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TABLE | Practical Stability and Stabilization
COMPARISON OF STABILITY RELATED
MEASURES ESTIMATED MINIMUM BIT LENGTHS AND TRUE MINIMUM BIT Luc Moreau and Dirk Aeyels
LENGTHS FOR THEINITIAL AND OPTIMAL CONTROLLER REALIZATIONS
realization H1 Bt | B Abstract—\We present a practical stability result for dynamical systems
initial wo 1.995885¢e-5 | 22 15 depending on a small parameter. This result is applied to a practical sta-
optimal Wop | 6.019238e-4 14 7 bility analysis of fast time-varying systems studied in averaging theory, and

of highly oscillatory systems studied by Sussmann and Liu. Furthermore,
the problem of practically stabilizing control affine systems with drift is
. ) o ] ~ discussed.

minimum bit lengths for the initial and optimal controller realizations. Index Terms—Approximation methods, Lie algebras, stabilty,

It can be seen that, for this example, the optimization achieved an ifgse.varying systems.
provement by a factor of 30 on the closed-loop stability related measure

and an 8-bit reduction in the required minimum bit length.
I. INTRODUCTION

In the present note, dynamical systems that depend on a small pa-
rameter are studied from the viewpoint of continuity of solutions.

VI. CONCLUSIONS .
Consider a system that depends on a small parameted

In this paper, we have presented an approach to address the stability z = f(t, x) @)
issues of the closed.-lo.op dlscrete-tlmg systgm whgre a state-estln&%t& a system
feedback controller is implemented with a fixed-point processor. An
FWL closed-loop stability related measure has been derived, which is i=g(t, x) )
computationally tractable. As this measure is a function of the con-
troller realization; the optimal realization problem of state-estimatgith the assumption that trajectories of (1) converge—uniformly on
feedback controllers is to find a realization that maximizes this me@empact time intervals—to trajectories of (2)za$ 0.
sure. It has been shown that this optimal realization problem can beA particular example is given by fast time-varying systems studied
interpreted as a nonlinear programming problem. An efficient glob averaging theory
optimization strategy based on the ASA algorithm has been adopted to .
solve this nonsmooth and nonconvex optimization problem. g=f <;, ,f) . (3)

It is well known that, under appropriate technical conditions, there ex-
ists an associated averaged system
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stability and presents a practical stability theorem. Section 1V is dase | 0 uniformly with respect tdo, ¢ andx for ¢y € R, 8 € [0, T
voted to control applications. A preliminary version of this note haandx € K. System
t
i=f <f ) (©)

appeared as a conference paper [3].
Il. PRELIMINARIES
is called a fast time-varying system, and

The state space for all systems featuring in the present n#té is

with » € N. We consider two systems: a system that depends on a T = fav(z) (10)

parameter € (0, =o] (20 € (0, o0)) the associated averaged system. Systems (9) and (10) satisfy Hypoth-
L e esis 1 by assumption and Hypothesis 2—this may be proven based on
&= f(t ) ®) the Gronwall Lemma similar as in [6]; slightly different convergence

results may be found, for example, in [7]. Consequently, all results ob-
tained in the general framework of the present note apply in particular
to fast time-varying systems (9) and their averaged (10).

Example 2: (Highly oscillatory systems) Given vector fields
XiR" = R": 2~ X;(z) (i € {1, 2, 3}) of classC”. System

and a system
= g(t, x). (6)

We make the following hypothesis:

Hypothesis 1. (Exi_stence_ and uniqueness conditions)_ 1) Foreach; — y, () + cos <f) Xo(z) + sin(i) Xs(2)  (11)
g, [ R x R® — R" is continuous ang*(#, -): R® — R" is locally Ve € Ve €
Lipschitz uniformly with respect to for ¢ belonging to compact time is called a highly oscillatory system, and
|ntervals_. 2)g:_H X R — R is continuous ang(t, -):_ R" — R"is i = X1(x) + LXo, Xs](x) (12)
locally Lipschitz uniformly with respect tofor + belonging to compact
time intervals. the associated extended system [2]. Systems (11) and (12) satisfy

