
AVERAGING RESULTS AND THE STUDY OF UNIFORM
ASYMPTOTIC STABILITY OF HOMOGENEOUS DIFFERENTIAL

EQUATIONS THAT ARE NOT FAST TIME-VARYING∗

JOAN PEUTEMAN† AND DIRK AEYELS†

SIAM J. CONTROL OPTIM. c© 1999 Society for Industrial and Applied Mathematics
Vol. 37, No. 4, pp. 997–1010

Abstract. Within the Liapunov framework, a sufficient condition for uniform asymptotic sta-
bility of ordinary differential equations is proposed. Unlike with classical Liapunov theory, the time
derivative of the V -function, taken along solutions of the system, may have positive and negative
values. It is shown that the proposed condition is useful for the study of uniform asymptotic stability
of homogeneous systems with order τ > 0. In particular, it is established that asymptotic stability
of the averaged homogeneous system implies local uniform asymptotic stability of the original time-
varying homogeneous system. This shows that averaging techniques play a prominent role in the
study of homogeneous—not necessarily fast time-varying—systems.
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1. Introduction. The classical Liapunov approach to uniform asymptotic sta-
bility of the null solution of a dynamical system ẋ(t) = f(x, t) requires the existence
of a positive definite, decrescent Liapunov function V (x, t) whose derivative along
the solutions of the system is negative definite. When this derivative is negative
semidefinite, stability rather than asymptotic stability follows; in case the differential
equation is autonomous, the Barbashin–Krasovskii theorem or LaSalle’s invariance
principle may be helpful in proving asymptotic stability. Extensions to periodic dif-
ferential equations are possible. For nonperiodic systems, Narendra and Annaswamy
[12] show that with V̇ (x, t) ≤ 0 uniform asymptotic stability can be proven if there
exists a T ∈ R+ such that ∀t : V (x(t+T ), t+T )−V (x(t), t) ≤ −γ(‖x(t)‖) < 0, where
γ(·) is a strictly increasing continuous function on R+ which is zero at the origin
and where x(t + T ) is the solution of the system at t + T with initial condition x(t)
at t. Weaker conditions than the Narendra–Annaswamy conditions also leading to
asymptotic stability have recently been obtained [1, 2, 3, 4]. The present paper and
[3, 4] have been inspired by the result of Narendra–Annaswamy. We claim that in the
asymptotic stability theorem of Narendra–Annaswamy, the negative semidefiniteness
condition on the time-derivative of the V -function can be dispensed with: the null
solution of a differential equation is uniformly asymptotically stable under the condi-
tion that for a positive definite decrescent V (x, t), ∃T > 0, and a strictly increasing
sequence of times t∗k such that V (x(t∗k+1), t∗k+1) − V (x(t∗k), t∗k) ≤ −γ(‖x(t∗k)‖) with
γ(·) : R+ → R+ continuous, strictly increasing and passing through the origin and
t∗k+1 − t∗k ≤ T ∀k ∈ Z and t∗k →∞ as k →∞ and t∗k → −∞ as k → −∞. Compared

to [12], V̇ (x, t) ≤ 0 is no longer required. Compared to [3], the condition on V needs
to be satisfied only for a sequence t∗k, not for all t. Unlike [4], this paper is focused
upon uniform asymptotic stability, not exponential stability.
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In section 2 of this paper, the classical theorem of Liapunov for discrete-time
nonlinear systems is recalled. In section 3, we propose a sufficient condition which
guarantees uniform asymptotic stability of a continuous-time nonlinear system. In
section 4 and section 5, a proposition and a theorem are stated concerning uniform
asymptotic stability of time-varying homogeneous systems ẋ(t) = f(x, αt) (∀α ∈ R+

0 )
with order τ > 0. It is shown that asymptotic stability of the averaged (time-invariant
homogeneous) system guarantees local uniform asymptotic stability of the original
time-varying homogeneous system. For stability results on time-invariant homoge-
neous systems, the reader is referred to [7, 9]. An important—perhaps surprising—
feature of our result is that it is valid independent of α. This shows that averaging
techniques play a prominent role in the study of time-varying—not necessarily fast
time-varying—homogeneous systems of order τ > 0.

As illustrated in section 6 and studied in [11], it is worthwhile mentioning that
the averaging results for homogeneous systems with order τ = 0 are different in the
sense that they are valid only for α sufficiently large.

The region of attraction of the homogeneous system ẋ(t) = f(x, αt) (α ∈ R+
0 )

with order τ > 0 depends on α. This region of attraction increases when α increases
and grows unbounded as α goes to infinity.

2. Theorem of Liapunov for discrete-time systems. Consider the time-
varying discrete-time system

xk+1 = g(xk, k)(1)

with g : Wd × Z→ Rn, Wd open, Wd ⊂ Rn. Let g(0, k) = 0 ∀ k ∈ Z and 0 ∈Wd.
Proposition 1. Consider a function V : Ud × Z → R, with Ud an open neigh-

borhood of 0. We assume the following.
Condition 1. V (x, k) is positive definite and decrescent; i.e., V (0, k) = 0 ∀k

and ∀x ∈ Ud : αV (‖x‖) ≤ V (x, k) ≤ βV (‖x‖). The functions αV (·) : R+ → R+

and βV (·) : R+ → R+ are strictly increasing continuous functions passing through the
origin.

