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Hidden Markov Model

Global model

&
¥, Local models

p1(X1) p2(X2|X1) p3(X3]X2)
1(011X1) ¢2(02|X2) ¢3(03]|X3)

£ Global model

p(X1:3,01:3) = p1(X1)q1(01|X1)

Hpi(Xi\Xi—l)Qi(Oi|Xi)

="k
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Hidden Markov Model

Estimating the hidden sequence

£ Global model

p(X13, Ors) = pr(X1)qa (03] X1)

| | pi (X3 Xi1)0: (05 X5)

="k

p($1:37 01:3)

arg max p(x1.3/|01.3) = arg max

1.3 Wilsg p(01!3)
— arg maxp(:r:l;g, 01:3)
L1:3



Hidden Markov Model

Estimating the hidden sequence

02 Global model

p(X13, Ors) = pr(X1)qa (03] X1)

| | pi (X3 Xi1)0: (05 X5)

; i=2
| |
arg max p(ri.3|01.3) = arg max plz1:3, 01:3)
1.3 Wilsg p(01!3)
= arg max p(x1.3,01.3)
L1:3

) Viterbi algorithm (1967)
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Viterbi algorithm

) Viterbi algorithm (1967)

> Recursive

> Complexity O(nm?)
n: length of the sequence
m: size of state space

¥ Extendible to k-best Viterbi
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Imprecise Hidden Markov Model
Global model

T  Local models
Mx, Mx, 1 x, Mxgix,
Mo, 1x, Mo, ix, Mog|xs

May contain infinitely
£ Global model many precise models!

M = {Hpi(XiXil)Qi(OiXi)

i=1
(Vk € 11,2,3}) pr(-| Xk—1) € Mx|x, 1

Qk(‘Xk) S MOk|XI<:}
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Imprecise Hidden Markov Model
Estimating the hidden sequence

02 Partial order

T1.3 > T1.3 & (Vp € M) p(x1.3|01:3) > p(£1.3]|01:3)

L2 Set of maximal solutions

Indecision
There may be multiple maximal solutions.




Imprecise Hidden Markov Model

Rewriting the solution set

£ Partial order

T1:n il:n <~ (\V/p - M) p($1:n|01:n) > p(il:n‘Olzn)



Imprecise Hidden Markov Model

Rewriting the solution set

£ Partial order

T1:n il:n <~ (\V/p - M) p($1:n|01:n) > p(il:n‘Olzn)
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£ Partial order
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Rewriting the solution set

£ Partial order

L1 = L1y & (\V/p - M)

p
& (VpeM)p
p

(ajlznlalzn) > p(ilzn‘Olzn)

L1:n,01: n) > p(a?l:na Olzn)

< (Vp e M) > 1

(
(371 ny O1: n)
(2

P\ naalzn)

o it p(xl nsy O1: n) > 1

peEM p(xl ny O1: n)
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Rewriting the solution set

£ Partial order

x1n>x1n<:>(VpE./\/l)

p
S (VpeM)p
p

What if p(Z1.n,01:n)
becomes zero?
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Rewriting the solution set

£ Partial order

p(xlzna 01:n)

Tlin ~ il:n < min > 1

peEM p(ilzna Olzn)

mn
o min pk(ifk l’k—1) Qk(Ok wk)

pEM % D (T |Tr—1) qr(Ok|Tk)




Imprecise Hidden Markov Model

Rewriting the solution set

£ Partial order

p(xl :ny O1: n)

> 1

X1.p, > T1.p, < MinN
peEM p(xl ny O1: n)

- pk(xk l’k—1) Qk(Ok wk)

< min

pEM - Pe(Tk|Tr_1) qr (0K |Zk)
mn
o H N, pk(ﬂfk L — 1) s Qk(ok
Pr([ Xk—1)EMx, 1x, _, pk(xk Tk— 1) qr (| Xk)EMo, | x, Qk(

k=1




Imprecise Hidden Markov Model
Rewriting the solution set

02 Partial order

p(xl'n701'n)

> 1

X1.p, > T1.p, < MinN
peEM p(xl ny O1: n)

- (xk|Tr_1) qr(0oK|TK)
o min Pk kAk—l dk kAk <1
peM ( k fl?‘k—1) C]k(Ok il?k)
mn
N H B, Pk(flfk L — 1) i qk(Ok aik)
k:lpk( | Xk—1)EMx, 1x,_, pk(fk Ty 1) qk(-| Xk)EMo, | x, C_lk( QAjk)
mn

& H Xe(Thy The1, Thy The1 )Wk (Th, Tk, O) > 1
k=1



Imprecise Hidden Mar

Rewriting the solution set

kov Model

£ Partial order

p(xl'n701'n)

X1.p, > T1.p, < MinN > 1
. . peM p(:ﬁ ny O1: n)
- Pe(Tk|Tr—1) qr(ok|zk)
o min Pk kAk—l k k/\k <1
peEM -~ P (Tk|Tr—1) qr(Ok|Zk)
- (g |Tr_1) (o |Tk)
N H i Pk Ak k—1 s dk\ Ok Ak
Pr([ Xk—1)EMx, 1x, _, pk(xk Tk— 1) qr (| Xk)EMo, | x, C_lk( xk)

k=1
n

< H Xk (Thy The1, Tk, L1 )W (2, T, 0k) > 1

3 Can be calculated in advance

\

W)



Imprecise Hidden Markov Model
Rewriting the solution set

L8 Set of maximal solutions

OptmaX(Xlzn) é {j\jl:n c Xl:n: (vxlzn c Xl:n) L1:n ?L i'l:n}

n A

QLg H Xk( Ty Th—1, Tk, Tp—1 )Wk (Tge, Tk, 08) < 1
xl:nexlzn L—1
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L8 Set of maximal solutions
Oop maX(Xl n) é {56'1 .n € Xl n - (vxl .n € Xl n) L1:n ?L 331 n}
n ﬂ

max HXk Ty Th—15 Tk, Tp—1 )W (ks Tk, 0) < 1
| k=1

How do we calculate this set?
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Rewriting the solution set

L8 Set of maximal solutions
Oop maX(Xl n) é {5131 .n € Xl n - (vxl .n € Xl n) L1:n ?L 371 n}
n ﬂ

max HXk Ty Th—15 Tk, Tp—1 )W (ks Tk, 0) < 1
| k=1

How do we calculate this set?