This hypothesis implies that systems (5) and (6) have the local dtyPothesis 1 by assumption and Hypothesis 2—this may be proven
istence and uniqueness property of trajectories. We do not assume @sed on partial integration and the Gronwall Lemma similar as in [6];
ward completeness of solutions; that is, we do not exclude finite esc&hghtly different convergence results may be found, for example, in [8]
times. and [2]. Consequently, all results obtained in the general framework

Leto°(t, to. o) be the trajectory of (5) passing through stageat of the present note apply in particular to highly oscillatory systems
time to evaluated at time. The function(t, to. 20) — ¢°(, to, 2o) (11) and their extended system (12).
is called theflow of this system. By Hypothesis 1-1), the domain of
¢° is open andb® is continuous on its domain for eachsee [4, Ap- lll. PRACTICAL STABILITY
pendix C] and [5, p. 94]. Similarly, the flow of (6) is defined as the g section contains the main theorem of the note: under Hy-

function (¢, to. wo) + (¢, to, xo) With ¢'(, to, wo) the trajectory pomeses 1 and 2, global uniform asymptotic stability for (6) implies
of (§) pa§§|ng through ’st_aba at_tlmefo eva_luated at_ time. The do- _practical stability for (5).
main of ¢ is open and/ is continuous on its domain by Hypothesis pgatore we proceed, we recall the definition of global uniform asymp-

1-2). ) ) totic stability and we introduce the notion of practical global uniform
Throughout the note, we assume that trajectories of (5) CONVergeyiq mntotic stability.

those of (6) in the following sense:

Hypothesis 2: (Convergence of trajectories) Forevahge (0, oo)
and compact sk’ C R" satisfying{ (¢, to, 70) ER X Rx R": t €
[to, to + 1], @o € K} C Domy, for everyd € (0, o), there exists
e* € (0, =0] such that for alto € R, for all zo, € K and for all

Definition 1: Consider system (6). Assume that Hypothesis 1-2) is
satisfied and le¢' denote the flow of this system. Assume that the origin
is an equilibrium point. This equilibrium point is calledobally uni-
formly asymptotically stabl6GUAS) if the following three conditions
are all satisfied:

¢ €(0,¢7) 1) Uniform Stability: For everyc, € (0, o), there exists:; €
6% (t, to, o) exists (0, oo) such thatfor alt, € Rand forallze € R” with ||| <
) ’ Vte ['l'()./ f0-|—T]. (7) @]
I8 (t, to, z0) — w(t, to, zo)|| < d

In other words, we require that trajectories of (5) converge uniformly (13)

on compact time intervals to trajectories of (6)=a$ 0, and further-

more, we assume that this convergence is uniform with respeet to  2) Uniform Boundednes$or everye, € (0, o), there exists, €

andz, for o € R andz, belonging to compact sets. It is important (0, o) such thatfor alty € Rand for allzg € R™ with ||z <

to notice that the assumed convergence is not stated in terms of vector- .,

fields, but in terms of trajectories; we do not assume fliatonverges .

pointwise tog asc | 0. U(t, to, wo) €Xists Vit € [ty, o) 14
Example 1: (Fast time-varying systems) Given functiofisR x [:(t, to, 20)|| < ca Vit E [to, o).

R™ — R™: (t,z) — f(t,z) andfar: B® — R™: = — fo ()

that are assumed to satisfy the following conditiong: & continuous, ~ 3) Global Uniform Attractivity:For allc1, co € (0, o0), there ex-

U(t, to, wo) €Xists Vit € [ty, o)
[|[(t, to, xo)|| < c2 Vit E [to, 00).

f(t.-): R* — R" is locally Lipschitz uniformly with respect tofor istsT' € (0, o) such that for alk, € R and for allzo € R"
t € R, andf(-, z): R — R" is bounded uniformly with respect to with [|zo| < 1
for « in compact subsets &"; i) f.. is locally Lipschitz; and iii) for ¥(t, to, xo) €XiSts Vi € [to, o0)
each compact sét C R™ and eacl{” € (0, )
P (0, o) [6(t, to, zo)l| < 2 Wt € [to + T, o0).

rto+o s Remark 1: Condition 2 has to be included explicitly in Definition 1,
/[0 {f (_’ ”C> B f‘“'(x)} ds =0 ®) it is not a consequence of conditions 1 and 3; see, for example, [9].