Condition 2. There exists a function γ(·) : R+ → R+, which is continuous,
strictly increasing, and passing through the origin, and an open set U ′d ⊂ Ud ∩Wd,
which contains the origin such that ∀k ∈ Z ∀xk ∈ U ′d \ {0}:

V (xk+1, k + 1)− V (xk, k) ≤ −γ(‖xk‖) < 0,(2)

where xk+1 = g(xk, k).
Then the equilibrium point x = 0 of (1) is locally uniformly asymptotically stable.
Proof. The present proposition is the classical theorem of Liapunov for uniform

asymptotic stability for discrete-time nonlinear time-varying systems. For the proof
of this proposition, the reader is referred to [5, 8].

Remark 1. When the closed ball with radius ν centered at 0, Bν(0) ⊂ U ′d and
xk0
∈ Bν′(0) with ν′ = β−1

V (αV (ν)), then by (2), xk exists and xk ∈ Bν(0) ⊂ U ′d ∀k0

and ∀k ≥ k0. The proof of Proposition 1, which is entirely analogous to the proof of
the Liapunov theorem in the continuous-time case, implies that the open ball with
radius ν′ centered at 0, Bν′(0) belongs to the region of attraction.

3. A sufficient condition for uniform asymptotic stability. In this section,
a sufficient condition for uniform asymptotic stability of a continuous-time system is
proposed. In classical Liapunov theory, the time derivative of the Liapunov function
V along the solutions of the system is required to be negative definite. In the present
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case, the derivative of the V -function may have positive and negative values. The
theorem requires only the existence of a positive definite and decrescent V -function
and a sequence of times t∗k such that the values of this V -function decrease when
evaluated along the solutions at t∗k.

Consider

ẋ(t) = f(x, t)(3)

with f : Wc × R → Rn, Wc open, Wc ⊂ Rn. Let f(0, t) = 0 ∀ t ∈ R and 0 ∈ Wc.
Furthermore we assume that conditions are imposed on (3) such that existence and
uniqueness of its solutions are secured. These conditions are imposed on all the
differential equations mentioned in the present paper, and of these conditions we
single out the local Lipschitz condition. This local Lipschitz condition will be used
in the course of the proof of the propositions and the theorems hereafter: f is locally
Lipschitz, i.e., for ∀x ∈ Wc, ∃ a neighborhood N (x) ⊂ Wc, such that the restriction

f |N (x)×R
not
= f |N (x) is Lipschitz with Lipschitz function lx(t). We assume that lx(t)

is bounded ∀ t ∈ R. We are now ready to state a lemma and Proposition 2.
Lemma 1. Let U ⊂ Wc be an open neighborhood of 0. Consider a closed ball

Bµ(0) ⊂ U ; then ∀ T > 0, ∃µ′ > 0 such that (x0, t0) ∈ Bµ′(0) × R implies that
x(t) ∈ Bµ(0) for t ∈ [t0, t0 + T ]. Here x(t) is the solution of (3) evaluated at t with
initial condition x0 at t0. (The solutions are assumed to exist over the considered
time interval.)

Proof. The proof of the lemma is omitted. It can be found in [3].
Remark 2. The proof of the lemma shows that µ′ = µe−KT is an appropriate

choice of µ′. K is the Lipschitz constant of (3) on Bµ(0) [10, p. 70].
Proposition 2. Consider a function V : U ×R→ R, with U an open neighbor-

hood of 0. We assume that the following additional conditions are satisfied.
1. Condition 1. V (x, t) is positive definite and decrescent; i.e., V (0, t) = 0 ∀t

and ∀x ∈ U : αV (‖x‖) ≤ V (x, t) ≤ βV (‖x‖). The functions αV (·) : R+ → R+ and
βV (·) : R+ → R+ are strictly increasing continuous functions passing through the
origin.

2. Condition 2. There exists an increasing sequence of times t∗k (k ∈ Z) with
t∗k →∞ as k →∞ and t∗k → −∞ as k → −∞, ∃ finite T > 0 : t∗k+1−t∗k ≤ T (∀k ∈ Z);
there exists a function γ(·) : R+ → R+ which is continuous, strictly increasing, and
passing through the origin and an open set U ′ ⊂ U ∩Wc which contains the origin
such that ∀k ∈ Z ∀x(t∗k) ∈ U ′ \ {0}:

V (x(t∗k+1), t∗k+1)− V (x(t∗k), t∗k) ≤ −γ(‖x(t∗k)‖) < 0,(4)

where x(t∗k+1) is the solution of (3) at t∗k+1 with initial condition x(t∗k) at t∗k.
Then the equilibrium point x = 0 of (3) is locally uniformly asymptotically stable.
Proof. By the continuous-time system ẋ = f(x, t) and the sequence t∗k, we define

the discrete-time system xk+1 = g(xk, k) with g(xk, k) = x(t∗k+1) ∀xk ∈ U ′ = Wd.
Here x(t∗k+1) is the solution of (3) at t∗k+1 with initial condition x(t∗k) = xk at t∗k. The
continuous times t∗k are identified with the discrete times k (∀k ∈ Z) and the state
x(t∗k) is equal to xk (∀k ∈ Z).

Uniform asymptotic stability of xk+1 = g(xk, k). Condition 1 and Condition 2 of
Proposition 2 imply that Condition 1 and Condition 2 of Proposition 1 are fulfilled
with Wd = Ud = U ′d = U ′, which implies local uniform asymptotic stability of xk+1 =
g(xk, k).
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We are set to prove local uniform asymptotic stability of (3). First uniform
stability will be established and then uniform convergence will be established.