) MaxiHMM algorithm
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General overview

) MaxiHMM algorithm
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) MaxiHMM algorithm
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General overview

) MaxiHMM algorithm
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General overview

) MaxiHMM algorithm
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General overview

) MaxiHMM algorithm

\

/ N\
W) ) o
/

\
ox[1x][ox](1v) ov 1x

/

ov
/ \

0X 1X

1/
/ \
0V 1/

N\

1V
/ \

0X 1X



MaxiHMM algorithm
General overview

) MaxiHMM algorithm
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~ N A : . .
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MaxiHMM algorithm
General overview

We recursively define two parameters:
A JAN . A A
Vi (Tk, Tx) =  min max  Xk+1(Tht1s Tk, Thil, Tk)
Tp11€EX11 Tht1EXK+1
WEk+1 ($k+1, Tht1, 0k+1)Wk+1 ($k+1, i‘k+1)

Yoo (T, Tp) = 1

.and ...

A A
— IMax Xk(xkpxk—:[?xk?xk—l)
Tr_1€EXK_1

Wi (Th, Tk, Ok )0k —1(Th—1, T1:k—1)

5k (xka j\jl:k)

01(r1,21) = x1 (21, 21)w(x1, 21, 01)
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some initial segment



MaxiHMM algorithm
General overview

We want to be able to check whether:

(VZ1:n € 0Pt ax(X1in)) Tk 7 T1.6 ™N

/n\ some initial segment

max O (L, 1. ) Ve (Ths Tp) > 1
:EkEXk
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General overview

) MaxiHMM algorithm




MaxiHMM algorithm

General overview

Algorithm 1: MaxiHMM

-

(*L BN S YU

Data: the local parameters xx and wg, an output sequence 0;.,, and
the corresponding global parameters i

Result: the set opt(&X].,|01.,) of all maximal state sequences
Opt(Xlznlol:n) — m

for £, € &, do
for z, € A} do
| 01(z1,21) « xa(@1, &1)wi (21, E1,01)

if max 01(z1, Z1)11 (21, %1) < 1| then Recur(l, #, 6;(-,%1))
I 1

—

Procedure Recur (k, Z1.k, 0k (-, Z1.k))

return opt(AXi.,|01.n)

1 if kK = n then

2 add Z1., to opt(&X1.n|01:n) > We found a solution!
3 else

4 for 4., € &y, do

5 T1:.k+1  (Z1:ky Tht1) > Append 41 to the end of .k
6 for .1 € A1 do

7 Ok+1(ZTht1, T1:kt1) max Xk+1(Th41, Thy Trt1, Tk)

k

8 Wr+1(Th+1, Th+1,0k+1)

9 6k($ka$1:k)
10 if | max  Or+1(Ths1, Trk+1)Vk+1(Tht1, Tr4+1) < 1 |then

Tr+1€EX k41
11 L ecur (K + I, ZT1:k+1, 010", L1:k+1))
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MaxiHMM algorithm

Properties

Y  MaxiHMM algorithm

> Recursive

> Heuristic complexity O(Snm?)
S: number of solutions
n: length of the sequence
m: size of state space



MaxiHMM algorithm
Properties

Y  MaxiHMM algorithm
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Applications
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OCR

Optical Character Recognition
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Willem, die vele bouke maecte,
Daer hi dicken omme waecte,
Hem vernoyde so haerde
Dat die avonture van Reynaerde
INn Dietsche onghemaket bleven
- Die Willem niet hevet vulscreven -
Dat hi die vijte van Reynaerde soucken
Ende hise na den Walschen boucken
In Dietsche dus hevet begonnen.
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Hidden Markov models

Willem, die vele bouke maecte,
Daer hi dicken omme waecte,
Hem vernoyde so haerde
Dat die avonture van Reynaerde
INn Dietsche onghemaket bleven
- Die Willem niet hevet vulscreven -
Dat hi die vijte van Reynaerde soucken
Ende hise na den Walschen boucken
In Dietsche dus hevet begonnen.
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> Medieval Dutch (13th century)
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Textual data

) Van den Vos Reynaerde

> Medieval Dutch (13th century)
> Often little data on hand

¥ Building very accurate precise
models is impossible

> Use imprecise models
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& MaxiHMM solutions

BEWAENT
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Results

UP read as UF

& 3-best Viterbi solutions

VE OF UP

& MaxiHMM solutions

OF UF UP VE

g Multiple solutions are typically returned in cases where

the Viterbi algorithm fails to return the correct result
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Results

COMT

& 3-best Viterbi solutions

CONT COMI  CONI

& MaxiHMM solutions

COMI COMT CONT

read as

COMT



Results

) COMT read as COMT

& 3-best Viterbi solutions

CONT COMI  CONI

& MaxiHMM solutions

COMI COMT CONT

A Imprecision takes care of problems with small data sets




Questions?




