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Abstract

Within the Liapunov framework, a sufficient condition for exponential stability of ordinary differential equations is proposed.
Unlike with classical Liapunov theory, the time derivative of the Liapunov function, taken along solutions of the system, may have
positive and negative values. Verification of the conditions of the main theorem may be harder than in the classical case. It is shown
that the proposed conditions are useful for the investigation of the exponential stability of fast time-varying systems. This sets the
stability study by means of averaging in a Liapunov context. In particular, it is established that exponential stability of the averaged
system implies exponential stability of the original fast time-varying system. A comparison of our work with results taken from the
literature is included. © 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The classical Liapunov approach to uniform asymp-
totic stability of the null solution of a dynamical system
X(t) = f(x, t) requires the existence of a positive definite,
decrescent Liapunov function V(x,t) whose derivative
along the solutions of the system is negative definite.
When this derivative is negative semi-definite, stability
follows, rather than asymptotic stability. Narendra and
Annaswamy (1987) show that with V(x, t) <0 uniform
asymptotic stability can be proven if there exists a T such
that Vi: V(x(t+ 1), t+ T)— V(x(t),t) < — y(|x(@®)]) <O.
Here y() is a strictly increasing continuous function on
R* which is zero at the origin, and x(t + T) is the
solution of the system at ¢ + T with initial condition x(¢)
at t. Weaker conditions than the Narendra—Annaswamy
conditions still implying asymptotic stability have re-
cently been obtained, see (Aeyels, 1995; Aeyels and
Sepulchre, 1994; Aeyels and Peuteman, 1998). The pres-
ent paper and Aeyels and Peuteman (1998) are to a great
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extent inspired by the result of Narendra—Annaswamy
(1987). In Aeyels and Peuteman (1998), we claim basically
that in the uniform asymptotic stability theorem of
Narendra-Annaswamy the negative semi-definiteness
condition on the time-derivative of the Liapunov function
can be dispensed with. Unlike Aeyels and Peuteman
(1998), this paper focuses on exponential stability, not
uniform asymptotic stability. We prove that also in the
exponential stability case, no negative semi-definiteness
condition on the time-derivative of the Liapunov func-
tion is required, i.e., the origin of a dynamical system is
exponentially stable under the condition that for a posit-
ive definite decrescent V' (x, t) with Ayl x[|? < V(x, 1) <
Jenaxl| X *(Zmins Amax € Rg), 3T >0 and a sequence of
times tF such that V(x(tif; ), tif+1) — V(x(&), tF) <
—v|x(tH))* with ve Ry and tf,; —tf < T Vke Z and
tF— o0 as k— oo and tf > —o0 as k— —oo. Com-
pared to Aeyels and Peuteman (1998), the asymptotic
stability condition needs to be satisfied only for a se-
quence tj¥, not for all ¢t. In comparison to Narendra and
Annaswamy (1987), where a global uniform asymptotic
stability result is proved, the present paper is mainly
focused on local exponential stability. A global exponen-
tial stability result may be obtained when the system
X =f(x,t) is globally Lipschitz. This main theorem is
instrumental in proving that exponential stability of the
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averaged system X = f(x) guarantees exponential stabil-
ity of the original fast time-varying system, i.e.,
X = f(x, at) with o sufficiently large. The main lines of the
argument are as follows. First, the converse theorem of
Liapunov for exponential stability guarantees the exist-
ence of a Liapunov function V' (x) whose derivative along
the flow of the averaged system is negative definite.
Second, this V' (x) is used to establish exponential stability
of X =f(x,at) for o sufficiently large. In general, the
derivative of V' (x) along the flow of X = f(x, at) may take
positive as well as negative values which precludes the
use of a classical theorem of Liapunov. For « sufficiently
large, we prove the existence of a v>0, a T >0 and
a sequence of times ¢, satisfying the conditions
mentioned above, i.e., Vke Z: V(x(tf:1) — V(x(£f) <
— v||x(t§)||*. In Section 2 of this paper, the main theorem
is established, giving new sufficient conditions which
guarantee exponential stability of a nonlinear dynamical
system. In Section 3, exponential stability of fast time-
varying systems is discussed using the main theorem of
Section 2. In Section 4, it is shown that local exponential
stability of the averaged system guarantees local
exponential stability of the original fast time-varying
system. In the case the averaged system is globally expo-
nentially stable and globally Lipschitz, a semi-global
exponential stability result for X = f(x, at) is obtained,
i.e., every bounded region of exponential stability for
X = f(x, at) is obtained when o is sufficiently large. In
Section 5, the results of this paper are compared with
results taken from the literature.

2. The main theorem

In this section, sufficient conditions for exponential
stability of a dynamical system are proposed. In classical
Liapunov theory, the time derivative of the Liapunov
function along the solutions of the system is required to
be negative definite. In the present case, the derivative of
the Liapunov function may have positive and negative
values: a sequence of times #;f should exist such that the
value of the Liapunov function decreases when evaluated
at tf. Consider

X(t) = f(x(1), 1) (M

with f: W xR - R", W open, W < R", f(x, t) is measur-
able for each fixed x, 0 e W and f(0,t) = 0 Vr e R. Fur-
thermore, we assume that conditions are imposed on Eq.
(1) such that existence and uniqueness of its solutions is
secured. Of these conditions, we single out the local
Lipschitz condition because it will be used in the course
of the proofs of the theorems thereafter: f is locally
Lipschitz on W, ie., for Vxe W, 3 a neighborhood
N(x) = W, such that the restriction f|y., is Lipschitz
with Lipschitz function [ (). We assume that [(t) is
bounded V¢ e R. We are now ready to state the main

theorem. For completeness, the following lemma is
included.

