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Modelling uncertainty

To start Forget all you know about probability theory.
Question How would you model your uncertainty?

» Allow for mathematics/automation.
Attach numbers/values to something.

» Be practical: make it meaningful /operational.
Give maximum buying and minimum selling price
to cost-functions/gambles.

Example Uncertainty about the weather tomorrow.
» Possibilities: rain, overcast, sunshine.
» Actions: bring umbrella, wear sandals,. ..

» Consequences: stay dry, get wet feet,. ..
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A simplified uncertainty model

Simplification Choose a special class of possible gambles.
Finite set of possibilities, e.g, Q2 = {a, b, c}.

Only {0, 1}-valued gambles;
they can be identified with subsets, e.g., A C Q.

v
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Include complements of subsets, e.g., 2\ A.

v

v

just take the powerset, e.g.,

o = {0,{a},{b},{c} {a, b}, {a,c},{b,c}, Q}.
Formalization maximum buying and minimum selling prices

are called lower and upper probabilities, e.g., P, P.

> Relation between lower and upper probability:
P(A) =1—P(Q2\ A). Use lower probability only.

> A lower probability as a vector, e.g.,
P = (B(Z)aE{a}aE{b}vB{c}vB{a,b}vB{a,c}’B{b,c}’BQ)-
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What makes an uncertainty model reasonable?

Ad-hoc criteria Normedness: Py =0, Po =1,
Positivity & boundedness: 0 < P, < P4 <1,
Monotonicity: AC B= P4 < Pg,...
Avoiding sure loss Never Y g Ag(lg(x) — Pg) < 0 for all x.

Coherence Never > g A\g(lg(x) — Pg) < Aa(la(x) — P4)
for all x.

k-Monotonicity Generalization of 2-monotonicity:
Paug = Pa+ Pp— Panp.

Permutation invariance Symmetrical knowledge:
|A| = [B| = Po = Pg.

N.B.: All these criteria can be expressed as linear constraints on P.
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Representing lower probabilities

In general As a point of a 2/®l-dimensional vector space.

Additive probabilities As a point of an |Q|-dimensional vector
space if P is such that
AmB:@éBAUB:BA_‘_BB-

Positive normed addivite probabilities As a point b
of the (|2| — 1)-dimensional unit simplex. / ,

/C
Coherent lower probabilities As a convex subset b

of the (|©2| — 1)-dimensional unit simplex. .
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Constraints & vertices: a toy example
EQ h3 h4 h5 h6

h1 Py

Possibility space € is a singleton.
Constraints Hyperplanes h;,i =1,...,6;
some are redundant, some are not.
Vertices Points like v, but not like w.
The extreme lower probabilities.
Vertex enumeration From constraints to vertices: computationally
heavy for large possibility spaces (|Q2] > 4).
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Constraint generation

» Straightforward in some cases:
Py=0, Pq=1  0<Py<Pa<l,
ACB=Py,<Pg  |Al=|B|= Ps=Pg,
ANB=0= Pjg=Ps+ Pg.

> Just a question of an efficient implementation:
Pasg > Pa+ Pg — Pang (k-monotonicity).

» Seemingly hopeless ... at first sight:
sup>_gAglg > Y g A\sPg (avoiding sure loss),
sup(>-g Agle — Aala) > > g AP — AaP 4 (coherence).

How to tackle the problem of real-valued \:

» Make sure the supremum is attained everywhere.
» Consider only linearly independent sets of B's or A and B's
for which (Jg B =Q or g B = A.
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Results

Which interesting extreme lower probabilities did we calculate?

Extreme (permutation invariant) k-monotone lower probabilities
For |Q2| < 4 for all k.
» For |Q| =5, the 117983 for k = 2.

Extreme (permutation invariant) coherent lower probabilities  »
The cases || < 3 were already known.
o/D\>® O > 00 > 00 W/ \ 20
S 1x $ 3x 3 3x 5 1x
S $ ky $
c a / /

» We're the first to find the 402 for |Q| = 4.
» For |Q2| = 5 there are at least 1743093.



Conclusions

> Lower probabilities can be used to model uncertainty.

> We assembled and successfully used
a method to compute extreme lower probabilities.

» Questions:
» More efficient (vertex enumeration) algorithms?
» Direct calculation possible?
» What about extreme lower previsions?



	Some concepts of imprecise probability theory
	Extreme lower probabilities
	Conclusions