c
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There exists an equivalent characterization of GUAS by means of class Proof: First of all, notice that the flow is forward complete by
K L functions; see, for example, [10]. the assumed GUAS property. We successively prove that conditions 1,
Definition 2: Consider system (5). Assume that Hypothesis 1-1) B, and 3 of Definition 2 are satisfied.
satisfied and lep® denote the flow of this system. We call the origin 1) Take an arbitrary, ¢ (0,00) and letby € (0. c2). By the
of this systempractically globally uniformly asymptotically stable GUAS property ofy)—in particular, by uniform stability—there
(PGUAS) if the following three conditions are all satisfied: existsc; € (0, o) such that
1) Forevery, € (0, oo), there exist; € (0, oc) andé € (0, o]

such that for alty € R, for all zy € R™ with ||a|| < ¢; and for 192, t0, xo)| < b2 Vi€ [to, o), Vo € R,

alle € (0, £) Vao € R" with [Jao|| < 1. (18)
®°(t, to, xo) XiSts V¢ € [to, o0) (15) Let by € (0, ¢1). Since the equilibrium point = 0 of ¢ is
|6°(t, to, xo)|| < ca VYt E [tg, o0). globally uniformly attractive, there exisis € (0, co) such that

2) Forevery; € (0, o), there exist, € (0, o) andé € (0, o] l(t, to, o)|| < b Vi€ fto+T, x), Vio €R,

zﬁcihéhe(téfor)alto € R, forall zo € R™ with ||zo|| < ¢ and for Vo € R with [|zo|| < c1. (19)
/ - . ) At this stage of the proof, we have estimates (18) and (19yfor
oS (¢, to, a Xi t € [to, o0 .

{’ *(E’t v EF)))e SISi :te[:’ Of) (16) With 0 < by < 1,0 < by < c2, andT > 0.
16%(¢. to. wo)ll <2 ¥t € [to, o0). Letd = min{c; —by. ¢z — by }. Invoking Hypothesis 2—with
3) For everyci, c2 € (0, ), there existl'’ € (0, oc) andé € K = {z € R": ||z|| < ¢1 }—Vields the existence af € (0, ]
(0, 0] such that for alty € R, for all o € R™ with [|xo|] < 1 such that
and for alle € (0, &) 5 (¢, to, : i
. . {(D'(?’ o To)eX|s/ts Vit € [to, to + 1]
(¢, to, xo) €Xists V't € [to, o0) 17) l6°(t, to, z0) — (t, to, xo)l| < d
6= (t, to, zo)|| < c2 Yt E [to+ T, o0). Vito € R, Yoo € R" with ||ao|| < c1, Ve € (0, £).  (20)

It is instructive to have a closer look at the strong similarities be- Estimates (18)—(20) together yield
tween Definition 1 and Definition 2. The notion of PGUAS may be
interpreted as follows. Condition 1 of Definition 2 defines a practical
version of uniform stability. Condition 2 defines a practical version of
uniform boundedness. Condition 3 captures a practical notion of global
uniform attractivity: all trajectories starting in an arbitrarily large ball
centered at the origin end up in an arbitrarily small ball centered at
the origin for appropriate—depending on the radii of the considered
balls—values of the parameterNotice that the origin is not required
to be an equilibrium point in Definition 2, nor that the flow be forward {(bg(fa to, o) exists Yt € [fo, 00)
complete. lo=(t, to, wo)l| < ez~ 77

Remark 2: The notion of PGUAS introduced here—see also the Vito €R, Voo € R” with ||zo]| < ¢1, Ve € (0, &) (22)
preliminary version of this note [3]—coincides with the notion of
semiglobal practical asymptotic stability from [1].

Consider again systems (5) and (6) introduced above satisfying Hy-
potheses 1 and 2. Assume that the origin is a GUAS equilibrium point
of (6). Itis well known that this does not imply that the origin is a GUAS
equilibrium point of (5) even if is small. It seems however reasonable

o°(t, to, xo) eXists Vit € [to, to + T
||¢€(t, to, ;l'o)” <cy VtE€E [to, to +T]
[|6°(t, to, @wo)|| < cn fort=to+T
Yito € R, Yy € R™ with ||I0|| <c,Ves€ (0, é) (21)

Since||¢° (to + T, to, x0)|| < c1, a repeated application of (21)
yields

which is the property we had to prove.