Uniform stability of ẋ = f(x, t). Consider a closed ball Bε(0) centered at 0 and
radius ε small enough such that Bε (0) ⊂ U ′. Let K be the Lipschitz constant of (3)
on Bε(0). Define ε′ := ε e−KT . Define δ′ := β−1

V (αV (ε′)) and δ′′ := e−KT δ′.
Consider the open ball Bδ′′(0). For all (x(t0), t0) ∈ Bδ′′(0) × R, there exists a

k0 ∈ Z such that t∗k0
− t0 < T . By Lemma 1 and Remark 2 with µ = δ′ and µ′ = δ′′,

one obtains that ∀t ∈ [t0, t
∗
k0

], t− t0 < T which implies that

‖x(t)‖ < δ′ = δ′′eKT < ε ∀t ∈ [t0, t
∗
k0

](5)

and ‖x(t∗k0
)‖ < δ′.

By Proposition 1 and Remark 1 with ν = ε′ and ν′ = δ′, it is clear that ∀n ∈ N:
xk0+n exists and ‖xk0+n‖ < ε′, where xk0+n is the solution of xk+1 = g(xk, k) at
k0 + n with initial condition xk0 = x(t∗k0

) at k0.
For all n ∈ N, xk0+n equals x(t∗k0+n), where x(t∗k0+n) is the solution of (3) at t∗k0+n

with initial condition x(t∗k0
) = xk0

at t∗k0
. This implies that ∀n ∈ N : ‖x(t∗k0+n)‖ =

‖xk0+n‖ < ε′.
Notice that ∀ t ≥ t∗k0

, ∃n ∈ N such that t − t∗k0+n < T . Since ‖x(t∗k0+n)‖ < ε′ =

εe−KT ∀n ∈ N, Lemma 1 and Remark 2 with µ = ε and µ′ = ε′ imply that

‖x(t)‖ < ε ∀ t ≥ t∗k0
.(6)

By (5) and (6), ‖x(t)‖ < ε ∀t ≥ t0 when (x(t0), t0) ∈ Bδ′′(0)× R.
Uniform stability of (3) is established when

∀εc > 0,∃δ(εc) > 0 : ‖x(t0)‖ < δ(εc)⇒ ‖x(t)‖ < εc ∀t, t0 such that t ≥ t0.

If Bεc ⊂ U ′, then take ε = εc. If Bεc(0) 6⊂ U ′, then take ε small enough such that
Bε(0) ⊂ U ′. Simply take δ(εc) = δ′′ = e−KTβ−1

V (αV (εe−KT )).
Uniform convergence of ẋ = f(x, t). We prove the existence of an ε1 > 0 such

that ∀ε2 > 0, there exists a T (ε2) ≥ 0 such that ‖x(t0)‖ < ε1 (t0 arbitrary) implies
‖x(t)‖ < ε2 ∀ t ≥ t0 + T (ε2). Here x(t) is the solution of (3) with initial condition
x(t0) at t0.

Take ε small enough such that Bε(0) ⊂ U ′. Let K be the Lipschitz constant of
(3) on Bε(0). Take ε1 = e−KTβ−1

V (αV (εe−KT )). For all (x(t0), t0) ∈ Bε1(0)×R, there
exists a k0 ∈ Z such that t∗k0

− t0 < T . Since ‖x(t0)‖ < ε1, by Lemma 1 and Remark 2

with µ = ε1e
KT and µ′ = ε1, one obtains that

‖x(t∗k0
)‖ < ε1e

KT = β−1
V (αV (εe−KT )).(7)

Take ε1d := β−1
V (αV (ε)). By the convergence property of xk+1 = g(xk, k), Proposi-

tion 1 and Remark 1 with ν = ε and ν′ = ε1d imply that ∀ε2d : ∃k(ε2d) such that
‖xk0
‖ < ε1d implies that ‖xk‖ < ε2d ∀k ≥ k0 + k(ε2d).
Since by (7) ‖xk0

‖ = ‖x(t∗k0
)‖ < ε1d, one obtains by taking ε2d = ε2e

−KT that
∀k ≥ k0 + k(ε2d) that

‖xk‖ = ‖x(t∗k)‖ < ε2e
−KT .(8)

By Lemma 1 and Remark 2 with µ = ε2 and µ′ = ε2e
−KT

‖x(t)‖ < ε2 ∀ t ≥ t∗k0+k(ε2d).(9)
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Since t∗k0
− t0 < T and since t∗k0+k(ε2d)− t∗k0

≤ k(ε2d)T , t∗k0+k(ε2d)− t0 < (k(ε2d) + 1)T .

Therefore ‖x(t)‖ < ε2 ∀t ≥ t0 + T (ε2) with T (ε2) := (k(ε2e
−KT ) + 1)T . This implies

uniform convergence to the origin and therefore also uniform asymptotic stability of
(3).

Remark 3. The proof of Proposition 2 shows that when Bε(0) ⊂ U ′ that Bδ(ε)(0)

with δ(ε) = e−KTβ−1
V (αV (εe−KT )) belongs to the region of attraction of (3).

Remark 4. If Condition 2 of Proposition 2 is replaced by the condition that
there exists an increasing sequence of times t∗k (k ∈ Z) with t∗k → ∞ as k → ∞ and
t∗k → −∞ as k → −∞, ∃ finite T > 0 : t∗k+1 − t∗k ≤ T (∀k ∈ Z), there exists an open
set U ′ ⊂ U ∩Wc which contains the origin such that ∀k ∈ Z ∀x(t∗k) ∈ U ′ \ {0},

V (x(t∗k+1), t∗k+1)− V (x(t∗k), t∗k) ≤ 0,

then the equilibrium point x = 0 of (3) is locally uniformly stable.

