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GENERIC OBSERVABILITY OF DIFFERENTIABLE SYSTEMS*
DIRK AEYELSY

3 - Abstract. A dynamical system consists of a smooth vectorfield defined on a differentiable manifold, and
* a smooth mapping from the manifold to the real numbers. The vectorfield represents the dynamics of a
physical system. The mapping stands for a measuring device by which experimental information on the

= dynamics is made available. The information itself is modeled as a sampled version of the image of the state

trajectory under the smooth mapping. In this paper the observability of this set-up is discussed from the

g viewpoint of genericity. First the observability property is expressed in terms of transversality conditions.
- Then the theory of transversal intersection is called upon to yield the desired results. It is shown that almost

- any measuring device will combine with a given physical system to form an observable dynamical system, if

£ (2n+1) samples are taken and not fewer, where # is'the dimension of the manifold. Dually, it is shown that
- almost any physical system will combine with a given measuring device to form an observable dynamical

;ﬁf - system, if (2n + 1) samples are taken and not fewer. The analysisleads to the corollary that for nonlinear systems
- observability is a generic property, a fact well known for linear systems.
The relation of the theory to the study of turbulence and to control theory is explained.

1. Introduction. Consider a physical system with dynamics modeled by a smooth
vectorfield defined on its state space, viz., a finite dimensional second countable smooth
. manifold with no boundary. An investigation of the qualitative behavior of the flow of
= smooth vectorfields has been carried out over the last two decades. In general, from a

. practical standpoint, the phase portrait cannot be observed directly. Instead, by means
of a2 measuring device—modeled as a smooth function from the configuration space to
the reals—experimental information on the dynamical process can be made available.
This information is modeled as the image of the state trajectory under the output
function, mentioned above. In this manner a mapping has been defined which assigns an
output trajectory to each state trajectory. If this mapping is bijective, it makes sense to
~undertake a study of the state dynamics of the system, starting from experimental

evidence. In control theory, a system is a pair consisting of a smooth vectorfield and a

mooth output function. A system is observable if the mapping mentioned above is
one-to-one. -
This paper. is concerned with the question whether observability is a natural
assumption. Two types of problems will be considered, which in some sense are dual to
~each other. In the first problem an almost arbitrarily chosen smooth vectorfield is given.
& The question is whether the choice of a measuring device is “critical” in order to be able

‘to investigate the flow from the output, i.e., in order to achieve observability. In the
-second problem an almost arbitrarily chosen measuring device is available. The
- question here is whether the vectorfields that can be investigated with this apparatus,
Le., the vectorfields pairing with the measuring device to form an observable system,
. constitute a “big” subset. of the set of all smooth vectorfields. For both problems,
_ Observability turns out to be a generic property if one is allowed to sample the output
trajectories (2n + 1) times and not fewer.

v The notion of observability stands central in control theory. It is a necessary
-~ assumption in the reconstruction problem, i.e., the problem of recovering the state
trajectory corresponding to the sampled output trajectory. Observability is also of
~ interest in the study of turbulence and chaos, as pointed out by an anonymous referece
- who communicated the following problem. Assume that a dynamical system has a
¢ global attractor. Here, instead of finding the state trajectory corresponding to the
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observed output trajectory, one is asked to recover a homeomorphic picture of the
global attractor or some characteristic properties of the attractor. We will return to this
in the final section.

Within the context of linear, algebraic and analytic systems, some aspects of -
observability as a generic property have been treated in the literature [1],[2], [3]. Here
we will be concerned with the general class of smooth nonlinear systems. As opposed to
the more algebraic orientation in the above-mentioned references, the results in this
paper are obtained as an application of parametric transversality theory.