2) Take an arbitrary; € (0, oc) and letby € (0, c1). By the
GUAS property ofi»—in particular, by uniform boundedness
and global uniform attractivity—there exigt € (0, oc) and
T € (0, co) such that

to expect that (5) inherits some weaker notion of stability. In Defini- l(¢, to, 20)|| < b2 V't € [to, o0)
tion 2 we have introduced a weaker notion of stability: PGUAS. The ll:(t, to, wo)|| < by Vit € [to + T, o0)
following theorem asserts that this weaker stability property is indeed Yto € R, Yy € R™ with [|zo]| < c1. (23)

inherited by (5) if the origin is a GUAS equilibrium point of (6).
Theorem 1: (Practical stability) Given systems (5) and (6) satisfying Letco € (b2, o). At this stage of the proof, we have estimate
Hypotheses 1 and 2. If the origin is a GUAS equilibrium point of (6), (23) fory with 0 < b1 < ¢1,0 < by < ¢z, andI” > 0, which is

the origin of (5) is PGUAS. identical to the situation encountered in the proof of condition 1.
Before we proceed with the proof, we briefly discuss this result. Repeating the same argument as there yields the existence of
First, this theorem is relevant for a robustness analysis of control sys- ¢ € (0, o] such that

v°(t, to, ®o) €Xi
@(7 Ov'ro)e sts Vte[to O())

to those of the idealized model. Roughly speaking, Theorem 1 says e ,
that GUAS for the studied idealization implies PGUAS in practice, pro- 1658, to, wo)l| < c2 L X

vided that the unmodeled perturbations are such that they leave trajec- 7 f0 € R Vo € R™ with l[zoll <1, Ve € (0.2)  (24)
tories close to those of the idealized model. This interpretation also jus-  \which is the property we had to prove.

tifies the terminology “practical global uniform asymptotic stability.” 3) Take arbitrarye;, c» € (0, 00). By practical uniform sta-
Second, Theorem 1 leads to a practical stabilization paradigm: it says bility—condition 1 of Definition 2—proven above, there exist
that control systems may be practically stabilized by constructing feed- ¢3 € (0, 00) ande™ € (0, =o] such that

back laws depending on a parametén such a way that trajectories ) ]

of the closed-loop system converge—uniformly on compact time in- {é°(t~ to, o) exists Vt € [to, o0)

tervals—to trajectories of a globally uniformly asymptotically stable | [1¢° (%, to, o[l < c2 '

system as | 0. Vto € R, Vo € R" with [|a0]] < ¢35, Vs € (0, 7). (25)

tems with respect to general perturbations that leave trajectories close {
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Letbs € (0, c3). Since the equilibrium point = 0 of ¢ is I\V. PRACTICAL STABILIZATION

globally uniformly attractive, there exisi € (0, oc) such that In Section I, we have analyzed stability properties of dynamical

Je:(t, to, x0)|| < b3 Yt € [to+T, o), Vo €R, systems depending on a small parameter. The present section is devoted
no to control applications.
Vro € R" with |20 < c1. 26 ) ) . .
o lzoll < e (26) Consider a control affine system &7 with drift
Letd = c¢3 — bs. Invoking Hypothesis 2—withl = {z €
R™: ||z|| < 1 }—yields the existence of* € (0, o] such that = Xo(x) + i X1 () + u2 Xo(2) (30)

{(’D (t fo, @0) exists Yt € [to, to + T with 2 € R® andu, us € R. Itis assumed that o, X, and X»
[[6°(t, o, wo) = ¥(t, to, wo)|| < d are smooth—that is, of clag&™—functions fromR® to R®; and that
Vio € R, Vo € R With [|zo|| < c1, Ve € (0, 7). (27) i) X (2), Xo(x), and[X:1, Xo](z) spanR® for all = € R®.
. . A standard problem in control theory is the feedback stabilization
Estimates (26) and (27) yield problem, where one wants to find a feedback law such that the origin
{G”S(t to, xo) €Xists  Vt € [to, to + T, of the resulting closed-loop system has some desired stability proper-
|o°(t, to, xo)|| < cs fort=to+1T, ties. Consider the case that there does not exist:» € R such that
Vto €R, Vao € R" with [|a0]| < c1, Ve € (0, 7). (28) Xo(0)+u1X1(0)+u2X2(0) = 0.Inthis case, itis clearly impossible
to find a continuous feedback law such that the resulting closed-loop