4. Homogeneous systems. Proposition 2 introduces a sufficient condition for
uniform asymptotic stability of a dynamical system. Because of Condition 2, it may
be hard in general to verify uniform asymptotic stability by means of this proposition.
This section and section 5 may be seen as an elaboration of the previous one. When
considering homogeneous systems, we show that Condition 2 of Proposition 2 may be
replaced by a condition independent of the flow.

Definition 1. The system ẋ(t) = f(x, t) with x = (x1, ..., xn)T is homogeneous
of order τ and with dilation δ(s, x) = (sr1x1, ..., s

rnxn)T (∀i ∈ {1, ..., n} : 0 < ri <∞)
if for each i ∈ {1, ..., n}

∀x ∈ Rn,∀t,∀s ≥ 0 : fi(s
r1x1, ..., s

rnxn, t) = sτ+rifi(x1, ..., xn, t).(10)

Definition 2. The homogeneous p-norm ρp with dilation δ(s, x) is a continuous
map from Rn to R+, x→ ρp(x) such that

ρp(x) :=

(
n∑
i=1

|xi|
p
ri

) 1
p

(11)

with p ∈ R+
0 .

Remark 5. Calling the function ρp a “norm” is a misnomer. In general ρp does
not satisfy the triangle inequality or the scale property.

Proposition 3. Consider the homogeneous system ẋ(t) = f(x, t) of order τ > 0
and with dilation δ(s, x) = (sr1x1, ..., s

rnxn)T . f is locally Lipschitz, i.e., ∀x, ∃
neighborhood N (x) such that the restriction f |N (x) is Lipschitz with Lipschitz function
lx(t) and lx(t) is bounded ∀t ∈ R.

If there exists an increasing sequence of times t∗k (k ∈ Z) with t∗k →∞ as k →∞
and t∗k → −∞ as k → −∞, ∃ finite T > 0 : t∗k+1 − t∗k ≤ T (∀k ∈ Z) and ∃ K1 > 0
such that ∀k and ∀x with ρr(x) = 1 and r > max{r1, ..., rn}

∂V

∂x
(x)

∫ t∗k+1

t∗k

f(x, t)dt ≤ −K1T,(12)

where
1. V (x) is a positive definite continuous homogeneous function, i.e.,

∀x ∈ Rn, ∀s ≥ 0 : V (sr1x1, ..., s
rnxn) = slV (x1, ..., xn)(13)

for some l > 0, and
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2. ∂V
∂x (x) := ( ∂V∂x1

(x), ..., ∂V∂xn (x)) is locally Lipschitz on Rn;
then ẋ = f(x, t) is locally uniformly asymptotically stable.

Proof. Before starting the main part of the proof, we introduce some notation
and we derive a number of inequalities to be used later on in the proof.

Define Sβ := {x ∈ Rn : |xi| ≤ β,∀i ∈ {1, ..., n}} (β ∈ R+
0 ). If we use the norm

‖x‖max = max1≤i≤n |xi|, then ∀x ∈ Sβ : ‖x‖max ≤ β. The max-norm is denoted as
‖ · ‖max whereas the Euclidean norm is denoted as ‖ · ‖.

By the local Lipschitz property of ẋ = f(x, t), it is Lipschitz on Sβ with a Lipschitz
constant which we denote as Kfβ . Therefore, ∀x, y ∈ Sβ and ∀ i ∈ {1, ..., n}

|fi(x, t)− fi(y, t)| ≤ ‖f(x, t)− f(y, t)‖max ≤ Kfβ‖x− y‖max.(14)

The set {x ∈ Rn|ρr(x) = 1} ⊂ S1 and therefore if i ∈ {1, ..., n} and ρr(x) = 1, then

|fi(x, t)| ≤ ‖f(x, t)‖max ≤ Kf‖x‖max ≤ Kf(15)

with Kf := Kf1. By the same argument, we obtain that ∀x, y ∈ Sβ∥∥∥∥∂V∂x (x)− ∂V

∂x
(y)

∥∥∥∥
max

≤ KV β‖x− y‖max,(16)

where KV β is the Lipschitz constant of ∂V
∂x on Sβ . When ρr(x) = 1, then∥∥∥∥∂V∂x (x)

∥∥∥∥
max

≤ KV(17)

withKV := KV 1. The estimates (14), (15), (16), and (17) will be used in the following.
I. Evolution of the V -function with respect to the sequence t∗k. The

time-derivative of V (x) along the solutions of the system ẋ(t) = f(x, t) is given by

V̇ (x, t) =
∂V

∂x
(x)ẋ =

∂V

∂x
(x)f(x, t).(18)

Consider

∆V (t∗k+1, t
∗
k) :=

∫ t∗k+1

t∗k

V̇ (x, t)dt =

∫ t∗k+1

t∗k

∂V

∂x
(x(t))f(x(t), t)dt,(19)

which may be rewritten as∫ t∗k+1

t∗k

∂V

∂x
(x(t∗k))f(x(t∗k), t)dt(20)

+

∫ t∗k+1

t∗k

(
∂V

∂x
(x(t))f(x(t), t)− ∂V

∂x
(x(t∗k))f(x(t∗k), t)

)
dt.(21)

In order to evaluate (19), we successively estimate (20) and (21).
II. Estimate of (20). In order to invoke the homogeneity properties of ẋ =

f(x, t), we spell out (20) as

n∑
i=1

∫ t∗k+1

t∗k

∂V

∂xi
(x(t∗k))fi(x(t∗k), t)dt.(22)
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By partially differentiating each member of (13) with respect to xi, one obtains that
∀x ∈ Rn \ {0}, ∀i ∈ {1, ..., n}, and ∀s ≥ 0

∂V

∂xi
(sr1x1, ..., s

rnxn) = sl−ri
∂V

∂xi
(x1, ..., xn).(23)

