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A New Asymptotic Stability Criterion for Nonlinear Lemma 1: Let U C W be an open neighborhood of the origin.
Time-Variant Differential Equations Consider a closed balB, (0) C U, thenVT > 0, T finite: 3p’ > 0
such that(zg,t0) € B,/(0) x IR implies that=(t) € B,(0) for
Dirk Aeyels and Joan Peuteman t € [to,to + T]. Herex(t) is the solution of (1) evaluated atwith

initial condition @y at ¢o. -
Proof: Consider a closed balB, (0) centered at the origin and
Abstract—A new sufficient condition for asymptotic stability of ordi- \yith radius 2 small enough such thaB,‘ (0) C U. Since B“ (0)

nary differential equations is proposed. Unlike classical Liapunov theory, i m t it can b vered with a finite number of N convex
the time derivative along solutions of the Liapunov function may have 'S €OMpact, it can be covere a tinite number of open conve

positive and negative values. The classical Liapunov approach may be NeighborhoodsO(z), = € B,(0). Let I be the maximum of the
regarded as an infinitesimal version of the present theorem. Verification bounded Lipschitz funCtlonS (t) involved. Definey' := pe™ 7

in practical problems is harder than in the classical case; an example is Let B +(0) be the closed ball centered at the origin and with radius
included in order to indicate how the present theorem may be applied. Notlce thatBH(O) is convex and thereforér, y € BH(O), the line
Index Terms—tiapunov, nonlinear dynamics, time-varying systems. segment joining: andy belongs toB,, (0). Denote this line segment
asl.,. Pick a neighborhood from the finite covering which contains
and denote it a®(x). Wheny € O(x), one obtains immediately that

- INTRODUCTION If (2. 8) = f(y. DIl < K| ,
The classical Liapunov approach to asymptotic stability of ag such that{b; } = b(O(x))Nl,, whereb(O(x)) is the boundary of
equilibrium point of a dynamical system(t) = f(z,t) requires (z). Pick a neighborhood from the finite covering which contains

the existence of a positive definite Liapunov functibiiz, ¢) with 5, and denote it a€)(b,). Pick a pointp; € 1., N O(z) N O(by),
V(x,t) negative definite. Whei (., #) < 0, stability rather than then I£(x,t) — f(p1,t)]| < Kl|z — p1||. Wheny € O(b1), then
asymptotic stability follows. In this case, the Barbashin—KrasovsKjif(p,,#) — f(y,t)|| < K||p1 — y|l. Wheny & O(by), defineb,
theorem or LaSalle’s invariance principle may be helpful in provinguch that{s>} = 5(O(b1)) N 1s,,. Pick a neighborhood from the
asymptotic stability; indeed, there is convergence to the largésiite covering which containk, and denote it a§)(b- ). Pick a point
invariant setinE = {x : Vv (z) = 0} when the differential equation is p, ¢ Io,yNO(D1)NO(D), then|| f (p1, 1) — f(p2, D)|| < K||p1—p2]|.
autonomous, and extension to the periodic case is possible. WhenTh& argument can be repeated, and since we start with a finite
system is not periodic, Narendra and Annaswamy [4] show that wigavering there exists a finite integer, and related points; andp;

V (x,t) < 0 uniform asymptotlc stability can be proven if there existsith i € {1,---,n,,} such thaty € O(b,,, ). One obtains that

a T such thatvt : [ V(a(r),7)dr < —([l«(t)]]) < 0 where

~(-) is a positive monotonic function olR* which is zero at the (2. t) = f(pr, )|l < K|z — p1]

origin. Weaker conditions than the Narendra—Annaswamy conditions

still implying asymptotic stability have recently been obtained [1], [2].

In these results one has examined the rold adind its dependence I1f(pist) = f(pitr, f)ll < K||lpi — piga|]

on the initial conditiong o, o). This paper is to a great deal inspired

by the result of Narendra and Annaswamy [4]. Basically, we claim :

that the negative semidefiniteness conditioniof, t) is no longer 1f(Prayst) = Fly Il < Kllpn,, — yll

needed Roughly stated: the origin is asymptotically stable under

the condition that for a positive definite decrescéfitz,¢), 37" >  Since allp; belong to the line segment,, adding these inequalities
0,Vto, Yo : V(z(to + T),to + T) — V(za,to) < —v(||lzo]]) < 0; and invoking the triangle inequality on the left-hand side implies that
x(to + T) is the solution ofi(t) = f(x,t) evaluated ato + T with Vz.y € B,(0) andvt € IR

initial condition = at to.