This, together with (25), leads to system has an equilibrium point at the origin. And thus & rtiori
&°(t, to, m0) exists V't € [to, o0) impossible to asymptotically stabilize the origin by means of contin-
{ 6% (¢, to, zo)|| < ca ¥Vt € [to + T, o) uous feedback. Nevertheless, one may be interested in keeping the state

Vit € R, Vo € R" With [|zo|| < c1, Ve € (0, &) 29 clo_se to the_ i'dea}I state = 0. We are therefore led to the following
practical stabilization problem:
whereé = min{s*, #}. This is the last property we had to  Problem 1: For somes, € (0, o), find smooth functions:: R x
prove. B R =R (tz)— ui(t,2) (@ € {12} ¢ € (0, =0]) such that the
Remark 3: The proof of Theorem 1 is based on an analysis of therigin of (30) is PGUAS—as defined in Definition 2.
flows ¢° andv, making use of Hypothesis 2. We are therefore inclined We present a solution to this problem based on Examples 2 and 4,
to believe that the present approach lends itself naturally to geneiakorporating ideas from [13, p. 1363] and [14]. The proposed solution
izations, where the differential equations (5) and (6) do not necessariiakes systematic use of Lie brackets of vectorfields and Lie algebraic
satisfy the technical Hypothesis 1, or even where the flovandy:  properties.
do not necessarily model systems described by differential equations We propose a feedback law of the following form:
Example 3: (Fast time-varying systems) Consider again the fast

time-varying system (9) and its averaged (10) from Example 1 that are ui(t, x) =1 () + 1 cos <f) Is(x) (31)
assumed to satisfy the assumptions introduced there. An application of Ve €
Theorem 1 yields: if the origin is a GUAS equilibrium point of the av- ) 1 "
eraged system (10), then the origin of the fast time-varying system (9) us(t, @) =lb(zx)+ 7 sin <:> (32)

is PGUAS and thus, in particular, trajectories of (9) starting in an arbi-
trarily large ball centered at the origin end up in an arbitrarily small bajlith smooth function;: R — R: = — 1;(x) (i € {1, 2, 3}). With

centered at the origin provided system (9) is sufficiently—dependingis choice of feedback, the closed-loop system becomes
on the radii of the considered balls—fast time-varying; that is, pro-

vided: is sufficiently small. As mentioned in the Section |, thisresult  ; — Xo(2) + 1 X1 (2) + 12 Xo ()
has been proven in [1] by means of advanced Lyapunov techniques. 1 + 1 +

Example 4: (Highly oscillatory systems) Consider again the highly + 7z <E> IsX1(x) + 7 sin <E) Xo(x) (33)
oscillatory system (11) and its extended system (12) from Example 2
that are assumed to satisfy the assumptions introduced there. Anwhich is a highly oscillatory system with associated extended
plication of Theorem 1 yields: if the origin is a GUAS equilibriumsystem—see Example 2—
point of the extended system (12), then the origin of the highly os-
cillatory system (11) is PGUAS and thus, in particular, trajectories of & = Xo(z) + X1 (2) + L Xo(2) + 1[I3 X1, Xo](). (34)
(11) starting in an arbitrarily large ball centered at the origin end up
in an arbitrarily small ball centered at the origin provided system (1The practical stabilization problem is solved if the functiénean be
is sufficiently—depending on the radii of the considered balls—highighosen in such a way that the extended system (34) has a GUAS equi-
oscillatory; that is, provided is sufficiently small. librium point at the origin. Indeed, by Example 4, the origin of the