By (23) and the homogeneity of f(x, t), one obtains that (22) can be written as

ρτ+l
r (x(t∗k))

∫ t∗k+1

t∗k

n∑
i=1

∂V

∂xi
(δ(ρ−1

r (x(t∗k)), x(t∗k)))fi(δ(ρ
−1
r (x(t∗k)), x(t∗k)), t)dt(24)

or as

ρτ+l
r (x(t∗k))

∂V

∂x
(δ(ρ−1

r (x(t∗k)), x(t∗k)))

∫ t∗k+1

t∗k

f(δ(ρ−1
r (x(t∗k)), x(t∗k)), t)dt.(25)

Since δ(ρ−1
r (x(t∗k)), x(t∗k)) has a homogeneous norm equal to 1, (25) implies by (12)

that ∫ t∗k+1

t∗k

∂V

∂x
(x(t∗k))f(x(t∗k), t)dt ≤ −K1Tρ

τ+l
r (x(t∗k)).(26)

The inequality (26) will force ∆V (t∗k+1, t
∗
k) to be negative definite. We show that (21)

cannot account for a sign change when the initial state x(t∗k) is taken close enough to
the origin. To prove this, we estimate an upper bound for the absolute value of (21).

III. Estimate of (21). By (23) and the homogeneity of f(x, t), (21) can be
written as

ρτ+l
r (x(t∗k))

∫ t∗k+1

t∗k

LfV (δ(ρ−1
r (x(t∗k)), x(t)), t)− LfV (δ(ρ−1

r (x(t∗k)), x(t∗k)), t)dt,(27)

where ∂V
∂x (x)f(x, t) =: LfV (x, t).

In order to evaluate an upper bound for the absolute value of (27), we need the
max-norm of

δ(ρ−1
r (x(t∗k)), x(t))− δ(ρ−1

r (x(t∗k)), x(t∗k)) = δ(ρ−1
r (x(t∗k)), x(t)− x(t∗k))(28)

since we use the Lipschitz property of LfV . In III.1 we estimate the norm of (28)
and in III.2 we estimate the Lipschitz constant corresponding to LfV . In III.3 we
use these results to estimate the absolute value of (21).

III.1. Estimate of the norm of (28). Since

xi(t)− xi(t∗k) =

∫ t

t∗k

fi(x(s), s)ds,(29)

one obtains by the homogeneity of f(x, s) and by (15) that

|xi(t)− xi(t∗k)| ≤
∫ t

t∗k

ρτ+ri
r (x(s))Kfds.(30)

Since ∂ρr
∂xi

(sr1x1, ..., s
rnxn) = s1−ri ∂ρr

∂xi
(x1, ..., xn) and

d

dσ
ρr(x(σ)) =

∑n

i=1

∂ρr
∂xi

(x(σ))fi(x(σ), σ)

= ρτ+1
r (x(σ))

∑n

i=1

∂ρr
∂xi

(y(σ))fi(y(σ), σ)

(31)
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with y(σ) = δ(ρ−1
r (x(σ)), x(σ)). By defining g(σ) :=

∑n
i=1

∂ρr
∂xi

(y(σ))fi(y(σ), σ),

d

dσ
ρr(x(σ)) = ρτ+1

r (x(σ))g(σ).(32)

By direct substitution [6], it is clear that the solution of (32) equals

ρr(x(s)) =
ρr(x(t∗k))

(1− τρτr (x(t∗k))
∫ s
t∗k
g(σ)dσ)

1
τ

(33)

under the assumption that

1− τρτr (x(t∗k))

∫ s

t∗k

g(σ)dσ > 0.(34)

Since ri < r, ∂ρr
∂xi

is continuous on the set {x ∈ Rn|ρr(x) = 1}. Since y(σ) belongs to

this compact set (ρr(y(σ)) = 1), the continuity of ∂ρr∂xi
and (15) imply boundedness of

g(σ). There exists a gm > 0 such that ∀σ: g(σ) ≤ gm. This implies that

ρr(x(s)) ≤ ρr(x(t∗k))

(1− τρτr (x(t∗k))(s− t∗k)gm)
1
τ

< 2
1
τ ρr(x(t∗k))(35)

when t ∈ [t∗k, t
∗
k+1] with t∗k+1 − t∗k ≤ T ∀k ∈ Z and ρr(x(t∗k)) < (2τgmT )

− 1
τ =: ρ′. By

(35), it is obvious that (30) implies that

|xi(t)− xi(t∗k)| ≤ 2
τ+ri
τ KfTρ

τ+ri
r (x(t∗k)).(36)

Recall that

‖δ(ρ−1
r (x(t∗k)), x(t))− δ(ρ−1

r (x(t∗k)), x(t∗k))‖max = max
1≤i≤n

|xi(t)− xi(t∗k)|
ρrir (x(t∗k))

.(37)

Therefore, (36) and (37) imply the existence of a K̃ > 0 such that

‖δ(ρ−1
r (x(t∗k)), x(t))− δ(ρ−1

r (x(t∗k)), x(t∗k))‖max ≤ K̃Tρτr (x(t∗k))(38)

when ρr(x(t∗k)) < ρ′ and t ∈ [t∗k, t
∗
k+1].

Having estimated the norm of (28), we estimate the Lipschitz constant of LfV
which will be used in the calculation of an upper bound for (21).