The organization of the paper is as follows. In the second section the technical
definition of observability is given and formulated as a transversality property. In § 3,
the two problems mentioned above are considered. The answer to the first questionis a
rather immediate consequence of a parametric transversality theorem. To obtain the
answer to the second question, more work is needed. As usual, verifying the trans-
versality of the evaluation mapping, defined later, is responsible for the main part of the
proof. This is harder for the second problem, where transversality has to be achieved by
" manipulating the vectorfields. _

CAll this manipulatiMered” through the fixed output mapping. In fact, one
has to show that this filtering process does not affect the transversality of the evaluation
mapping. This accounts for the greater length of the proof of the result of the second
problem as compared with the first problem, where this type of difficulty does not arise.
In § 4 it is shown, by means of a counterexample, that in general at least 27 + 1 samples
are necessary in order to achieve observability. In § 5 the paper is concluded with a few
additional remarks on turbulence and control theory. R

2. Mathematical preliminaries. The observability property. Let X be a C*
differentiable paracompact manifold with k sufficiently high. Let £ '(X), r=1, the
space of all C” vectorfields defined on X, Let ki e %"(X, R), r=1, the space of all C”
functions mapping into R. Both Z"(X) and %" (X, R) are endowed with the Whitney C’
topology. The function #4 is called the output mapping. The results derived in this paper
can be easily extended to output functions mapping into more general spaces. The
proofs remain virtually unaltered. The classical set theoretic definition of observability
goes as follows. '

DEeFINITION A. The pair (£ k) is observable over a time interval [0, T, T a
positive number, if and only if for each pair (x, y) € X X X\A(X x X) there exists a time
te[0, T] such that Ao, (x) % A °¢.(y). Here A(X x X) is the diagonal of X x X_ It is
remarked that in this definition, to each pair of points (x, y) there might correspond a
different time instant .

Transversality theory is not particularly well-adapted for a discussion of Definition
A, because of the infinite dimensionality of the output trajectory space. Also, consi-
derations from engineering practice suggest the placement of a sampling device into the
system description. Let P be a sample program, i.e., a finite set of points # €[0, T, with
T given a priori; see also [1]. )

DEFINITION B. A system (& h) is observable with respect to P, or shortly, P-
observable, if and only if for each (x, y)e X X X \A(X x X), there exists a t; € P such that
hog,(x)#h o, (y).

Although stronger in general, Definition B is equivalent to Definition A for linear
systems, when considering sample programs with at least n points. For easy reference
recall the following density theorem [4] basic to this paper. Let A, X, Y be C'-
manifolds; €'(X, Y) is the set of C” mappings from X to Y and p:A->€"(X, Y)is a
map which is called a C" representation if and only if the evaluation mapev,:AXX->Y
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with ev,(a, x)=p(a)(x) is a C” map from A x X to Y. In the following, we write p,
instead of p(a) (i.e., po: X » Y is a C" map).

DENSITY THEOREM. Let W be a submanifold of Y. Define dw < by dw =
{aest: p. AW} (A is the symbol for transversality),

Assume that:

(1) X has finite dimension n and W has finite codimension q in Y.

(2) o and X are second countable.

(3) r>max (0,n—q).

(4) ev, & W (this will be called transversality of the evaluation mapping).

Then Aw is residual (and hence dense) in A.

As for the connection of observability with transversality theory, it is remarked
that observability is equivalent to injectiveness of a particular mapping. Notice 3lso that
f: X » Y is injective if and only if (fXf): X XX > Y X Y does not intersect A(Y X Y))
when restricted to X X X\A(X xX). Under the right differentiability conditions
and when dim (X X X) <codim A(Y X Y) this is equivalent to (fXf)dA(Y XY),
x e X X X\A(X x X).