(2. t) = fly. O < K|z = y]|. @)
II. THE MAIN THEOREM If x(t) is the solution of (1) evaluated atwith initial condition
Consider xo € B,(0) atto (x(to) = o)
. -t
() = fla.1) @ x(t) = x(to) + / flx(s), s)ds, Yt > to. 3)
tg

with f : WxIR — IR", W openW C IR". Let f(0,#) =0Vt € IR
and0 € W. Furthermore, we assume that conditions are imposed B the Lipschitz condition
(1) such that existence and unigueness of its solutions are secured. -t
Of these conditions, we single out the local Lipschitz condition 2O < [|a(to)]| +/ Kljx(s)|| ds (4)
because it will be used in the course of the proof of Lemma 1 and to
Theorem 1 is locally Lipschitz, i.e., fovz € W, 3 a neighborhood
O(x) C W, such that the restrictiofi|o.)xr # flo() is Lipschitz
with Lipschitz functioni, (t). We assume that,(t) is bounded lz(t)]] < |Ja(to)||e™ "= (5)
vt € IR. We are now ready to state a lemma and the main theorem. ~
_ ' with ¢ > ¢, and with the additional restriction that(¢) € B, (0)
!\r"ﬁé‘“:ﬁt”higr;ecaer';’e\‘,’vi#'ysils_rlegl\ig Universiteit Gent. TeChnologIeparand thus that the Lipschitz condition may be applied. Consider the
Zwijnaarde, 9, 9052 Gent, Zwijnaarde, Belgium (e-mail: Joan. PeutgajeCtory‘L(t)’ t 2 to, with z(to) € B,,(0). We will show that
man@rug.ac.be). z(t) satisfies (5), fort € [to,to + T]. This is obviously satisfied if
Publisher Item Identifier S 0018-9286(98)04645-5. x(t) € B,(0), Vt > to. If 2(t) & B,(0) for somet > t,, there is

and by the Bellman—-Gronwall lemma
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by continuity of the flow a smallest > ¢, such thate(¢,) belongs Proof—Uniform ConvergenceWe need to show that there ex-

to the sphere5,,(0). By application of the Lipschitz condition ists e1 > 0 such thatVe, > 0 there exists & (e2) > 0 with the
ot property that if||z(#0)|| < €1 (fo arbitrary), then|x=(¢)|| < e for all

[|z(t)|| < [|z(to)l] +/ Kllz(s)|| ds (6) t > to+ T(e2). First we will prove that there exists > 0 such

to thatVe; > 0 there exists a finitd(ez) > 0 (k(e2) € IN) such that

and by the Bellman-Gronwall lemma ||T((jf0/)|| <ea ifT‘IF?]rieS||f0(f0+k(F2)T)|| < 6, with 8 = 37 (av(e3))

) and e, = exe™ "',
et < lla(to)|le™ 210 ™ Let 0 < e; < 3 Ya(ee 5)) with B.(0) C U’ and take an

arbitrary z:(to) = xo with (o) € B, (0). The uniform stability

. B L . .
With Jlo(t1)]l = p and|lz(to)[| < " we immediately obtain that . antees that(f) € B.(0) C U Vit > to. Therefore, Condition 2

t, —to > T, ort, >to+T. Therefore, we conclude that (5) is true.on pe applied

fort € [to,/to + T7. This implies that ifx(t0) € B,/(0) C U with Since|[z(to)|| < €1, V(2(to),to) < A(e1). By Condition 2, we
p = /IC’_T\T thenx(t) € B,(0) C U for t € [to,to + T O ; ’ ’ ' . '

¥ " ’ er know thatV (z(to + (k+1)T), to+ (k+ 1)T) = V(z(to + kT), to +

Remgrk 1: Th_e procIJf oft_he Iemma_shows that = pe isan  ppy o —(llelto + KD)) < 0 with «(to + kT) € U\{0},

appropriate choice gf’. K is the maximum of the upper bounds Oka e_]N. ThereforeV (x(ty + kT),to + ¥T) is decreasing by' a

the Lipschitz functiong..(¢) corresponding to a finite subcovering Ofvalue at least equal to(é. 0 for each time-intervall’ as lon
B,.(0) which consists of neighborhood8(x). qual t9(5;) > g

as ||x(t ET|) > 65.
Theorem 1: Consider a functiod” : U x IR - IR with U C W (o + > &