III.2. Estimate of the Lipschitz constant. Notice that

δ(ρ−1
r (x(t∗k)), x(t)) = δ(ρ−1

r (x(t∗k)), x(t∗k))

+ δ(ρ−1
r (x(t∗k)), x(t))− δ(ρ−1

r (x(t∗k)), x(t∗k))
(39)

and

‖δ(ρ−1
r (x(t∗k)), x(t))‖max ≤‖δ(ρ−1

r (x(t∗k)), x(t∗k))‖max

+ ‖δ(ρ−1
r (x(t∗k)), x(t))− δ(ρ−1

r (x(t∗k)), x(t∗k))‖max

(40)

such that by (38)

‖δ(ρ−1
r (x(t∗k)), x(t))‖max ≤ 1 + K̃Tρτr (x(t∗k)) ≤ 1 +

K̃

2τgm
=: β̃(41)
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when t ∈ [t∗k, t
∗
k+1] and ρr(x(t∗k)) < ρ′ = (2τgmT )−

1
τ . Therefore, (41) implies that

δ(ρ−1
r (x(t∗k)), x(t)) ∈ Sβ̃ .
Since ∀x, y ∈ Sβ̃ and ∀t

LfV (x, t)−LfV (y, t)

=
∂V

∂x
(x)(f(x, t)− f(y, t)) +

(
∂V

∂x
(x)− ∂V

∂x
(y)

)
f(y, t),

(42)

the boundedness of ∂V
∂x and f on Sβ̃ , implied by (14) and (16), and the Lipschitz

properties of ∂V
∂x and f imply the existence of a Lipschitz constant KfV β̃ for LfV on

Sβ̃ . Therefore, ∀x, y ∈ Sβ̃ , and ∀t

|LfV (x, t)− LfV (y, t)| ≤ KfV β̃‖x− y‖max.(43)

III.3. Estimate of (21). By (38) and (43), one obtains that

|LfV (δ(ρ−1
r (x(t∗k)), x(t)), t)−LfV (δ(ρ−1

r (x(t∗k)), x(t∗k)), t)|
≤ KfV β̃K̃Tρ

τ
r (x(t∗k)).

(44)

By (44), the absolute value of (27)–(21) is less than or equal to

KfV β̃K̃T
2ρ2τ+l
r (x(t∗k))(45)

when ρr(x(t∗k)) < ρ′.
IV. Estimate of (19). By (26) and (45), (19) is less than or equal to

ρτ+l
r (x(t∗k))T (−K1 + K̃KfV β̃Tρ

τ
r (x(t∗k))).(46)

Define ρ := min{ρ′, ( K1

2KfV β̃K̃T
)

1
τ }. This implies by (46) that ∀x(t∗k) 6= 0 with

ρr(x(t∗k)) < ρ:

∆V (t∗k+1, t
∗
k) = V (x(t∗k+1))− V (x(t∗k)) ≤ −K1T

2
ρτ+l
r (x(t∗k)),(47)

where x(t∗k+1) is the solution of ẋ(t) = f(x, t) at t∗k+1 with initial condition x(t∗k) at
t∗k.

V. Uniform asymptotic stability. By (13), it is obvious that Condition 1
of Proposition 2 is fulfilled with U = Rn. By (47), it is clear that Condition 2 of
Proposition 2 is fulfilled with U ′ = {x|ρr(x) < ρ}. Therefore, Proposition 2 may be
applied, which implies local uniform asymptotic stability of the homogeneous system
ẋ = f(x, t).

Remark 6. Notice that r is taken to be larger than max{r1, ..., rn} (and not equal
to max{r1, ..., rn}) in order to avoid technical difficulties when taking the derivative

of
∑n
i=1 |yi|

r
ri with respect to time.

5. Uniform asymptotic stability of time-varying homogeneous systems.
Having Proposition 3 available, it is now possible to establish that asymptotic stability
of the averaged system of a time-varying homogeneous system implies local uniform
asymptotic stability of the original time-varying homogeneous system. Because of the
homogeneity and the order condition τ > 0, this result is valid even when the system
is not fast time-varying.
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Theorem 1. Consider the homogeneous system ẋ(t) = f(x, t) of order τ > 0
and with dilation δ(s, x) = (sr1x1, ..., s

rnxn)T . f is locally Lipschitz, i.e., ∀x, ∃
neighborhood N (x) such that the restriction f |N (x) is Lipschitz with Lipschitz function
lx(t) and lx(t) is bounded ∀t ∈ R. If the following conditions hold:

Condition 1. The averaged system ẋ(t) = f̄(x) is asymptotically stable, where

f̄(x) := lim
T→∞

1

2T

∫ +T

−T
f(x, t)dt(48)

is continuous in x;
Condition 2. There exists a continuous function M : [0,+∞[→ [0,+∞[ with

limσ→∞ σ−1M(σ) = 0 such that ∀t1, t2 ∈ R (t2 > t1)∥∥∥∥∫ t2

t1

(f(x, t)− f̄(x))dt

∥∥∥∥ ≤M(t2 − t1)(49)

when ρr(x) = 1 with r > max{r1, ..., rn}.
Then ẋ(t) = f(x, t) is locally uniformly asymptotically stable.

Proof. The proof of the theorem is based on Proposition 3. Definition (48) of the
averaged system ẋ(t) = f̄(x) implies its homogeneity of order τ with dilation δ(s, x) =
(sr1x1, ..., s

rnxn)T . Definition (48) also implies that f̄(0) = 0. By Condition 1, the
homogeneous system ẋ = f̄(x) is asymptotically stable. Let p be a positive integer
and let l be a real number larger than p(max1≤i≤n ri). Following Rosier [13], there
exists a Liapunov function V : Rn → R such that

P1. V (x) is of class C∞ in Rn \ {0} and of class Cp in Rn;
P2. V (0) = 0, V (x) > 0 ∀ x 6= 0 and V (x)→ +∞ as ‖x‖ → +∞;
P3. V is homogeneous: ∀x ∈ Rn \ {0} : ∀s > 0 : V (sr1x1, ..., s

rnxn) =
slV (x1, ..., xn);
P4. ∀x 6= 0 : ∂V∂x (x)f̄(x) < 0.