Given an observation interval [0, T'], by a sample program P we mean a set with at
least (2n +1) different points #;, 0=# =T with n =dim X. From now on, P will be
assumed to have exactly 2n + 1 points. Given P, define the evaluation mapping

ev: Al X ) X (X x X)» R x R*H,
with of = %' (X)x €' (X, R) and

h°¢t1(x) h°¢rl()’)
ev(&h & hx,y)= : , : -
hody, .. (x)] |hods,.,(¥)

Here (e Z'(X),he €' (X,R), xe X, ye X. ¢: X XR— X denotes the flow correspond-
ing to &

It is clear that the natural bijection & :5f > A(# X &f) induces a C’-manifold
structure on A(# X &f). When X is compact, ev is class C” [4]. Compactness of X will
always be understood in the following. In the concluding remarks, the noncompact case
will be treated. In the following section our main concern is showing that the evaluation

mapping—with appropriate restrictions on sf—is transversal to A(R*"** x R*"**"). This -

will provide an answer to the problems mentioned in the introduction.

3. Observability is generic. In this section two results on observability as a generic
property are proved. In the first result, an almost arbitrarily chosen smooth vectorfield
is given. It is shown that almost all smooth output functions pair with the vectorfield to
form an observable system if (2n + 1) samples are taken. For a motivation, one is
referred to the introduction. Before announcing the theorem, we state two lemmas
whose proofs are direct consequences of transversality theory.

LEMMA 1. The subset < Z'(X), r=1 of vectorfields with a finite number of
equilibrium points and a finite number of closed orbits with period =T, constitutes an open
and dense set of ' (X).

LEMMA 2. Let £ € { have a finite number of equilibrium points x;. The subset
B <€ (X, R), r =1 of functions h with h(x;) # h(x;), i # J, constitutes an open and dense
set of €' (X, R).

THEOREM 1. Given a vectorfield £ € sf and a positive real number T, then the set of
functions h, belonging to €' (X, R) such that (&, h) is P-observable, is open and dense in

€"(X, R). This is true for almost any sample program P of 2n+1) points £, 0=t,=T.
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Proof. For the proof of the density part, we will consider output functions
belonging to A. If density can be shown with respect to A then it is also shown with
respect to €'(X, R).

Let ¢.(x) denote the flow corresponding to £, andlet {#;: i=1,- -, 2n +1} denote
(2n +1) different sample instants chosen from the interval [0, T]. Consider the evalua-
tion mapping

evi A(B X B) X (X x X)» R x R+,

he ., (x) hed,(y)
ev(h h,x,y)= s :

h°¢!2;+1(x) h°¢f2n+1(y)

This mapping is class €". A pair (& k) is observable if and only if ev(h, h, X %
X\AX x X)) NAR"™ xR*"*") = @, which is equivalent to ev A, AR xR
on X X X\A(X x X), since codim A(R*™*' x R****) =271 +1>2n = dim (X X X). The
application of 27 + 1 samples (or more) is fundamental to this equivalence. Notice that
in order to apply the transversality density theorem, the finiteness of the codimension of
W in Y is required (for notation, see § 2). It is by considering P-observality that the a
priori infinite dimensional space of output curves defined on [0, T'] is replaced by a
finite dimensional sample space. Conditions (1), (2)and (3) in the density theorem of
§2 are satisfied. In order to satisfy condition (4), we have to show that if
ev (h*, h*, x*, y*) = (w, w) e AR x R***Y), then range (D ev (h*, h*, x*, y¥))
contains a complement of T, ,, A(R*"*' x R*"*') in T, R***! x T.R***'. D denotes the
derivative, and T denotes the tangent space. When we show, by picking appropriate
functions g € %, that

—| (ev(h*+Arg, h*¥+1ag, x*, y*), AeR
drlyo

% {0} or {0} x T,,R***", the proof will be finished. Now

2
can span T, R***!