Suppose thaf|«(t ET)|| > 65 VE € IN, then for allk € IN
an open neighborhood of the origin. We assume that the foIIowiq/g(I(fOp_i_ (k + 1t|)71£)0t:+ (,3||_|__1)15) _ Yf/"e(w(to + BT). to + ME“) <

additional.c_onditiorjs are .satisfic.a_d. N  —(llelto + KT)|}) < —(6L). This implies thatV («(to + (k +
» Condition 1: V(z,t) is positive definite and decrescent; Le)T), 1o + (k 4+ DT) — V(x(to). to) < —(k + 1)7(8%). Since the

V(0.t) =0 VtandVe € U : a(|l«]]) < V(e.t) < S(ll2[).  Liapunov function is positive-definitd, < V (z(to + (k+1)T), to +
The functionsa(:) : RT — R and3(-) : RT — IR belong (x4 1)T) < V(x(to).to) — (k + 1)4(8h) < Bler) — (k + 1)4(6h),
to classk, i.e., they are strictly increasing continuous functiong,.(+,) e B.,(0) andVk € IN. Sincef(e;) > 0 and~(85) > 0 are
passing through the origin. finite, 3(e1) — (k + 1)~v(65) cannot be positive for every € IN. As
+ Condition 2:3 finite T > 0 and ay(-) : R™ — R which 5 consequence, the assumption thatto + k7)|| > 65 Vi € IN is
belongs to clas«, i.e., v(:) is continuous, strictly increasing, wrong and thereford@k* € IN such that||z(to + k*T)|| < 6. For
and passing through the origin and an opent8eC U which  thjs £* := k(e,) (notice thatk* depends or, and therefore o),

contains the origin such that(z.t) € U'\{0} x IR: one obtaing|z(to + k*T)|| < &.

Jon ; . SinceV (x(to+k"T), to+k*T) < B(||z(to+k"T)||) < £(85) and

Viz(t+T).t+1) = Virt) < =5(ll2l) <0. ®) B(6%) = a*((eé) and be)cause of C):onéiiii|c|m(2, we ob)tl;m E/ ](N )2 k*
Then the equilibrium poing = 0 of (1) is uniformly asymptotically thatV'(xz(to +mT),to +mT) < a(ey). Then,a(||a(to +mT)|) <
stable. a(eh) and also||z(to + mT)|| < €h = exe™ "7,

Proof—Uniform Stability: Consider a closed balB.(0) cen- By Lemma 1 and Remark 1, we conclude that fortal to+ kT,
tered the origin and with radius small enough such thaB. |l=(t)|| < e2. With T(e2) := k*T we have established uniform
(0) C U'. Since B.(0) is compact, it can be covered with aconvergence to the origin and therefore also its uniform asymptotic
finite number of open neighborhoodd(x),z € B.(0) . Let K stability. O
be the maximum of the bounded Lipschitz functidpét) involved. Remark 2: Lemma 1 and Remark 1 guarantee that there exists an