Lemma 1. Let U =« W be an open neighborhood of 0.
Consider a closed ball B,(0) = U then VT >0 3y’ >0
such that (xo, to) € B,(0) x R implies that x(t) € B,(0) for
t € [tg, to + T]. Here x(t) is the solution of Eq. (1) evalu-
ated at t with initial condition xo at to. (The solution is
assumed to exist over the considered time interval.)

Proof. For a proof, the reader is referred to Aeyels and
Peuteman (1998). O

Remark 1. The proof of the lemma shows that
W = pe” ¥T is an appropriate choice of i'. K is the max-
imum of the upper bounds of the Lipschitz functions [ .(z)
corresponding to a finite subcovering of B,(0) which
consists of neighborhoods N(x).

Theorem 1. Consider a function V:U xR — R, with
U < W an open neighborhood of 0. We assume that the
following conditions are satisfied:

Condition 1: There exist strictly positive numbers
Jemin AN Aoy such that Yx e U: dpnlx||? < V(x, 1) <
Jmax ]| X[|1? and V(0,t) = 0 Vt.

Condition 2: There exists an increasing sequence of
times tf (k € Z) with tff - o0 as k — oo and tif - — o0 as
k— —oo,3finite T >0:tfs1 —tFf <T (VkeZ),3v>0
and an open set U’ = U which contains the origin such that
the Liapunov function V(x(t),t) has the property that
VkeZand ¥ x e U\{0}

V(e ), tfe) = Vx ) < —vllx|* <. 2

Here x(tf. ) is the solution of Eq. (1) at tif, with initial
condition x at tjf.

Then the equilibrium point x = 0 of Eq. (1) is exponentially
stable.

Proof. Local exponential stability means by definition
that 3r > 0, 3y > 1 and 34 > 0 such that V t5 e R, Vx,
with | xq] < r, the corresponding solution x(t) satisfies

Ix(@ < ye™ " x(to)ll, Vt=to 3)

with x(ty) = x,. Consider a closed ball B,(0) centered at 0
and radius ¢ small enough such that B,(0) = U’. Since
B, (0)is compact, it can be covered with a finite number of
open neighborhoods N(x), x € B,(0). Let K be the max-
imum of the upper bounds of the Lipschitz functions [ (¢).
Define

- \ [Zomi -
¢=ce X, § = [T and 8 =e K1Y
/L'max

Consider the open balls B;(0) and Bj.(0). These defini-
tions imply that Bs(0) = U' = U and therefore by
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Lemma 1 and Remark 1 with y=¢6" and ' =" one
obtains that for all (x, tg) € Bs(0) x R

Ix(0)| < e®Mx(to)| <0 te[to,to+ T1. (4)

There exists a k, € Z such that ¢} — t, < T implying that
Eq. (4) holds for every te[to, ] and in particular
[x(tF)| < <¢ <e By Condition 1, V(x(tf), ti) <
iamaxl|X(2)]> and by Condition 2, V(x(,+ 1) tf, +1) —
V(x(t§), tf) < — v||x(tf)]? such that

v

V(X6 + 1)t +1) < <1 7

‘max

>V(X(tz’i,), ) )

where 0 < (1 — v/Amay) < 1. Taking the definition of ¢’
into account, Eq. (5) and Condition 1 imply that
x(t# +1) € Bo(0). Therefore Conditions 1 and 2 can be
applied and thus, by repeating this argument one obtains
that Vne N

wwm@mMSQ—v>ﬁwmmy (©6)

;“max

Notice that by the same argument VneN,
x(t# +.) € By(0). Take n* € N such that (1 — v/Ap.)" <
Jomin/2max-  Since || x(6f +)|l <€, Eq. (6) implies by
Condition 1 that

imax

Define  v*:=(1 — V/max)" Amax/Amin <1. By Eq. (7),
Xt )l < SVEIIx(eE)|. Define A:=In(1/v*)/2n*T
which implies that ./v¥ = e~ < e~ *%,»"4) and

I, 4w | < @7 Hhene 7D | (2 ®)

/lmin”x(t;foJrn*)Hz < <1 -

Vfamwmﬁ @)

Notice that |[x(t¥+s)| <& VneN and therefore
| x(t% +mn*)|| < ¢ Vme N. By repeating the same argu-
ment, one obtains that for every me N

1, )| < €7 Hhem =5 (8 | ©)

Notice that Eq. (9) gives the evolution of the flow at times
t¥ +mn, but Eq. (9) gives no information about the flow
between the times ti +ms=. This will be examined now.
Since Vn e N: ||x(t# +4)|| < &, by Lemma 1 and Remark 1,
one obtains that Vi >, ||x(1)] <& with B(0) <= U
For every t>1tf, there exists meN such that
t € [t + mn», ti&, +n+ 1w [. Notice that

t

X(t) = X(tl:ko+mn*) + J*

t

f(x(7), 7)dz. (10)

ko+

Since || f(x(z), 7)|| < K|/x(7)|, it is obvious by invoking
the triangle inequality and the Bellman-Gronwall lemma
that

Ix @) < 5O Koo [ x (8, +mn) . (11)

By Eq. (9), [x(t)]| < e *tom-"") eK“”fmwm*)Hx(tfo)H and
Ix(t)] <e M) e T x@k)|  if t>tF. Since

[x(6)Il < [|x(to)||€X" and ¢ — t, < T, one obtains that
Ix(@)] < e 27t AT REEIT I (ro)||, 1= £, (12)
If ¢ € [to, tx, [ then by Eq. (4) one obtains that

Ix(@)] < T x(to)| < e e TRETIT||x(1))].