By P1, ∂V
∂x is continuous in Rn and the continuity of f̄(x) implies continuity of

∂V
∂x (x)f̄(x) on the compact set {x|ρr(x) = 1}. This implies by P4 that ∃β > 0
such that ∀x with ρr(x) = 1,

∂V

∂x
(x)f̄(x) ≤ −β.(50)

Take a t◦0 ∈ R and ∀T ′ and ∀x with ρr(x) = 1:

∂V

∂x
(x)

∫ t◦0+T ′

t◦0

f(x, t)dt = T ′
∂V

∂x
(x)f̄(x) +

∂V

∂x
(x)

∫ t◦0+T ′

t◦0

(f(x, t)− f̄(x))dt.(51)

By the continuity of ∂V
∂x on the compact set {x|ρr(x) = 1}, ∃MV > 0 such that∥∥∥∥∂V∂x (x)

∥∥∥∥ ≤MV(52)

when ρr(x) = 1. One obtains by Condition 2 that

∂V

∂x
(x)

∫ t◦0+T ′

t◦0

f(x, t)dt ≤ T ′ ∂V
∂x

(x)f̄(x) +MVM(T ′)(53)

≤ −βT ′ +MVM(T ′)(54)
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when ρr(x) = 1. By Condition 2, limT ′→∞
M(T ′)
T ′ = 0, which implies that ∃T ′′ such

that ∀T ′ ≥ T ′′ : M(T ′)
T ′ < β

MV
. Take such a T ′ and define a sequence of times

t∗k := t◦0 + kT ′, then ∀k ∈ Z and ∀x with ρr(x) = 1,

∂V

∂x
(x)

∫ t∗k+1

t∗k

f(x, t)dt ≤ −K1T
′(55)

with K1 = β −MV
M(T ′)
T ′ > 0.

With T = T ′ and t∗k = t◦0 + kT ′, (55) implies that (12) is satisfied and P3 implies
that (13) is satisfied. With p ≥ 2, ∂V∂x is continuously differentiable and therefore also
locally Lipschitz. By Proposition 3, one obtains local uniform asymptotic stability of
the homogeneous system ẋ = f(x, t).

Remark 7. Theorem 1 is a result on asymptotic stability of a homogeneous system
under a classical averaging condition, without requirements on the time-scale—typical
for averaging results.

Remark 8. The proof of Theorem 1 is based on Proposition 3 and the crucial
part of the proof of Proposition 3 is the negative definiteness of (19). This negative
definiteness of (19) is guaranteed by the negative definiteness of (20) when (21) is
sufficiently small. The expression (21) is small when, roughly, the variation of the
flow x(t) − x(t∗k) is small in comparison with x(t∗k). This proportional variation can

be reduced by reducing the size of the right-hand side ρτr (x(t∗k))K̃T of (38). A first
way of achieving this reduction is by a time-scale transformation. It is clear that
when the homogeneous system ẋ = f(x, t) satisfies the conditions of Theorem 1 with

T = Tf , then ∀α > 0: ẋ = f(x, αt) satisfies the conditions of Theorem 1 with T =
Tf
α .

By increasing α, i.e., by decreasing T =
Tf
α , ρτr (x(t∗k))K̃T can be made arbitrarily

small. For any fixed time-scale, there is still a second possibility of reducing the
size of ρτr (x(t∗k))K̃T by reducing ρr(x(t∗k)), i.e., by starting at initial conditions close
enough to the origin. This is the technique that leads to Theorem 1.

In [4], where exponential stability is considered, and in [11], where homogeneous
systems of order τ = 0 are considered, there is a different situation. The effect of a
decreasing proportional variation of the flow when starting close enough to the origin
is not available. The only way to obtain a small proportional variation is by making
α sufficiently large. This explains why the averaging results in [4] and [11] imply
uniform asymptotic stability of fast time-varying systems.

6. A counterexample and an example. The averaging result of Theorem 1,
for not necessarily fast time-varying systems, is valid for homogeneous systems of order
τ > 0. As explained in Remark 8, the averaging result is not valid for homogeneous
systems with an order τ = 0.

This is easily illustrated. Consider the linear time-varying system ẋ(t) = A(t)x(t)
[10, p. 144] with

A(t) =

( −1 + 1.5 cos2t 1− 1.5 sint cost
−1− 1.5 sint cost −1 + 1.5 sin2t

)
.(56)

The averaged system ẋ(t) = Āx(t) with

Ā =

( −0.25 1
−1 −0.25

)
(57)
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is asymptotically stable but the original time-varying system ẋ(t) = A(t)x(t) is un-
stable with transition matrix

Φ(t, 0) =

(
e0.5tcost e−tsint
−e0.5tsint e−tcost

)
.(58)

Since Ā is Hurwitz, there exists a positive definite matrix P such that ĀTP + PĀ
is negative definite. Consider the homogeneous system ẋ(t) = ‖x(t)‖A(t)x(t) with
positive order. The averaged system ẋ(t) = ‖x(t)‖Āx(t) is asymptotically stable
since along its flow the derivative of xTPx equals ‖x‖xT (ĀTP + PĀ)x, which is
negative definite. By Theorem 1, asymptotic stability of ẋ(t) = ‖x(t)‖Āx(t) implies
local uniform asymptotic stability of ẋ(t) = ‖x(t)‖A(t)x(t).