We end this section with some remarks on exponential stability:atosed-loop system (33) is PGUAS for this choice of functibns
turns out that Theorem 1 is also useful for exponential stability re- Based on Lie algebraic properties, (34) may be rewritten as
sults. Indeed, if systemt = f°(¢, =) is linear in the state variable,
then PGUAS actually implies global uniform exponential stability for = Xo(x) + 1 X1 (2) + 2 Xo () = 5(Lx,ls) X1 ()
¢ sufficiently small. Results in this direction may be found in [11] and + 113[ X1, Xo](x) (35)
[12]. Furthermore, if system = f°(¢, =) is a nonlinear system with
equilibrium point at the origin that satisfies some additional hypothesegere L x,1; stands for the Lie derivative df along the vectorfield
such that the linearization principle is applicable, then PGUAS for the,
linearization at the origin implies global uniform exponential stability Let g: R* — R*: z — g(«) be a smooth function such that the
for this linearization foe sufficiently small; and this implies local uni- origin is a GUAS equilibrium point of
form exponential stability of the null solution of the original nonlinear
systemi = f<(t, x) for ¢ sufficiently small. &= g(x). (36)
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tice-Hall, 1996.
forallz € R®. [11] L. Moreau and D. Aeyels, “Stability for homogeneous flows depending

LT . . on a small parameter,” iRreprints 4th IFAC Nonlinear Contr. Syst. De-
By a judicious choice of the functioris we can make system (34) sign Symp.Univ. Twente, Enschede, The Netherlands, July 1998, pp.

identical to system (36). Indeed, identifying the corresponding coeffi- 488-493.

cients in the right-hand sides of (35) and (37) yields [12] —, “Asymptotic methods in the stability analysis of parametrized ho-
mogeneous flows,Automatica vol. 36, no. 8, pp. 1213-1218, Aug.
g 1 . oy 2000.
li=ki+3Lxls, I = k2, ls = 2ks. (38) [13] W. Liu, “An approximation algorithm for nonholonomic systems,”

SIAM J. Contr. Optimiz.vol. 35, no. 4, pp. 1328-1365, 1997.
For this choice of the functiorig, system (34) has a GUAS equilibrium [14] P. Morin, J.-B. Pomet, and C. Samson, “Design of homogeneous time-

i iai i - varying stabilizing control laws for driftless controllable systems via os-
point at the origin, and hence, the origin of the closed-loop system (33) cillatory approximation of Lie brackets in closed loogIAM J. Contr.

is PGUAS by Example 4. ) o ) Optimiz, vol. 38, no. 1, pp. 22—-49, 1999.
We have thus solved the practical stabilization problem for a partic-

ular class of control affine systems with drift. Notice that the proposed
method is constructive.
Remark 4: As mentioned above, in the case that there does not exist
w1, uo € R such thatX(0) + w1 X1(0) + u2 X2(0) = 0, it is nat-
ural to consider practical stabilization. However, if there does exist On Cone-Invariant Linear Matrix Inequalities
ui, uz € R such thatXo(0) + u1 X1(0) + u2X2(0) = 0, then one
can try to find an asymptotically stabilizing feedback law, and for the Pablo A. Parrilo and Sven Khatri
particular case that the drift vectorfieKl, vanishes, Moriret al.[14]
have actually reported an algorithm that yields locally uniformly expo-

nentially—with respect to homogeneous normstabilizing feedback ~ Abstract—An exact solution for a special class of cone-preserving linear
laws. matrix inequalities (LMIs) is developed. By using a generalized version of
the classical Perron—Frobenius theorem, the optimal value is shown to be
equal to the spectral radius of an associated linear operator. This allows

V. CONCLUSION for a much more efficient computation of the optimal solution using, for

instance, power iteration-type algorithms. This particular LMI class ap-

We have introduced a notion of practical stability for dynamical sygears in the computation of upper bounds for some generalizations of the

tems depending on a small parameter. We have stated a practical gféctured singular value w (spherical ) and in a class of rank minimiza-

. h . - - tjon problems previously studied. Examples and comparisons with existing
bility theorem. We have applied this theory to a practical stability anqla-chniqw_:‘s are provided
ysis of fast time-varying systems studied in averaging theory, and of ] o B )
highly oscillatory systems studied by Sussmann and Liu. We have usetpdex Terms—Linear matrix inequalities, Perron—Frobenius, structured

; A S . singular value.
this theory for the practical stabilization of a class of control affine sys-

tems with drift.
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