In conclusion, we have established that 3r > 0, 3 finite
v > 0 and a finite 4 > 0 such that Vr,, Vx, with || x¢] <,
the corresponding solution x(t) satisfies Eq. (3) by taking
r=209" y=e?R0 DT and A =In(1/v*)/2n*T with
V¥ = (1 — V/2man)" Amax/2min- Therefore, exponential stab-
ility of the null solution of Eq. (1) is established. [

Remark 2. Theorem 1 not only establishes local ex-
ponential stability of the equilibrium point x =0 of
X =f(x, t), the proof of Theorem 1 also provides an
estimate of the region of exponential stability. When
B,(0) = U’ then By (0) belongs to the region of exponen-

tial stability with 6" = e~ **"_/Zmin/Zmax &.

When x = f(x, t) is globally Lipschitz, i.e., 3K > 0 such
that Vx,yeR", VteR: |f(x,t)—f(, )] < K|x —y|
and the conditions of Theorem 1 hold globally, then the
equilibrium point x = 0 is globally exponentially stable.

Remark 3. Theorem 1 may be generalized in the
sense that the existence of a m > 0 such that Vxe U:
Amin|X[|"™" < V(X 1) < Amax]|[x||™ and Vx e U\{0}:
V(x(tir1), thv1) — V(x, tF) < — v||x||™ also implies ex-
ponential stability of the equilibrium point x =0 of
Eq. (1). This generalization allows the use of nonquad-
ratic Liapunov functions.

3. Application of the main theorem to fast time-varying
systems

Theorem 1 states a sufficient condition for exponential
stability of a dynamical system. Condition 2 of Theorem 1
is in general hard to verify. This section can be seen as an
elaboration of the previous one. We show that for fast
time-varying systems, Condition 2 of Theorem 1 may be
replaced by a condition independent of the flow, and
therefore more easily verified. As explained in Section 4,
Theorem 2 will be helpful in obtaining explicit conditions
on the exponential stability of Eq. (13).

Theorem 2. Consider the system

X(1) = f(x, a1) (13)

which satisfies the existence and uniqueness conditions
mentioned in Section 2 with f:W xR —>R", W open,
W cR",0eWandf(0,t) =0VteR. Thereexistso; >0
such that Yo > oy system (13) has an exponentially stable
equilibrium point x = 0 if
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Condition 1: There exists a Liapunov function V(x) and
strictly positive numbers Amin and ., such that Vx e U
(U < W and U is open and 0 € U):

/lmionHZ = iminxTx < V(x) < j'maxXTx = imaxHXH2'

In addition, 0V /0x(0) =0 and 0V /0x(x)is Lipschitz on
U with Lipschitz constant K,

Condition 2: There exists an increasing sequence of
times ty (k € Z) with ty - oo as k » oo and ty — — o0 as
k- —o0, 3 finite T >0: ty, —ty < T° (Vke Z) and
3 v > 0 such that ¥ty and ¥xe U

aV@ﬁ“?@nmfs—uwv. (14)

0x <>
k

Proof. Corresponding to the sequence of times t; and to
each o > 0, define the sequence of times ¢} := ¢} /.. Since
o is finite, tf - 00 as k - oo and f - —o0 as k — — 0.
The sequence of times t; satisfies Condition 2 of
Theorem 1: Vk:tf,, — tf < T with T = T°/a.. Consider
the Liapunov function V(x). By defining AV (tf+ 1, ) :=
V(x(tify 1) — V(x(tf)), one obtains that AV(tf,q, ti)
equals

[ venar= [ % o vtz

5
k

Here x(t) is the solution of Eq. (13) evaluated at ¢t with
initial condition x(tf) at t§. By Theorem 1, exponential
stability of the equilibrium point of Eq. (13) is shown if
Jv > 0 and an open set U’ containing the origin such that
ViE, Vx(t) e UN\{0}:

AV (i1, ) < —v]x (@) (15)

Consider a closed ball B;(0) = U centered at 0 and radius
£ small enough such that B;(0) = U. Since B;(0) is com-
pact, it can be covered with a finite number of open
neighborhoods N(x) = W, x € B;(0). Let K be the max-
imum of the upper bounds of the Lipschitz functions [,(¢).
The upper bound of L.(t) is the same for the systems
X(t) = f(x, t) and X(t) = f(x, ot). Define & := £e~ %7 with
T = T°/a. Consider the open ball B;(0). With Lemma 1
and Remark 1 one obtains that for te[f, tf ],
x(t) € B;(0) when x(tf) € B;(0). Notice that

x(t) = x(6f) + th(x(s), as) ds. (16)
Since | f(x(s), as)| < K||x(s)| when se[tf t] and
te [t 1],