Definee' := ec 7. Let B.,(0) be the closed ball centered at theopen sel/’ (mentioned in Condition 2) such that(=(t+ 1), +1T)
origin and with radiuse’. Define 8 := 3~ '(a(€')) and consider is defined if(x,¢) € U"\{0} xIR. ThisU’, which contains the origin,
the open ballB;/ (0). For all (xo,to) € Bs(0) x IR, x(to) = 20, Can, e.g., be an open subsetBf,(0).
Blx(to)|) < afe') and thusV (z(t0),t0) < a(e’) by Condition 1. Remark 3: V(«,t) need not be differentiable [as in classical
By Condition 2 one obtain¥ ((x(to + T),t0 + T) < «(€'). Since approaches in order to computé, )] and not even be continuous.
a(||lz(to+D)||) € V((x(to+T), to+T), by Condition 1, one obtains Conditions 1 and 2, where the function§ ), 3(-), and~(-), are con-
a(llz(to + D)) < «a(e) which implies that||z(to + T)|] < ¢, tinuous, provide sufficient information to prove uniform asymptotic
and thereforex(to + T) € U’. By Condition 2 one obtains that stability.
V((z(to + 27),t0 + 2T) < V((a(to + T),to + T) < a(€'). Since Remark 4: In the caseV(x,t) is differentiable, the classical
a(|lz(to + 2D)])) < V((x(to + 2T),t0 + 2T), one knows that Liapunov theorem for asymptotic stability may be considered as an
[lx(to + 2T)|| < ¢, and thereforec(to + 27) € U’. By repeating infinitesimal version of the theorem above obtained Toitending
this argument one obtains thét € IN: V((x(to +nT),to+nT) < 1O zero.
a(e') implying that ||x(to + nT)|| < € and sox(to + nT) € Remark 5: If (1) is defined onIR" x IR and if the Liapunov
U’. Summarizing, we have shown that :if(to) € Bs/(0), then function V(x,¢) is defined onIR™ x IR radially unbounded and
|z(to + nT)| < €, Vn € IN. satisfies Conditions 1 and 2 of the theoremIBf, then one obtains
Notice thatV+ > #o, 3n € IN such thatt — t, — nT < T. Since global asymptotic stability of the origin. Global uniform asymptotic
lz(to + nT)|| < € = ee™™7, ¥n € IN, Lemma 1 and Remark 1 stability requires the existence offa.. function §(-) ([3, p. 135])
imply thatxz(t) € B.(0) Vt > to or equivalently||z(¢)|| < € V¢ > to.  such thatvt, o with ¢ > o
In order to prove the uniform stability of the system, i.e., Ve s> 0: alto)]| < 6(e) = [lo(t)]] < € (10)

Yv >0, A6(v) > 0: [Ja(to)|| < 6(v) = |lx(®)|| <v  (9) and

Vt, to with t > to. Takee > 0 such thatB. C U'NB,(0). We simply . i | Al .

’ = Noud ceo > 0: 3T (e1,€2) > 0 ||x(t <e =z <e (11
taked(v) = &' = 3~ (a(ee” X7T)). Then with||z(o)|| < &' one has b (&1, €2) letto)ll < e = [l (1)
l(to +nT)|| < € ¥n € IN and thereford|=(t)|| < €'eT = e < v Vi, ¥Vt > to + T(e1, €2). Notice that (10) is not readily implied by
YVt > to. O Conditions 1 and 2 of the theorem @" . However, if we introduce
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a global Lipschitz condition, i.e3K > 0 such thatvz,y € IR,
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The system matrixi( %) leads to the transition matrik(z, to) which

vt ||f(z,t) = f(y.t)|| < Kllz — y||, then (10) is satisfied with is equal to
6(€) = B a(ee ET)) which implies global uniform asymptotic
stability.

Remark 6: Condition 2 of the theorem may also be replaced by the

somewhat weaker condition thata finite 7 and ay(-) : R* — IR

which is continuous, strictly increasing, and passing through the
origin and an open sdf’ C U which contains the origin such that

Y(x,t) € U'\{0} x IR
Vie(t+ T (. t), t + T(x,t)) — V(a,t) < —y(||lz|]) <0 (12)

with T'(x,t) < T.

I+/L:‘4(%>dg+/;x4(0€_1> /: J'-l(%)dazdgl_k.__ 22)
or

O(t, to) = I+ @' (t,t0) (23)

with an obvious definition of®’ (¢, o). The definition off(¢) implies

that 3K such thatv? :

A(t)|| < K and therefore

-2

1/t to)| € K (1 = o) + S (b = 10)* 4o (24)

Remark 7: If Condition 2 of the theorem is replaced by the
condition that3 a finite 7' and an open séf’ C U which contains |f T < 1, thenVt € [to. to + €T] one obtains that — ¢, < 1 and

the origin such tha¥/(«,t) € U'\{0} x RR:
V(z(t+T),t+T) = V(x,t) <0. (13)

Then the equilibrium point = 0 of (1) is uniformly stable.