7. Semiglobal uniform asymptotic stability. The conditions of Theorem 1
imply local uniform asymptotic stability of the homogeneous time-varying system
ẋ = f(x, t) with order τ > 0. These conditions also imply that ∀α > 0: ẋ = f(x, αt)
is locally uniformly asymptotically stable. No global stability property is obtained. In
the present section, we prove that the region of attraction of the homogeneous system
ẋ = f(x, αt) depends on α. We show that the bounded region of attraction increases
when α increases and grows unbounded as α goes to infinity.

Theorem 2. The homogeneous system ẋ = f(x, αt) of order τ > 0, where
ẋ = f(x, t) satisfies all the conditions of Theorem 1, is semiglobally uniformly asymp-
totically stable, i.e., ∀R > 0, ∃αR > 0, and also a class KL-function βR(·, ·) such that
∀x0 with ρr(x0) < R, ∀t0, ∀t ≥ t0

ρr(xαR(t, t0, x0)) ≤ βR(ρr(x0), t− t0).(59)

Here xαR(t, t0, x0) is the solution at t of the homogeneous system ẋ = f(x, αRt) with
initial condition x0 at t0.

Proof. The conditions imposed by Theorem 1 on ẋ = f(x, t) are satisfied, which
implies local uniform asymptotic stability of ẋ = f(x, t). This is equivalent to the
existence of a ρ > 0 and a class KL-function βρ(·, ·) such that ∀t0, ∀t ≥ t0, ∀x0 with
ρr(x0) < ρ

ρr(x1(t, t0, x0)) ≤ βρ(ρr(x0), t− t0),(60)

where x1(t, t0, x0) denotes the solution at t of ẋ = f(x, t) with initial condition x0

at t0. We denote the solution of ẋ = f(x, αt) with initial condition x0 at t0 as
xα(t, t0, x0). The solutions of ẋ = f(x, t) and ẋ = f(x, αt) are related, i.e., ∀α > 0,
∀t0, and ∀t ≥ t0

xα(t, t0, x0) = δ( τ
√
α, x1(αt, αt0, δ

−1( τ
√
α, x0))).(61)

Define αR := (Rρ )
τ
. For all x0 with ρr(x0) < R, ∀t0, ∀t ≥ t0, by (61)

ρr(xαR(t, t0, x0)) = τ
√
αR ρr(x1(αRt, αRt0, δ

−1( τ
√
αR, x0))).(62)

Since ρr(δ
−1( τ
√
αR, x0)) < ρ, applying (60) to the right-hand side of (62) implies that

for all x0 with ρr(x0) < R, ∀t0, ∀t ≥ t0

ρr(xαR(t, t0, x0)) ≤ τ
√
αRβρ(ρr(δ

−1( τ
√
αR, x0)), αR(t− t0)) = βR(ρr(x0), t− t0)

(63)

with the obvious definition of βR(·, ·).
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8. Conclusions. Proposition 2 gives a sufficient condition for uniform asymp-
totic stability of a differential equation. This result is related to the result of Narendra
and Annaswamy [12], but negative semidefiniteness on V̇ (x, t) is dispensed with.

This result is useful for the investigation of uniform asymptotic stability of homo-
geneous sytems with order τ > 0. More precisely, averaging becomes a useful tool for
studying uniform asymptotic stability: asymptotic stability of the averaged system
implies local uniform asymptotic stability of the original time-varying system. It is
important that this result is not restricted to fast time-varying systems. The region of
attraction of ẋ = f(x, αt) increases with increasing α. The uniform asymptotic sta-
bility is semiglobal since by taking α large enough, every bounded region of attraction
can be guaranteed.

Comparing these results with the results of M’Closkey and Murray [11], the fol-
lowing should be noted:

1. We are dealing with homogeneous systems of order τ > 0 while M’Closkey
and Murray are dealing with homogeneous systems of order τ = 0.

2. Because of the order τ > 0, asymptotic stability of the averaged system
implies asymptotic stability, not exponential stability, of the original time-varying
system. M’Closkey and Murray consider homogeneous systems of order τ = 0 and
therefore they are able to conclude exponential stability, with respect to the homoge-
neous norm, of the original time-varying system.

3. We obtain local asymptotic stability results for the homogeneous system ẋ =
f(x, αt) with order τ > 0 for every α > 0. By setting σ = αt and ε = 1

α , ẋ = f(x, αt)
is equivalent to ẋ = εf(x, σ). M’Closkey and Murray deal with homogeneous systems
ẋ = εf(x, σ, ε) of order τ = 0 and therefore, the stability results are valid only for ε
sufficiently small.

Acknowledgments. The authors acknowledge the constructive comments of the
anonymous reviewers.
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Kupka, eds., Birkhäuser, Boston, MA, 1991, pp. 285–294.

[10] H.K. Khalil, Nonlinear Systems, Prentice–Hall, Englewood Cliffs, NJ, 1996.
[11] R.T. M’Closkey and R.M. Murray, Nonholonomic systems and exponential convergence:

Some analysis tools, in Proceedings of the 32nd Conference on Decision and Control, San
Antonio, TX, 1993, pp. 943–948.

[12] K.S. Narendra and A.M. Annaswamy, Persistent excitation in adaptive systems, Internat.
J. Control, 45 (1987), pp. 127–160.

[13] L. Rosier, Homogeneous Lyapunov function for homogeneous continuous vector fields, Systems
Control Lett., 19 (1992), pp. 467–473.

[14] J.L. Willems, Stability Theory of Dynamical Systems, Nelson, London, 1970.