Ix(s)[| < X7 x ()] < e T x()] (17)
and

>

() — X0 < K T i) (19)

Because of the Lipschitz condition imposed on Eq. (13)
one obtains that

T<>

If (e (), o) — f(x(t), ot)]| < K* VGKTO/“HX(&T)H- (19)

By assumption, 0V/0x(x) is Lipschitz on U with

Lipschitz constant K,. Since x(t)e€ B;(0) = U and
x(t¥) € B;(0) = U, one obtains that

<&

H(@—((@ < KK ) (0)

Now, we are ready to prove that Eq. (15) is satisfied.
Notice that AV(t, 1, tif) equals

[[ 55 exte oty an @
v OX
e
+ [ (oo - S e ) a2
S¥1%
[ ) (x50 et cop e @)
[ 0 K
e [ (G e - 5 )
< (F (500, 21) — (7). ) (4)

If x(tf)eB:(0) then |[|f(x(t§), at)l| < K|x(z¥)| and
[|0V [ox(x ()| < K,|x(f)| since 0V /0x(0)=0 and
f(0,t) = 0. By Egs. (19) and (20), one obtains that the
absolute values of Egs. (22) and (23) are less than or equal
to

T<> 2
K, K?eT <7> (@)l (25)

By Eqgs. (19) and (20), one obtains that the absolute value
of Eq. (24) is less than or equal to

T<> 3

KUK%ZKTQ/“() (@)1 (26)
o

Therefore, combining Egs. (25) and (26) one obtains

with L() := 2K, K?eXT*T°? 4+ K, K3e*)T°/*T3 /4 that
AV (i 1, tF) is less than or equal to

oV L
[ S st on ar+ S5 ke e

if x(t¥) € By (0). By Eq. (14),

v L(o
AVt = ) +

Ix (@) (28)
This expression (28) is true for every « > 0. When o > o,
with a; such that — v/a; + L(o;)/a? = 0, Eq. (15) is satis-
fied with v:= v/a — L(x)/a* > 0. Therefore, exponential

stability of Eq. (13) is established by applying Theorem
1 with U' = Bx(0). O
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By specializing Theorem 2 to the linear case, one
obtains that there exists «; > 0 such that Vo > o, the
system x(t) = A(at) x(t), with A(t) bounded and measur-
able, has an exponentially stable null solution if: there
exists an increasing sequence of times fy(k € Z) with
0 >0 as k—oo and tf > —oo as k— —oo, 3 finite
T° >0:t7., — ty < T° (Vk e Z), there exists a positive
definite matrix P and 3 v > 0 such that V¢;

< f AT d‘E>P + P( f A dr> < vl (29)

When the linear system is periodic, i.e., A(t) has a period
T°, then the result of Brockett (1970) is recovered by
taking an equidistant sequence of times i such that Vk:
ty.1 —ty = T. Therefore condition (29) is equivalent
with the requirement that jgﬂA(‘c) dt is Hurwitz, i.e., the
eigenvalues are in the open left half plane.

Remark 4. The proof of Theorem 2 provides an estimate
of o;. Indeed, taking the specific expression of L(x) into
account, — v/o; + L(o;)/a3 = 0 may be rewritten as

T 1
eKTQ/a:OT :K<_1+ 1+KIZT<>>. (30)
1 U

Since for every K >0 and for every T° > 0, e(a;):=
eXT%*(T°/n;) is a monotonically decreasing function of
oy, since e(o) goes to infinity as o; goes to zero and since
e(xy) goes to zero as oy goes to infinity, Eq. (30) has for
every K > 0, for every K, > 0, for every v > 0 and for
every T > 0 exactly one solution ;.

Remark 5. Theorem 2 also provides an estimate of the
region of exponential stability. Because of Remark 2 and
the proof of Theorem 2, one obtains that B, (0) belongs
to the region of exponential stability of X = f(x, «t) when
0" < e KT/ i) max & B:(0) = U and o > o;. When
f(x, t) and (0V/dx)(x) are globally Lipschitz and the con-
ditions of Theorem 2 hold globally, then the equilibrium
point x = 0 is globally exponentially stable.

Remark 6. The Liapunov function of Theorem 1 need
not be differentiable and not even be continuous. The
regularity assumptions on V(x) of Condition 1 of
Theorem 2 are due to the proof of Theorem 2 itself.

4. Exponential stability and averaging

System (13) is equivalent to dx/dt = &f(x, 7) by setting
T =oat and ¢ = 1/a. Let x(1) be the solution of dx/dt =
¢f(x, ) with initial condition x, at 7y. Let y(r) be the
solution of the averaged system dy/dt = &f(y) with initial
condition xq at T, where Vye W

fy) = tim

lim f t0+Tf(y, 7) dr. (31)

To

With appropriate smoothness and boundedness condi-
tions on f, when y(t)e W Vrte[1o, 10+ Cle], it 1is
shown (Sanders and Verhulst, 1985; Verhulst, 1990) that
Jeo > 0 such that Ve < g, ||x(7) — y(1)|| = O((¢)) when
T € [10, Tp + C/e] with

o) =sup sup ¢ . (32)

xeW 0<er<C

f ) — ) ds

To

The approximation result that [|x(t) — y(7)|]| = O(d(e))
when 1 € [19, 79 + C/¢] is independent of the stability
properties of the averaged system. When the averaged
system is continuously differentiable and has a linear
approximation which is exponentially stable, it is known
(Sanders and Verhulst, 1985) that ||x(t) — y(7)|| = O(d(e))
V1 > 19 when x, is in the region of attraction of the
averaged system.