(ev (h*+Ag, h*+ g, x*, y*))

d\ o
god,(x¥) god,(y*)

>

g ° ¢!2n.+1(x*) g °¢f2n-+l( y*)

Therefore if x* is not an equilibrium point, then it is possible to pick a g € B such that

g°¢q(X*)

g° ¢’2.:+1(X*)
equals any vector « € T, R***' ~R*"*", a priori given, and we are done. Problems could
arise if both x* and y* were equilibrium points. This cannot occur by assumption, since
thenev(h*, h*, x*, y*) ¢ AR*" "' x R*"*'). Whenx*and y*arebothon closed orbitswith
the same period (or x* is an equilibrium and y* is on a closed orbit) a periodic sample
program (with period equal to the period of the closed orbits involved) is an obstruction
to the proof of the transversality of the evaluation mapping. But this phenomenon
cannot occur, due to the phrase “almost any sample program P” in the statement of the
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theorem. Indeed, by this phrase we mean t0 exclude the above-mentioned periodic
sample programs.

The openness part of the theorem is an immediate consequence of the openness-
of-transversality theorem [4}.

Remarks. 1. The theorem s valid for £€ o and thus for vectorfields belonging to
an open and dense subset of Z'(X). '

‘ 2. Theorem 1 implies that the set of P-observable (or observable) pairs (£, h)is

open and dense in &' (X) % €' (X, R). This is a well-known result for linear systems. Itis
remarked that for linear systems the genericity of observability can be shown in a direct
way by considering the algebraic characterization of observability in terms of the
Kalman matrix. '

We now proceed to prove atheorem dual to Theorem 1. Here an almost arbitrarily
chosen smooth output function is given. Itis shown that almost all smooth vectorfields
pair with the output function to form an observable system if 2n + 1 samples are taken.
Although the statement of this theorem is dual to the previous theorem, the proof is
not. Indeed, showing that the appropriate evaluation mapping is transversal is some-
what involved. For the intuitive reason behind this, and also for a motivation of the
problem one is again referred to the introduction. Before stating the theorem, We state
two lemmas whose proofs follow directly from transversality theory.

~ LemMA 3. The set of functions PcC X W), rz 1, with a finite number of
nondegenerate critical points Xi and with h(x))# h(x(}; i #] constitutes an open and
dense set of €7 (X, R).

LemMA 4. Given h e, consider the set of vectorfields & c &' (X) which is the
intersection of the sets €', €% and %> defined, respectively, by the following.

1) No two equilibrium points belong to the same level surface of h.

2) No two equilibrium points coincide with critical points of h.

3) No integral curve contains two (or more) critical points of h.

The set € is an open and dense set of ' (X). '

TuEOREM 2. Given a function h € @ and a positive real number T, then the set of
vectorfields £ belonging to 2" (X) such that (& h) is P-observable is open and dense in
2" (X). This is true for almost any sample program of 2n+1 points t, o=4=T.

Proof. For the proof of the density part of Theorem 2, we will consider vectorfields
belonging to &. If density can be shown with respect to & then it is also shown with
respect to &' (X ).

Consider the evaluation mapping’

ev: A(ExE)xX X >R R,

hodu) | Hodaly)
ev(& 65 Y)= :

? 3

hodn @) (Bobunn)

with & € 9, ¢.(x) the flow corresponding with £, and all & different. The only difficulty in
applying the transversality density theorem, is in proving the transversality of the
evaluation mapping. The other conditions are satisfied. We have to show that, given

(w, w) = ev (€%, £, 2%, y) € AR X R,
range (D ev (&, &%, x%, y*)) contains 2 complement of

Tw,wA(R2n+1 X RZn-l—l) in TWR2n+1 X Tw R2n+1.
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We evaluate the derivative with the partial derivative rule [4]. WithneR,n e &, ¢* the
flow of £*+ An, we obtain

ev (&*+Amn, £5+An, x*, y*)

A=0

dr
hodi, (x*) hoge (y*)

2

(rodh )] hodt . (y%)

_4
da

A=0

Dhloen | ' D62 m(@ser, (e ds

fan41

M Dhlocn [ DB 1% sries (240 ds

Dhls, - j D&% - n(%se, (y*)) ds
(4]

fan e

Dhldhz,,ﬂ(y*) ' J‘() DQS? : n(¢gs+t2n+l (y*)) ds

Recall that x* # y™*, since transversality of the evaluation mapping has to be verified on
X xX\A(X X X). We consider three cases.