IIl. A PPLICATION OF THE MAIN THEOREM

18" (t.t0)|| < (¢ — to)(e” — 1). By (21) and (23)AV (w0, to, T, )
can be rewritten as

rtg+el’
zg </ " <AT <£)Q +QA G)) dt).ro + 20 AQxo  (25)
tg

where the matrixAQ is equal to

Considering the linear pendulum with a quasi-periodical frictionsto+<T

f(£) (e > 0) wheref(t) = a+) " a;sin(wit+¢,), withn € IN,
a; >0, w; >0anda > 0

()

{0 1
o= L)

By applying the main theorem, it will be shown tha¢; > 0 such
thatVe < ¢, the pendulum is uniformly asymptotically stable.
Sincea > 0, the matrix

- 0 1
= (01)

(14)
with
(15)

(16)

is Hurwitz and there exists a symmetric positive definite mafix

and a positive constant such that

ATQ+ QA< —pul. (17)

Consider the Liapunov functior () = 2T Q. The derivative along

the solutions of the system is given by

Vi, t) = at <AT <§>Q + Qb1<é>).[

If the friction f(%) attains positive and negative values, th#ri
such thatf (")

(18)

(26)

ol (o)
+/1:0M <AT <£)cg+@4<£))q>'(f,to>df
+/L:O+d o (¢, t0)< < >Q+Q4< )) ‘(t.t0) dt. (28)

By the boundedness dfA(¢)|| and [|Q]] and since||®’(t,to)|| <
(t —to)(e® — 1) if t € [to.to + €T, one knows thag a finite
constantc; such thatve, Vi, (eI’ < 1)

27)

1AQI < ex(€D)™. (29)
Taking (29) into account and since
NEAYES: 0 0
A(E) =A+ <0 . f(é)) (30)
one obtains that
g ‘[0+€/1‘ — —_
AV (xo.to, T, €) < g < / (A'Q+QA) dt) zo (31)
to

< 0. This implies thatd(") has eigenvalues in the The specific form off (£) implies that3c, > 0 such that
open right half-plane and thereforg’ (- ).Q + QA(Y) has at least

one positive eigenvalue. This implies tHatz, t) takes positive and
negative values which precludes the use of the classical theorem of

~tgteT
2l [ (= 1(2)) icineol® + excer 2ol
@)
to+elT t
/ <a, — f(—)) dt| < eco (33)
to €

Liapunov. We will show3 finite 7' > 0 and3 ~, defined as in the and that with the additional restrictiat¥” < 1 one obtains thatt,

main theorem, such thatt, andVz, # 0:

AV (xo,to,T,€) := V(x(to+ €T)) — V(xo)

~tg+el .
- / T (a(t). 1) dt < —([laol)) < 0. (20)

(19)

Here, zy is the initial state at, and x(¢) is the solution of (14)
= ®(t,t0)zo. By (18), it is possible to rewrite

denoted by (t)
AV(xo,t0,T,€) as

zt </{:0+6T B (t,to )< < >Q+Q4< )) (t, tg)dt>;ro.

(21)

andVzo # 0
V(w(to 4+ €T) — V(o) < e(—pT + 2¢2||Q|| + c1eT™) |0l
(34)

Take

2¢:

< 2l
22
such that—uT + 2¢2||Q|] < 0 and then take
< 1T =26]d]
c1T?
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such that—pT + 2¢3||Q|| + c1€T? =: —c3 < 0. When ACKNOWLEDGMENT
e< e ::min{l, w} This paper presents research results of the Belgian Programme

. aTl? on Interuniversity Poles of Attraction initiated by the Belgian State,

with Prime Minister’'s Office for Science, Technology and Culture. The
T 2e2|| QI scientific responsibility rests with its authors.
>
7

thenVzo # 0 andVto V(x(to 4+ €T)) — V(xo) < —ecs||zo||*. With REFERENCES
~(||xo]]) := ecs||x uniform asymptotic stability is established as
(llxoll) cs|l Lothh in th ymp y [1] D. Aeyels, “Asymptotic stability of nonautonomous systems by Lia-
a consequence of the main theorem. . . punov’s direct method,Syst. Contr. Lett.vol. 25, pp. 273-280, 1995.

Remark 8 Th? same result can be established by consideringy] D. Aeyels and R. Sepuichre, “On the convergence of a time-variant
Vi(2) = 2 4+ 23 as a Liapunov function. The derivative of this linear differential equation arising in identificationkybernetika vol.
Liapunov function along the solutions of the systenVigz(t),t) = 30, pp. 715-723, 1994.

