that Q (A.Z (X1.¢)|X1.¢) = Q (0|x1.¢) = 0.
Hence, we conclude that .# is a submartingale, whose differences are uniformly bounded [because f is, trivially so].
Corollary 8 then tells us that liminf[.#] > 0 strictly almost surely, or in other words that there is a test supermartingale
Z that converges to +o0o on the event A:={w € Q: liminf[.#](w) < 0}.

Now observe that—keeping in mind that the second terms on the right-hand side of the first equality below always lie
between min f and max f, due to LE5:
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o 1 n o 1 n—1
l}ln_i)lcgfg kX]: FXiekrq) = llnn_i)})gf[[[///]] (X1:n+q) + o ZE(f(Xk+1:k+q+1)|X1:k+q)]

k=0
1 n—1
> liminf [. 4] (Xinq) + liminf kZg(f(XkH;HqH>|x1:k+q). (46)
=0

If we consider the gamble g(X1.q) := E (f(X1.q+1)1X1,¢) that only depends on the first q states, then it follows from
Corollary 3 and the Markov condition (18) that for all x1.q € 2714

g(x1:9) = E o (f X1:q41)|X1:9) = g(f(xlquq-&-l”x]:q) = Q(f(xlquq-&-l”xq)- (47)

Similarly, it follows from Corollary 3, the Markov condition (18) and Equation (47) that for all k € No and all X1.k4q € Z1:k+4q

E(f (XkstdaqrD X 104q) = g(f(xk+1:k+qu+q+1)|X1:k+q) = g(f(xk+1:k+qu+q+l)|Xk+q) = Z(Xk+1:k+q)>

and therefore the inequality (46) can be rewritten as

1 . B
liminf - kZ f Kiterq) = iminf [.] (X1n1q) + liminf ~ kZ g(Xicksq-1)- (48)
=1 =1

We infer from the induction hypothesis that for the second term on the right-hand side

NS :
l}lngggfﬁ ,{Z: 8(Xiek+g—1) = E (g(X1.9)) strictly almost surely,
=1
meaning that there is some test supermartingale .7* that converges to +occo on the set B of all paths where this inequality
does not hold. This in turn implies that

N :

l}ln_l)lorgfﬁ Z F Kickrq) = E (8(X19)) strictly almost surely,
k=1

because it follows from (48) that the paths where this inequality does not hold must belong to A U B, where the test

supermartingale %(9 + %) converges to +o0o. Now observe that

Est(g(xlzq)) =Est(ﬁst(f(xl:q+l)|xlzq)) = Est(f(xlzq+l))’
by Theorem 16 [with m:=0and n:=q]. O

10. Conclusions and discussion

We have motivated expressions for joint lower and upper expectations on extended real-valued variables for impre-
cise Markov chains (with finite state spaces), and proved various interesting properties for them. This has allowed us to
deal quite elegantly with transition and return times, but we expect our approach to be equally useful in other problems
involving unbounded and/or extended real-valued variables.

We have also proved versions of the point-wise ergodic theorem for our imprecise Markov chains, involving (bounded)
functions of a finite number of states. It is a subject of current research whether this result can be extended to gambles
that depend on the entire state trajectory, and not just on a finite number of states.

Our version in Theorem 32 subsumes the one for (precise) Markov chains discussed in the Introduction, because there
E () =Eco(f) = Eoo(f) and therefore

- 1< 1<
Eco(f) = Eco(f) = limsup — Z f(Xp) = liminf — Zf(Xk) > E . (f) = Exo(f) strictly almost surely,
n—oo M e 3

implying that %Zzzl f(Xy) converges to Eo(f) (strictly) almost surely. In our more general case, however, we cannot
generally prove that there is almost sure convergence, and we retain only almost sure inequalities involving limits inferior
and superior, as is also the case for our strong law of large numbers for submartingale differences. Indeed, that such
convergence should not really be expected for imprecise probability models was already argued by Walley and Fine [24].

Ergodicity results for Markov chains are quite relevant for applications in queuing theory, where they are for instance
used to prove Little’s law [25], or ASTA (Arrivals See Time Averages) properties [15]. We believe the discussion in this paper
could be instrumental in deriving similar properties for queues where the probability models for arrivals and departures are
imprecise.
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