Case 1 Neither x* nor y* is an equilibrium point of £*.

Foreachie{l1,2,- -, (2n+1)}, atleastone of Dk|4, (v or Dh|,, ;* is not equal to
zero. Otherwise & is critical in ¢, (x*) and ¢, (y*),i =1, - S 2n+ 1, andsince & € 9, this
implies that h (¢, (x*)) # h(d,(y*)), i=1,2,---,2n+1, and thus

ev (€%, £%, x*, y*) £ AR X R").
Without loss of generality, we assume

(2) Dhls, e #0, i=1,2,---,2n+1. (2)

2n+1

We show that for any vector a € T,.R , we can find a C” vectorfield 7, in € such that

——| eV (EF AN, £+ Ang, x*, y*)=a x{0}.

dAl,-o

The vectorfield 7, will first be defined on the range of the integral curve from x* to
&,,...(x*) and then extended to the whole manifold by a partition of unity argument. We
denote by a, the kth component of the vector a. We now show how to define 7, such
that the first somponent of

— eV (AN, £+ AN, x*, y¥)
dA =0

equals (a,, 0).

Choose 7, such that 7a(¢%.., (x*)=g(s)D¢%, % O=s=#. The function

g:[0, t]» R is such that L;‘ g(s) ds =1, and has the property that its first r derivatives
evaluated at O and f,, are equal to zero. Taking into account (1), and taking 7, = O on the
range of the integral curve from y* to ¢,,(y*), one finds that the first component of the
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derivative of the evaluation map equals (Dhldn,(X*J - X, 0),
good choice of ¥. The proof will be finished by
defined on the range of the integral curve connecting x* to by, (x*).

The vectorfield 7M. has also been defined simultaneously on the range of the

integral curve connecting y* to ¢, (y*), where, because of (2), it has been taken equal
to zero. We show how to define T« Such that the kth component of

which is equal to {ay, 0) fora
induction. Let the vectorfield 7, be

N\

Il eV E A, £+ An,, x*, )
dAl, g
equals (ay, 0).

Therefore, consider

Dhloen [ Do2- 0@ (%) ds
0

=Dhla e ([ +L'k_l)(D¢? 16 e, (%)) ds))

= Dhldhk(x*)(y +w).
Here y has been chosen alr
ker (Dhlé,k(x*)) as indicated a
has been shown in Case 1.
Case 2 One of x* or y*, say x*
In this case

eady. The vector w can be chosen arbitrarily outside
bove. Therefore. transversality of the evaluation mapping

» is an equilibrium point of &£*,

axl  (ev(EF+an, £+ an, x*, y*))

A=0

Dh(x*)-n(x*)-¢, Dhl«b.,ly*,-J‘ 1 Dq{;?-n(qﬂﬁ,l (3*)) ds
. 0 .

Dh(x*) 1(x*) a4y Dh,d’,z"H(y*)'J' D¢ b Lsrt (9%) ds
0

Since ¢e &2, 7 can be defined in x* such that the left column has an ar

component with arbitrary value (the other values of the components are forced). Since

£€€® Dh [¢,i(y*) = 0for at most one particular ; {t,---,2n+1}, say for/ = m. Assume

Dhld,,m(y*) = 0. By constructing 1 on the range of the integral curve y* to Dra, (v¥), as

in Case 1, and taking Dk (x*)- n(x*)s,, appropriately, it is shown that the evaluation
mapping is transversal.

Case 3 Both x* and y* are equilibrium points of £*,
Since £ €', this case need not be considered because

h°¢,i(x*)=h(x*)¢h(y*‘)=h°¢,,.(y*), =1, 2n+1.