—2f(%)23(t). If the friction takes positive and negative values, thenl®! Tégé Kg;hggcirélzgear Systems Englewood Cliffs, NJ: Prentice Hall,

also Vi(z,t) takes positive and negative values precluding the usg] k.s. Narendra and A. M. Annaswamy, “Persistent excitation in adaptive
of the classical theorem of Liapunov. It is possible to prove that systems,’Int. J. Contr, vol. 45, pp. 127-160, 1987.

3T > 0, Je; > 0 and3Iy > 0, defined as in the proof, such that

Vg 75 0, Yty andVe < ¢; that

Vi(a(to + €T)) = Vi(wo) < —=7([|lol]) <O (35)

which implies uniform asymptotic stability of (14). The proof is H®-Output Feedback Controller Design for Linear

straightforward but is omitted. . . .
ms with Time-Varying Del
Remark 9: Notice that the application in the present paper is an Systems wit e-Varying Delayed State

example of the averaging result which can be found in Khalil [3, Th.
8.4 and Example 8.13] since the systef@: A(é)z is equivalent
with j—j = eA(r)z by settingT = L. An important feature of
the_example is the propf tEChni_que it53|f~_ The result is proved _bYAbstract—This paper considers theH >°-controller design problem for
a Liapunov approach without using a particular state transformatitiear systems with time-varying delays in states. The authors obtain
as is usually done in averaging theory. sufficient conditions for the existence of H* controllers in terms of
three linear matrix inequalities (LMI's). These sufficient conditions are
dependent on the maximum value of the time derivative of time-varying
IV. DISCRETETIME NONLINEAR SYSTEMS delay. Furthermore, they briefly explain how to construct such controllers

This section is included for completeness. It considers the discreftré)-m the positive-definite solutions of their LMI's and give an example.

time equivalents of the previous results. Consider Index Terms—H°, LMI, output feedback, time-varying delay.

Thtr = f(@k, k) (36)

with f: W x Z — ", W open, W C I". Let £(0.k) = 0 Since time delay is frequently a source of instability and en-
Vk € Z and0 € W. Furthermore, we assume that conditions on (36 ! n ay 1S trequently u Instabiiity
untered in various engineering systems, the stability problems of

are imposed implying existence and uniqueness of its solutions. tir%e delay systems have received considerable attention over the last
single out the local Lipschitz conditiory is locally Lipschitz, i.e., Y Sy

for Vo € W, 3 a neighborhood’(x) C W such that the restriction few decades [1]-{12]. There are many publications on solving the

Flotyxz # flog) s Lipschitz with Lipschitz functior (%) which stabilization problem of systems with: 1) constant delay [2], [3]; 2)

is bounded’k € Z. Then we have the following analog to Theorem 1t.|me-vary|ng delay [2], [4]; 3) constant delay and parameter uncer-

: . ol : U L Rwthl ¢ W tainty [5], [6]; and 4) time-varying delay and parameter uncertainty
anTQSSr:enmei;hct:)zr;s(I)doedr ?fftjhnec t:)?i?gin. LW: z?ssunli \tl\rl:zt:: fhecfgﬁowirgr?_[g]' The stab_ility of the closed-lqop system in [3].’ [5], and [6] is
additional conditions are satisfied. independent of time delay, but one in [2], [4], [7]-[9] is dependent on

- ) . . . only the maximum value of the time derivative of time-varying delay.
‘ C{ondmon 1: V{(a, k) is positive definite "’}nd decrescent; i.e., The H*°°-controller design for delay systems is also an interesting
V(0.k) = 0 Vk andv;ie U:a(llef) <V (‘fr'/ k) < BUIID- problem. In the frequency domain, Lest al. [11] and Choi et
The functionsa(-) : IR™ — IR and§(-) : R™ — IR belong 5, 1101 considered memorylesd *-state feedback controllers for
to classK, i.e., they are strictly increasing continuous f”nCt'°n§tate-deIayed systems and both state- and control-delayed systems,

passir_1_g through _the origin. + . respectively. But when all state variables are not available for the
» Condition 2:3 finite m € Z > 0 and ay(:) : R™ — IR which

belongs to clas«, i.e., y(:) is continuous, strictly increasing,
and passing through the origin and an openlg§etCc U which
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|. INTRODUCTION
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