In addition to its properties related to approximations
of the solution x(z) of dx/dtz = &f(x, 1), averaging is also
useful in the study of exponential stability properties of
the equilibrium point x = 0 (see Hale, 1980; Khalil, 1996;
M’Closkey and Murray, 1993). Exponential stability of
the averaged system implies exponential stability of the
original time-varying system dx/dt = ¢f(x, ) when ¢ is
sufficiently small. This result may be established by
means of a state transformation as has been done in the
almost periodic case by Hale (1980) and in the general
case by Khalil (1996). The approach presented in this
paper is totally different. The converse theorem of
Liapunov for exponential stability guarantees the exist-
ence of a Liapunov function V (x) whose derivative along
the flow of the averaged system is negative definite. This
V(x) is used to establish, by Theorems 1 and 2, exponen-
tial stability of X = f(x, at) for o sufficiently large. In
general, the derivative of V(x) along the flow of
X = f(x, «t) may take positive and negative values which
precludes the use of a classical theorem of Liapunov. But
for a sufficiently large, we prove the existence of a v > 0,
a T>0 and a sequence of times tj, satisfying the
conditions of Theorem 1, such that Vk e Z: V(x(ti; 1)) —
V(x(tF) < = vIix@))>.

4.1. Averaging and local exponential stability

Theorem 3. Consider the system

X(t) = f(x, at) (33)

which satisfies the existence and uniqueness conditions
mentioned in Section 2 with f:W xR —>R", W open,
W < R",0e Wandf(0,t) =0VteR. There existso; >0
such that Vo > o system (33) has an exponentially stable
equilibrium point x = 0 if

Condition 1: The averaged system of X(t) = f(x, t), i.e.,

X(t) = f(x) exists Vx e W with

) = lim —— J +Tf(x, 1) dt. (34)

2T

-T
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The averaged system has an exponentially stable null
solution, i.e., 1 k> 1, vy >0 and ro > 0 such that for all
Xo € B, (0)

1D, to, Xo)| < ke ™" |lxol  VE=to. (35)

Here @(t, ty, xo) denotes the solution of the averaged sys-
tem at time t with initial condition x, at to and ||x|* = x"x.
Here, 1y is chosen such that the open sphere By, (0) = W
and Eq. (35) implies that ®(t, to, Xo) € By, ,(0) for every
Xo € B, (0), for every to and for all t > t,.

Condition 2: The averaged system is twice continuously
differentiable in By, (0) and there exists a M; >0 and
a M, > 0 such that Vx € By, (0) Vi,j, le {1, ...,n}

o o%f;
0X; 0x;0x,

with f=(f1, ....f,)"

Condition 3: There exists a continuous nondecreasing
Sfunction M(+):[0, + o[ - [0, + oo [with lim,, ,M(c)/
0 =0 such that Vx € B, (0), Vt;,t, € R (t; > ty):

Proof. I: The proof relies upon Theorem 2. When the
averaged system X(f) = f(x) is exponentially stable, then
the classical converse theorems of Liapunov (Khalil,
1996, pp. 148-152) guarantee the existence of an auton-
omous Liapunov function V(x) satisfying the inequalities

x)| <M, and

(x)| <M, (36)

< M(t; — t1)x]. (37)

f (e, 1) — F(x)) de

1

erlx|* < V() < eallx ), (38)
A
(70 < — esx| (39)
av
Ha—(m < calxl, (40)
X

for all xeB, (0) and for some positive constants
c1, €2, c3 and ¢4 By taking U = B, (0), Condition 1 of
Theorem 2 is satisfied by setting A, = €1, Amax = €5 and
proving the Lipschitz property of dV/dx(x) on B, (0)
since 0V /0x(0) = 0 by Eq. (40).

II: In order to prove the Lipschitz property of
0V /0x(x) as required by Condition 1 of Theorem 2, we
rely on (Khalil, 1996, Lemma 2.2, p. 71). When 0V /0x(x)
and its Jacobian matrix exist and are continuous on
B, (0) and there exists a constant L such that Vx € B, (0):
[J(x)| <L where J(x)=(J;(x) with J;(x)= 0*V/
0x;0x;(x) then 0V /0x(x) is Lipschitz on B, (0) with Lip-
schitz constant L.

e First, we prove existence and continuity of 0V /0x(x)
and its Jacobian. Since f(x) is twice continuously
differentiable, by Hirsch and Smale (1974, Theorem 2,
p. 302) ¥(7,0,x) (VT >0 VxeB,(0) is twice con-
tinuously differentiable with respect to x, ie.,
0®,,/0x(t, 0, x) and 0*®,,/0x;0x/(, 0, x) exist and are

continuous Vi, j,me {1, ...,n}. The function V(x) in
the converse theorem of Liapunov (Khalil, 1996) is
given as (with an appropriate Ty)

T, n Ty
J (7, 0, x)"d(z, 0, x)dt = )| J ®2(1, 0, x) d.
m=1J0

0

By taking the partial derivative of V(x) with respect

to x; Vie {1,..., n}, one obtains that Vx € B, (0)
0V noo(Tv 6

ZJ " (1,0, x) @7, 0, x) dr. (41)
axl i 0x;