Hence ev (£*, &%, x* %) ¢ AR x R,
For the openness

theorem [4]. a
Remark. The theorem is valid for

open and dense subset of € "X, R).

bitrary

part we need only refer to the openness-of-transversality

h €2 and thus for functions belonging to an

4. Counterexample. In this section we provide a counterexample to speculations

that 2n or fewer samples might suffice to achieve observability generically. The
Counterexample will be constructed on st
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Given two arbitrary sample instants 0 and t; (without loss of generality, O is taken
as the first sample instant) we will construct a vectorfield on S* with flow &:(x) and an
output mapping 4 from S* to R such that the mapping from $! to R? defined by
x=>(h(x), hoo, (x))(*) is not injective and such that small perturbations in the flow and
the output mapping do not destroy the noninjectiveness. Notice first that there exists a
smooth mapping from S to R? which twists the circle into a figure eight. The idea of the
counterexample is to find a vectorfield and an output mapping which does something
similar, i.e., such that the mapping (*) maps ' into a figure with transversal self-
intersections.

Define a vectorfield on S (with coordinate ¢ denoting the angle), by § = 7/t;. The
output is defined on S* considered as the closed interval [0, 1]with 0 and 1 identified. It
is given by the following function, C%-smoothed at the discontinuities

h=1, 0<r<}, 32<r<y,
h=2, i<t<}, E<i<},

h=0, d<r<}.

with transversal crossings. The crossings are stable and thus noninjectiveness is
preserved under perturbations of the vectorfield, the output mapping, and the sample
times. Therefore Theorems 1 and 2 are no longer valid for sample programs consisting
of 2n samples.

S. Concluding remarks.

1. In the previous theorems we have been confined to compact manifolds. The
results can be extended to noncompact manifolds if “open and dense” is replaced by
“residual”, i.e., a countable intersection of open and dense sets, with respect to the
Whitney topology. The procedure by which the extension is carried out is standard. For
more details one is referred to [51.

2. This remark is related to the definition of observability. As defined in §2
observability or P-observability is expressed in set theoretic terms. It is natural, when
considering differentiable systems, to require not just one-to-one-ness of the relevant

mapping in the definition of observability, but also some differentiability condition on

this functional relationship. As far as P-observability is concerned, we propose to call a
system (£, k) P-observable over [0,T] if and only if the mapping x-
(hody(x), - - - shody, . (x)) embeds X into R*"*?,

This definition also takes into account remarks put forward by Kalman and Sontag
[6], to the effect that the inverse relation (from output curve to initial condition) should
be differentiable.

3. We have shown that given 2n + 1 time instants LwithO<li<lL<...< bans1,
the mapping (4 °Pr, L h °¢u,.,) generically embeds X into R*"*. Notice that a state
trajectory ¢,(p), t= 0, starting in peX at time zero is mapped into
(hodperr,(p), - - -, hediy,. .. (D), t>0. Therefore the w-limit set associated with p is

homeomorphic with the limit set of the curve ¢ - (Ao, (p), - o brergip)). g A

Assume that the state dynamics has a global attractor; then by studying the limit set
oft>(h °Grin,(p), -, ko @t+b.,(P)), Which is available from experiment, one obtains
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-ormation on the global attractor. F. Takens, in a forthcoming paper, constructs
sorithms based on experimental evidence which provide estimates of the dimension
.d the topological entropy of the attractor. This gives, in principle, a strategy for
sting the Ruelle-Takens picture [7], where the onset of turbulence is caused by the
-esence of strange attractors.

4. Given h € 9, and also a parametrized set of vectorfields of %, i.e., a smooth path
-fined on [0, 1] (or a higher dimensional interval) into %, a similar argument to that in
seorem 2 implies that for an open and dense set of paths, the vectorfield correspond-
)g with an arbitrary but a priori given point in [0, 1] and the function h are an
pservable pair. Translated to a control context, this means that for a given output
inction and a control system, any constant control almost always distinguishes pairs of
oints on the manifold. Thus, in a sense, the question whether couples of points are
istinguishable or not with respect to an observed dynamical system has no bearing
pon the controls available in the dynamics of the system.
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