By taking the partial derivative of Eq. (41) with respect
to x;, one obtains that 0>V /dx;0x(x) equals

v 62(1)
2 0Dy o
mgh[o éxiaxj (T’ O’ X) m(’E, O, x)

écb ) 2&n o0
6

" (z, 0, x) dr. (42)
5xj
The existence and continuity of ®@,(z,0, x),
0®,,/0x(z, 0, x) and 0°®,,/0x;0x{x, 0, x) imply by Egs.
(41) and (42) that 0V /0x;(x) and 0>V /0x;0x (x) exist and
are continuous in x, Vx € B, (0).

e Second, we prove the boundedness of the Jacobian of

oV /ox(x), 1.e., J(x). We also calculate a suitable esti-
mate of L because it will be useful to estimate the
region of convergence of X = f(x, at) and «; as pointed
out in Remark 10. Appendix A studies the flow of the
averaged system. By Appendix A, one obtains that
Vxe B, (0)and VT',7 > 0 with 7 < T" that

" 0D;
(7,0, x)| < M5(T),
i,jzzl 0x; ’
, (43)
" 07D,
L (1,0, x)| < My(T).
i,j,zl:ZI axjax,( : A1)

Relying on Eqgs. (42) and (43), Appendix B studies the
Liapunov function V(x). By Eq. (B.2) in Appendix B

n n 62
X Wyl = X () < M) (44
j= i,j=1
which implies that the Jacobian matrix J(x) = (J;;(x))
of 0V/0x(x) is bounded on B, (0), ie., Vxe B, (0):

[J(X) < M s(ro).

e By (Khalil, 1996, Lemma 2.2, p. 71), 0V /dx(x) is Lip-

schitz on B, (0) with Lipschitz constant L = M s(ro).
This Lipschitz condition and Eq. (38) imply that Con-
dition 1 of Theorem 2 is fulfilled with U = B, (0).

III: In order to verify Condition 2 of Theorem 2, take
t5 € R and then VTV € Ry

o+ T/

j" Flo 0 dt = TF() +J (f(x, ) — J) .

$ 5



D. Aeyels, J. Peuteman/Automatica 35 (1999) 1091-1100 1097

By Egs. (37) and (40), one obtains that Vx e B, (0),

VT e R

o+ T/

‘— () (f(x, 1) = flx)) dr M(T?)|x]

av
<[5

< caM(T7)[ x|,

This implies by Eq. (39) that

ox <

0

oV o+ T/
- () J S dt < (= esT! + eaM(T))) | x]|%. (45)

Since M(T)/T is continuous and limy_ ,M(T)/T =0,
it is possible to take a T’ large enough such that
M(T’)/T! < ¢3/cy and VT = T/ : M(T)/T < ¢3/c4. De-
fine ty 1=ty + kT Vke Z. By repeating the argument
leading to Eq. (45) one obtains that Vke Z

aV k+1

e J Sl ) di < (= 3T + eM(T) % (46)
[

Therefore, Eq. (46) implies that Condition 2 of Theorem 2

is fulfilled with v = 3T — ¢,M(T’) >0, T® = T/ and

U = B, (0). By Theorem 2, Ju; > 0 such that the system

X(t) = f(x, at) is exponentially stable if o > ;. O

Remark 7. The regularity conditions imposed on f(x) b
Condition 2 of Theorem 3 do not necessarily derive from
the smoothness conditions of f(x, t). Indeed, let h: R —» R
be a 1-periodic function of class C*, i.e., all the higher-
order derivatives exist and are continuous. In the one-
dimensional case f(x, t) = h(xt) is of class C* with respect
to x and t. Since by Eq. (34),

_ 1 + T
x) = lim — h(xt) dt
o = tim 5 [ heen
one obtains that f(0) = h(0) and Vx #0 that f(x) =
jo )dy. Therefore, f(x) is discontinuous at 0 when
[6h(y)dy # h(0). This example illustrates that f(x) may
be dlscontmuous even if f(x, t) is of class C* with respect
to x and t.

Remark 8. In case X = f(x, t) is periodic in ¢t with period
T, independent of x, the relationship between the
smoothness conditions on f(x,t) and the regularity
conditions on f(x) is more transparant.

e When f=(fi,...,f,)" and its partial derivatives with
respect to x up to the second order exist and there
exists a M >0 and a M, > 0 such that Vx e B, (0),
Vtand Vi, j,le{l,...,n}:

ﬁ 0*f,

0X;0x)

(Xs t) < MZ

) <M; and ’

then Eq. (36) is satisfied with the same bounds M, and
M. Indeed, by Eq. (34) and the periodicity of f(x, t),

one obtains that Vie {1, ...,n}:

T,

- 1
filx) = Tf L fi(x, 1) dt.

By taking the partial derivative with respect to x; of
fi(x) and taking the absolute value, one obtains that

Vi,je{l,...,n} Vxe€ By, (0)
of; 1 (%] of;

— M 4
6x()‘STfL oo o dr <My, @)

By taking the second-order partial derivative with
respect to x; and x; of fi(x) and taking the absolute
value, one obtains that Vi, j, [ € {1, ..., n} Vx e By, (0):
|0%f;/0x 0x,(x)| < M.

e Assume Vxe By, (0), Ve>0:36(e, x) >0 such that
[x —yl| <d(e, x) with ye By, (0) implies that V&

Ifi(x, t) = fily, t)] <&,
of; of;
S =) <
and
*f; %
G ) T o Y| <

Vi j,le{l,...,n}
then f'is twice continuously differentiable. Indeed,
| filx) = )l <—f |filx, ) = fily, Dl dr <& (48)

By repeating the same argument one obtains that
[x — y|| < d(e, x) with x, y € By, (0) implies that

o af
0x; )= éxj =¢
and
*fi °fi
anaxl B 6Xjaxl (y) <&

Vi j,le{l,...,n},

i.e., fis twice continuously differentiable.

Remark 9. Notice that the conditions on f(x, ¢) as stated
in Remark 8, which recover the smoothness conditions
required by (Khalil, 1996, p. 332), are sufficient con-
ditions. They are not necessary to guarantee Condition 2
of Theorem 3. This is easily illustrated by means of an
example. When f;:R—-> R and f,:R —> R are bounded
1-periodic  functions  with jo fi(t)dt=—1 and
fofz(r )dt =0, consider the system x = f(x,t)=fi(¢)
x + f5(t) F(x) where F(x) is Lipschitz continuous but not
differentiable. The averaged system x = f(x) = — x satis-
fies Condition 2 of Theorem 3 although F(x) and there-
fore also f(x, t) are not differentiable in x.
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Remark 10. Theorem 3 not only proves that exponential
stability of the averaged system implies exponential stab-
ility of the original fast time-varying system X = f(x, ot)
for o > a4, the theorem also gives an estimate of the
region of exponential stability and an estimate of ;.

Indeed, the proof of Theorem 3 with B, (0) = By, (0) =W
relies on Theorem 2 with U = B, (0). Because of
Theorem 2 and Remark 5 with T =T/, J..=c;
and An., = ¢y, it is clear that Bg(0) belongs to the
region of exponential stability of Eq. (33) when
8" < e 3K /e Je, ro with T large enough such that
3T — e ,M(T') > 0.

Here, K is an upper bound for the Lipschitz functions
I.(t) of f(x,7) on B, (0). By Remark 4, o, is given by
Eq. (30) with K, K, = Ms(ro), v = c3T/ — ¢,M(T”) and
T =T

4.2. Averaging and semiglobal exponential stability

Even when Eq. (33) is globally Lipschitz and the condi-
tions of Theorem 3 hold globally, Theorem 3 provides no
oy > 0 such that Vo > o, :X =f(x, at) is globally expo-
nentially stable. Indeed, Theorem 3 relies on Theorem 2.
By Theorem 2 and Remark 5, a global exponential stabil-
ity result for x = f(x, at) does not only require that the
conditions of Theorem 2 hold globally, also a global
Lipschitz property on dV/dx(x) is needed. This global
Lipschitz condition on 0V /0x(x) is not satisfied since by
Eq. (44), K, = M s(ro) grows unbounded when r, goes to
infinity. It is however possible to prove a semiglobal
exponential stability result:

Theorem 4. When the conditions of Theorem 3 hold
globally then X = f(x, at) is semiglobally exponentially
stable, i.e., VR > 0, du,(R) such that Yo > o,(R): X(t) =
f(x, at) is exponentially stable and Bgr(0) belongs to the
region of exponential stability.

Proof. Since the conditions on % = f{(x) hold globally,
Egs. (38)-(40) hold globally for some positive constants
¢y, C2, ¢3 and c4. In order to prove the semiglobal
exponential stability result, take for every R >0,

ro = 2RV ¢;,/cy, and apply Theorem 3 and Remark 10
with this specific choice of r,. Because of Theorem 3 and
Remark 10, X = f(x, at) is exponentially stable when
o >aq(R) with o4(R) satisfying Eq. (30) with K(ro),
K, = Ms(ro), v =c3T! — c,M(T’) and T° = T’. Here
K(ro), the notation emphasizes its dependence on r,
denotes the Lipschitz constant of f(x, t) on B, (0).

An open ball with center 0 and radius 0" belongs to the
region of exponential stability when §" < ¢~ 3K T"/2)R,
When o > a,(R) = max{o;(R), 3K (ro) T//In 2} then
X = f(x, at) is exponentially stable and by Remark 10,
Bg(0) belongs to the region of exponential stability since

R < e 3Kta)T23R  This establishes the semiglobal ex-
ponential stability property of X = f(x, at). [

Remark 11. Along the lines of the proof of Theorem 4
no global exponential stability of X = f(x, «t) has been
established. Indeed, as pointed out in the proof of
Theorem 4, for every R > 0, 3 finite a;(R) which satisfies
Eq. (30). But when R increases, K(r,) is nondecreasing,
Ms(ro) = Ms(2R /c2/c1) and a1(R) increase and limg—+x
®1(R) = 4 oo such that also limg-+w02(R) = + 0.

5. Conclusions

The main theorem of this paper gives a sufficient
condition for exponential stability of a differential equa-
tion. This result is useful for the study of exponential
stability of fast time-varying systems: exponential stabil-
ity of X = f(x) implies that Jo; > 0 such that Vo > o;:
X = f(x, at) is exponentially stable. Comparing these re-
sults with the results available in the literature, it be-
comes clear that

e The averaging results of the present paper are con-
cerned with exponential stability of a time-varying
system. The averaging results established by Hapaev
(1993) are related to instability, stability or asymptotic
stability properties of the original system, not to ex-
ponential stability properties.

e The averaging results established by Hale (1980) are
restricted to periodic and almost periodic systems
X = ¢f (x, t, &). Hale (1980, p. 194, Theorems 3.1 and 3.2)
proves that for ¢ sufficiently small, there is a unique
periodic or almost periodic solution of the original
system, in a neighborhood of the equilibrium of the
averaged system. This unique solution is uniformly
asymptotically stable when the linearization of the
averaged system is exponentially stable. In our
framework, this unique solution is the zero solution
since f(0, t) = 0 Vt. Notice however that in the present
paper no periodicity neither almost periodicity is
required.

e The results in the present paper are related to the
averaging results established by Khalil (1996). There
are differences in the regularity assumptions, i.e., the
smoothness conditions on Theorem 3 are mainly fo-
cused on the averaged system f(x) whereas Khalil
(1996) formulates smoothness conditions on f(x, t)
itself. There are also some technical differences in the
convergence condition, but the main point is that our
proof technique is cast in a Liapunov context. The use
of Theorem 1 with a Liapunov function V(x) which
decreases stepwise makes it not necessary to use a state
transformation as typically done in averaging theory,
(see Hale, 1980; Khalil, 1996; Sanders and Verhulst,
1985; Verhulst, 1990).
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o The results obtained in the present paper are different
from the results obtained by M’Closkey and Murray
(1993) (see also M’Closkey, 1997). M’Closkey and
Murray prove that asymptotic stability of the averaged
system of a periodic zero-order homogeneous system
implies its exponential stability with respect to the
homogeneous norm. The systems discussed in the present
paper are not necessarily homogeneous and we obtain
exponential stability with respect to a classical norm.
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Appendix A

The solution ®(t, 0, x) of the averaged system % = f(x)
satisfies Vx € B, (0), Vt >0 and Vie {1, ..., n}

(I)i(Ta 0> X) = X + Jﬁ(q)l(sa Oa X), L) (D,,(S, Oa X)) dS
0

where ® = (@4, ..., ®,)". Taking the partial derivative
with respect to x;, one obtains that 6®;/0x;(t, 0, x) equals

T n aﬁ
5ij+ \[0 m=1 a(Dm ( ) (Al)

Taking the absolute value of equation (A.1), invoking the
triangle inequality and taking the sum of expression (A.1)
over all i,je{l,...,n}, one obtains by Eq. (36) with
(s, 0, x) € By, (0) that

o0D;
5xj

is less than or equal to

n

)

i,j=1

(7,0, x)

n n T n a@m
Y i+ M) J > =50, x)|ds (A.2)
ij=1 i,j=1J0m=1 0x;
This implies that
" oD, LA 15l0)
<n+nMJ —" (s, 0, x)| ds.
i,jz=1 0x; 0 m,jz‘él Xj

Application of the Bellman-Gronwall lemma gives
VT',t >0 with 7 < T’ that

o0D;
o (@.0.3)

J

n

)

i,j=1

is less than or equal to ne™:"" =: M(T).

The partial derivative of the expression (A.1) with
respect to x; equals

JI< Zn: o (D(s, 0, x)) 00, (s, 0, x)> 00y, “ (s, 0, x)

m o\ p=1 a(Dmaq)p 5xl an
o GO
(]
+ aq)m ( (S, 07 X)) axja l (S, 0, X) dS

Taking the absolute value, invoking the triangle inequal-
ity and by Eq. (36), one obtains with ®(s, 0, x) € By, (0)
that Vi, j,le {1,...,n}, VT',t > 0 with t < T’ that

0*@;

. 0
axj'axl (T, ’ X)

is less than or equal to

2

661

n

Z JerMg(T) + M,

m=1

" (s, 0, x)| ds. (A.3)

Taking the sum of the expression (A.3) over all

i,j,1e{1,...,n} proves that
“ 0D,
—— (1,0,%)
ijl=1 0x;0x,

is less than or equal to

4 5 , n T an)m
m*M,M3(T') + nM; ),
0

m,j.1=1

ds.

(s,0, x)

0x;0x;

Application of the Bellman-Gronwall lemma gives
VT',t >0 with t < T’ that

>,
2

i i= 16)(61

is less than or equal to T'n*M,M3(T’) e": T

(z, 0, x)

= My(T)).

Appendix B
By adding the absolute values of Eq. (42)
Vi,je{l,...,n} with ®(z, 0, x) € By, (0), one obtains that
o*v
axiaxj'

(X)‘

i,j=1

is less than or equal to

2 LTV,,,.% 1 Oaj e (0.9 o
. i((ﬁf"f"“’o I w0 e

(B.1)
By Eq. (43),

i —(T 0,x) < My(Ty) Vmel{l, ..., n}
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such that equation (B.1) implies that

n 62
Z: 0x;0X; ‘
is less than or equal to
fZ | 0D,
2Ty M (Ty)krg + 2 > ax. (7,0, x)| | M3(Ty) dz
0 \m,i=1] 0Xi
< 2Ty(My(Ty) kro + M3(Ty)) =: Ms(ro). (B.2)
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